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Preface 


This book covers all the basic topics of a PDE course for undergraduate students and a 
beginner course for graduate students. The book is written in simple language, it is easy to 
read, and it provides qualitative physical explanations of mathematical results. At the same 
time, we keep all the rigor of mathematics (but without the emphasis on proofs — some 
simple theorems are proved; for more sophisticated ones we discuss only the key steps of 
the proofs). In our best judgment, a balanced presentation has been achieved, one which is 
as informative as possible at this level, and introduces and practices all necessary problem- 
solving skills, yet is concise and friendly to the reader. A part of the philosophy of the 
book is ‘teaching-by-example’, and thus we provide numerous carefully chosen examples 
that guide step-by-step learning of concepts and techniques, and problems to be solved by 
students. The level of presentation and the book structure allow its use in the engineering, 
physics and applied mathematics departments as the main text for the entire course. 

The primary motivation for writing this book was as follows. Traditionally, textbooks 
written for students studying engineering and physical sciences are concentrated on the three 
basic second-order PDEs, the wave equation, the heat equation, and the Laplace/Poisson 
equation. A typical example of such an approach is the popular book by J.W. Brown and 
R.V. Churchill [1]. As a rule, only the method of separation of variables is presented and 
only the simplest problems are discussed. On the other hand, complete books in that field 
(for instance, the excellent book by R. Haberman [2]) contain too much information and 
therefore they are difficult for beginner reading or for a one-semester course. In the presented 
book, we tried to get rid of those shortcomings. The book contains a simple and concise 
description of the main types of PDEs and presents a wide collection of analytical methods 
for their solutions, from the method of characteristics for quasilinear first-order equations 
to sophisticated methods for solving integrable nonlinear equations. The text is written in 
such a way that an instructor can easily include definite chapters of the book and omit 
some other chapters, depending on the structure of a particular course syllabus. Numerous 
examples, applications, and graphical material make the book advantageous for students 
taking a distance learning course and studying the subject by themselves. 

The structure of the book is as follows. 

Chapter 1 presents a general introduction. Examples of physical systems described by 
basic PDEs are given, and general definitions (order of equation, linear, quasilinear and 
nonlinear equations, initial and boundary condition, general and particular solutions) are 
presented. Also, we consider some problems that can be solved without knowing any special 
methods. 

Chapter 2 is devoted to first-order PDEs. The consideration starts with linear PDEs, 
where the problem can be reduced to ODEs by a coordinate transformation, and then the 
approach is generalized so that it includes quasilinear equations. We consider the formation 
of a shock wave and explain its geometrical and physical meanings, and discuss some other 
nontrivial examples. The conditions of existence and uniqueness of the solution are also 
explained. 
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In Chapter 3, we provide the general classification of second-order PDEs, show its invari- 
ance to transformations of coordinates, and consider the transformation of equations to their 
canonical forms. 

The subject of Chapter 4 is the Sturm-Liouville problem, which gives the basis for the 
development of the classical technique of variables’ separation in the consequent chapters, 
where three types of second-order PDEs are considered, hyperbolic (Chapter 5), parabolic 
(Chapter 6), and elliptic (Chapter 7). In each case, physical systems described by the cor- 
responding type of equations are presented. Besides the method of separation of variables, 
Green’s function method is described. These chapters cover the full range of relevant sub- 
jects including the notion of well-posedness, consequences of wave dispersion, Duhamel’s 
principle, maximum principle, etc. 

Chapter 8 is devoted mostly to multidimensional hyperbolic equations, with oscillations 
of an elastic two-dimensional membrane as a primary example. In Chapter 9, the method 
of separation of variables is applied to the two-dimensional heat equation in a rectangular 
domain and in a circular domain. 

The last chapter of the book, Chapter 10, is devoted to three famous nonlinear PDEs, 
which have numerous applications in physics. First, we consider the Burgers equation, obtain 
the solution of the Cauchy problem for that equation using the Hopf-Cole transformation, 
and consider the interaction of shock waves. Further, the analysis of the Korteweg-de Vries 
equation gives us the opportunity to present an example of an integrable equation. By means 
of the Hirota transformation, we obtain its multisolitons solutions. Finally, the nonlinear 
Schrodinger equation is considered. We discuss its symmetry properties and obtain some 
basic particular solutions. 

The appendices are an important part of the book. Appendices A and B are written 
in the same style as the chapters of the main text, with reading exercises, examples, and 
problems for solving. The subjects of these appendices (Fourier series, Fourier and Laplace 
transforms, Bessel and Legendre functions) do not belong formally to the field of PDEs, 
but they give mathematical tools, which are crucial for solving boundary-value problems for 
different kinds of second-order partial differential equations. Therefore, they can be included 
in the course syllabus if the class time allows. Appendices C, D, and E contain mathematical 
materials related to the Sturm-Liouville problems which are used in several chapters of the 
book. 


We are grateful to Profs. Kyle Forinash and Mikhail Khenner, our former coauthors, for 
sharing their experience in writing books. 
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Introduction 


1.1 Basic Definitions 


Let us start with the discussion of the basic notion of partial differential equation. In a 
contradistinction to an algebraic equation, e.g., a quadratic equation 


az” +b +c=0, 


where one has to find the unknown number x, and to an ordinary differential equation 
(ODE), e.g., that corresponding to Newton’s second law, 


ax 


rr = F(a,t), 


where the unknown object is the function x(t) of one variable, a partial differential equa- 
tion (PDE) is an equation that determines a function u(x, %2,...,%n,) of several variables. 
Because we live in a four-dimensional world, which has three spatial dimensions and one 
temporal dimension, the natural phenomena are described by fields of physical quantities 
(velocity, temperature, electric and magnetic fields etc.) that depend on spatial variables 
and evolve in time. Therefore, it is not surprising that partial differential equations provide 
the language for the formulation of the laws of nature. 

Let us consider the following simple example. A metal rod of length L is subject to an 
external heating (that may be a barbecue skewer), see Figure 1.1. 


0 L 
| a. 


FIGURE 1.1 
Heating a rod. 


The temperature of the rod, u(a,t), is governed by the heat equation, 


Ou O7u 


where x is the coordinate along the rod, ¢ is time, « is thermal diffusivity, and q(a,t) is the 
rate of heating. It is assumed that « and q(z,t) are known, while u(x,t) is the unknown 
function that has to be found. When dealing with that equation, we have to indicate the 
region Q where that equation is defined, say, 


Q:0<a<L, 0<t<T. (1.2) 
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Any function u(x,t) satisfying Equation (1.1), is a solution (or particular solution) of 
that equation. It is assumed that the derivatives 0u/Ot and 0?u/Ox?, which appear in the 
equation, really exist and are continuous in the whole region Q); in that case we call u(a,t) a 
classical or strong solution (in Chapter 5 we shall extend the notion of solution). Note that 
there are infinitely many solutions of Equation (1.1); for instance, if u(a,t) is a solution, 
then any function u(a) + ax + b, where a and 0 are constant, is also a solution. The set of 
all the particular solutions of a PDE form its general solution. 

When we consider a definite real physical process, we are interested to describe it in a 
deterministic, unique way; hence finding the general solution of the corresponding PDE is 
not the final goal. In the case of the heat equation (1.1), as it will be shown in Chapter 6, 
for getting a unique solution, it is sufficient to add the following data. 

First, we have to present an initial condition, i.e., the distribution of temperature over 
the whole rod including its ends in the very beginning of the process, i.e., at t = 0: 


u(#,0) =uo(a@), O<a<L. (1.3) 


Secondly, we have to indicate boundary conditions, i.e., the law of heating or cooling at 
the ends of the rod, x = 0 and x = L. For instance, as it will be shown in Chapter 6, if the 
rod ends are thermally insulated, the appropriate boundary conditions are 

O ) 

—O=0, — hoist, 1f<r (1.4) 

Ox Ox 
More precisely, it is assumed that the functions that appear in the boundary conditions 
are continuous by approaching the boundaries, i.e., relations (1.3) and (1.4) are actually 
understood as 


lim u(#,t) =uo(z), O<a<Z; (1.5) 
t0 
Ou Ou 
im — — im — — <t< T. : 
jim a (x,t) = 0, iim Fa (x,t)=0, O0<t<T (1.6) 


The full formulation of the problem, which includes Equation (1.1), (1.2), initial con- 
dition (1.3) and boundary conditions (1.4), is called initial-boundary value problem (see 
Figure 1.2). Under a natural assumption that uo(x) is a continuous function, that problem 
has a unique solution that allows us to predict the process of heating. 


u(x,0) = u,(x) L 


FIGURE 1.2 
Initial-boundary value problem. 


There is one more subtle point that should be kept in mind. It is clear that the initial 
temperature distribution, wo(a), and the rate of heating, g(a,t), cannot be measured abso- 
lutely precisely. There is always a certain error in the measurement data. If an arbitrary 
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small error in those data leads to a drastic change of the solution, than the mathemat- 
ical model is of no use. Fortunately, as we shall see in Chapter 6, problem (1.1)-(1.4) is 
stable with respect to the measurement error: using that model, one can obtain the solution 
with arbitrary precision, if the measurement data are precise correspondingly. Existence 
and uniqueness of the solution, and its continuous dependence of the initial data and the 
heating rate mean that model (1.1)-(1.4) is physically sound, or well-posed. An example of 
an unsatisfactorily formulated, ill-posed, problem will be given in Chapter 7. 

Equation (1.1) describes many other dissipative processes (e.g., diffusion and viscosity) 
where initial inhomogeneities tend to be smoothed and exterminated in an irreversible way. 
It is one of the three basic equations of the mathematical physics. Let us mention the other 
two equations. 

The wave equation 

2 2 
ve wo =O, beret. eT (1.7) 
describes the propagation of waves of different physical nature, including sound waves, 
oscillations of a string, electromagnetic waves etc. We will discuss the initial and boundary 
conditions for that equation, which make the initial-boundary value problem well-posed, in 
Chapter 5. 

Static distributions of the temperature u(x, y) in a two-dimensional body 2 are governed 

by the Poisson equation 
Pu Pu g(x,y) 


Ox? + Oy? — kK ’ (x,y) € Q; (1.8) 


here the meaning of variables is the same as in (1.1) but now the temperature depends on 
two spatial variables. This equation is valid for electrical potential, gravitational potential 
etc. The question about the adequate boundary conditions is not trivial, and we will discuss 
it in Chapter 7. If g(x,y) = 0, Equation (1.8) is called the Laplace equation. 


Generally, a PDE for the function u(a1, 22,...,2n) can be written as 
Ou Ou 
P95 nis Bigg nce gael 1.9 
(tse Fey ges) (1.9) 


The order of a PDE is the highest order of derivatives that appear in that equation. Thus, 
Equations (1.1), (1.7) and (1.8) are of the second order. 

If function F’ in (1.9) is a linear function of u and its derivatives (while the dependence 
On £1,..-,£n can be arbitrary), the PDE is called a linear equation. For instance, the most 
general form of the second-order linear PDE for function u(z, y) is 


Pu Oru Oru Ou 
=> +2 d = 
a(z,y) aa + oe,” ray c(x, y) Op + d(x, y) a 
Ou 
t+ elt, ua + f(a, u)u = 9(2,y), (1.10) 
where a(x,y), b(z,y),...,g(x,y) are known functions. The second coefficient is written 


as 2b(a,y) in order to simplify some formulas that will be obtained in Chapter 3. All 
the Equations (1.1), (1.7), (1.8) are linear. If g(x,y) 4 0, the equation is inhomogeneous; 
otherwise it is homogeneous. 

As an example of a nonlinear equation, let us present the non-viscous Burgers equation 


a 20, (1.11) 
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which describes the propagation of an intense sound wave (as well as many other phenomena, 
including traffic waves). We shall consider that equation in detail in Chapter 2. Note that the 
expression in the left-hand side of (1.11) is linear with respect to highest order derivatives, 
Ou/Ot and Ou/Oza. In that case, the nonlinear equation is called a quasilinear equation. 
Later on, we will use often the following compact form of the notation for partial deriva- 
tives: 
Ou Ou Oru Oru Ou 


i Ta LL = D9) zy = Da? = 2 1.12 
Oy’ ™ daz? “ty OxOy yy Oy? 2) 


etc. 


1.2 Examples 
Let us consider some simple example of PDEs that can be solved without knowing any 


special methods. 


Example 1.1 Let us consider equation 


Ou 


5 =a(z,y), —-wo<x4<c~w, -wo<y<o (1.13) 
xc 


for a function u(x, y) of two variables. 


If w and a were functions of one variable x, the general solution of the ODE 


du 
oe a(x) (1.14) 


would be 
u(x) = | a(z)dz+C, 
0 


where C is an arbitrary constant. In the case of a PDE, one can see that the expression 


ua) = [ ono (1.15) 


where f(y) is an arbitrary function, presents the general solution of (1.13). Thus, in a 
contradistinction to general solutions of ODEs that contain arbitrary numbers, general 
solutions of PDEs contain arbitrary functions. 

Generally, if a PDE contains only derivatives with respect to one variable, it can be 
solved by the same methods which are used for solving ODEs, and the solution looks like 
a solution of an ODE with constants replaced by functions. Let us consider the following 
example that we will use below in Chapter 2 when studying the methods for solving linear 
equations of the first order. 


Example 1.2 Find the general solution u(x, y) of PDE 


3) 
ae tela y)u=a(a,y), —-wo<@<o, -w<y<o. (1.16) 
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Like in the case of an ODE, Equation (1.16) can be solved by means of an integrating factor. 
Let us multiply both sides of (1.16) by a still unknown function p(x, y), 


play) oe + ua, yea, yu = w2, yale). 


and demand that the left-hand side will be a full derivative: 
Ou 0 
u(x, y)5~ + w(e, y)e(x, yu = a [w(a, y)ul. 
rc cv 
That gives the relation 


ue, y) = pa, y)c(x,y), 


thus, we can take 


u(x, y) = exp ff ct u)d (1.17) 
0 
Solving the obtained equation 
0 
py ele wel = ula, yaa, 9) (1.18) 


in the same way as in Example 1.1, we find: 


Ce i ieee, dee FUN: 


where f(y) is an arbitrary function, thus 
1 x 
uaa) = a | fe. adale vias + £0) (1.19) 
u(x,y) LJo 


Formulas (1.17) and (1.19) together give the general solution of Equation (1.16). 
In some cases a PDE can be reduced to “the form of an ODE” by a transformation of 
independent variables. 


Example 1.3 Let us consider equation 
—- .=0, -w<r<mw, -w<y<ow. (1.20) 


This equation contains both derivatives with respect to x and y. Let us perform the following 
change of variables: 


s=at+y, t=z-y, u(z,y) =v(s(z,y), t(x,y)). (1.21) 
Using the chain rule, we find: 
Ou Ovds  OvdOt Ov Ov Ou __ OVOs , Ov Ot — Ov Ov 


= = = = , 1.22 
Oe dsdn FOE Os OF By D8 Oy °- OL Og Os BE 2) 
Substituting (1.22) into (1.20), we obtain: 
Ov 
2— =0. 
ot 
Thus, v is an arbitrary function of t; 
v= f(s). 
Returning to u(x, y), we find that 
u=fle+y), (1.23) 


where f is an arbitrary differentiable function, is the general solution of Equation (1.20). 
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Let us consider one more example, that we will use below in Chapter 5, when considering 
the propagation of waves. 


Example 1.4 Find the general solution of equation 


Oru 
=0, -wx<4r<w, -w<y<o. (1.24) 
OxOy 
We will apply the reduction of the given equation to ODEs twice. First, define 
Ou 
= —_ 1.25 
v= (1.25) 
and rewrite (1.24) as 
Ov 
— —(@, 1.26 
Fa (1.26) 
The general solution of Equation (1.26) is 
v= f(y), (1.27) 
where h(y) is an arbitrary function of y. Let us consider now (1.25) as an equation for u: 
Ou 
Oy > (y), 
thus ‘ 
u(e,y) = [ fle)de +92), (1.28) 
0 


where g(x) is an arbitrary function of x. Because the integral of an arbitrary function is 
also an arbitrary function, we can write the general solution of Equation (1.24) as 


u(x, y) = hy) + g(@), (1.29) 
where both f(y) and g(x) are arbitrary differentiable functions. 


Applying the change of independent variables, as in Example 1.3, and/or the dependent 
variable, as in Example 1.4, one can find general solutions of the following problems. 


Problems 
Find general solutions u = u(x, y) of the following PDEs. 


Au, + Uy =0, -co< 2, Y<@. 
YUrez = COST, —CO << U< oO, y>O0. 

LUge + LU, —-U=0, c>0, -~eo <4<o. 
Yy’Ure — U=0, —-00 <4 <00, y>0. 

Uryy =9, —CO< 2, Y< Oo. 


ny = 2? , —Oo <a < OS: 


OOS Sto me Ne 


Uny + Ug + Uy +u=0, —00 <a, y < Ov. 
8. Urry + YUg + Uy + yu=0, —c0 <2, Y< om. 

Find solutions u = u(x, y) of the following initial value problems. 
9. uz + 2uy =0, —co <a, y< 00; u(a,2) =a. 


10. Usy — Uy =Y, —OO< 2, y < 00; u(z,0) =0, u(0,y) = 0. 


2 


First-Order Equations 


In the present chapter, we consider basic methods for solving first-order partial differential 
equations for an unknown function u(x, y) of two independent variables. 


——EeEEeaeay 
2.1 Linear First-Order Equations 
2.1.1 General Solution 


We have acquired already some experience in dealing with linear first-order equations (see 
Section 1.2, Examples 1.1-1.3.) Our next step is solving the general linear first-order equa- 
tions, 


a(x, yur + B(x, y)Uy + (x, yu = d(x, y); (2.1) 
here and below, we use notation (1.12), 
wat 
Oe Oy: 


All the coefficients in (2.1) are assumed to be continuous functions. The approach that we 
describe in this section (method of variable transformation), has actually been applied in 
Example 1.3: we will construct a transformation of variables, 


8 = s(x, y), t=t(z,y), u(x, y) = v(s(x,y), U(x, y)), (2.2) 


which allows us to obtain a solvable equation of Example 1.2. 
Using the chain rule, 


Ug = UsSx + Uetz, Uy = UsSy + Uety, 2.3) 


we rewrite (2.1) as 
(as, + bsy)Us + (ata + bty)v; + cv = d. 2.4) 


Thus, if we find a function s(x, y) such that 


aS, + bsy = 0, 2.5) 


we shall obtain an equation that contains only one partial derivative v;, i.e., an equation of 
the type of (1.16). 
Equation (2.5) has a simple geometric meaning. Define a vector field 


T(x, y) = (a(x, y), D(x, y)); (2.6) 


then Equation (2.5) can be written as 
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ex tT =(a,b) 


FIGURE 2.1 
Characteristic curve. 


The vector Vs is normal to the level curves of function s(x, y) determined by the relation 


s(z,y) =C, (2.8) 


where C is a constant (see Figure 2.1). Therefore, vector T(x, y) is a tangent vector to curve 
(2.8), which passes through the point (x,y). Thus, we arrive at the following geometric 
problem: for a given vector field (2.6), find the family of characteristic curves 


y = y(2;C), (2.9) 


such that in each point, T(z, y) is a tangent vector to a certain curve of that family. 
Differentiating (2.8) along a level curve, we obtain, 


ds(x,y(z)) dy | 
ae Set “7. 0, 
hence 
Oe 
dx Sy 
Using (2.5), we find: 
dy _ (x,y) 
= = : 2.1 
di a(z,y) ing 


Thus, in order to find the appropriate function s = s(x, y), we have to solve the ordinary 
differential equation (2.10) (the characteristic equation) and present the solution in the 
implicit form (2.8). 

The choice of t = t(x,y) is almost arbitrary, but we have to take care of a one-to-one 
correspondence between coordinates (s,t) and (x,y). According to the Inverse Function 
Theorem of calculus, the Jacobian determinant of the transformation (2.2), 


J (x,y) = = 


= Sgty — Syte, (2.11) 
has to be non-vanishing. That allows us to invert the transformation (2.2) and find relations 


x=x(s,t), y=y(s,t), (2.12) 


that will allow us to present the coefficients in Equation (2.4) as functions of s, t. 
When coordinates (s, t) are used, the first term in (2.4) vanishes; thus we obtain equation 


(at, + bty) + cv = d, (2.13) 


which contains only a derivative with respect to t, while s appears just as a parameter. 
We can integrate the linear equation (2.13) keeping s constant, i.e., along the characteristic 
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curves, as it was done in Section 1.2, Example 1.3. That integration gives us the solution 


in the form 
gen Gey: (2.14) 


At the last stage, we obtain the solution 


u(x, y) = v(s(x, y), t(x, y)). (2.15) 
Note that a(z,y) can vanish at a certain point, which creates a problem with using 
Equation (2.10) near that point. If b(a,y) 40 at that point, one can use equation 
dx a(x, y) 


dy (x,y) 


instead of (2.10). A simultaneous vanishing of a(x, y) and b(z, y), is a true difficulty: different 
characteristic curves cross at that point. 
Let us apply the approach described above to the following problem. 


Example 2.1 Consider equation 


LUg + YUy +u = 1. (2.16) 
The characteristic equation is 
d 
i eee (2.17) 
dx 2 


Let us assume that « 4 0 for now. The family of solutions of Equation (2.17), 


y(x) = Ca, 
can be presented as 
anes, 
r 9 
thus we find that 
s(x,y) = 2. (2.18) 
e 
Let us choose 
t(az,y) =a. (2.19) 
The Jacobian (2.11) of the transformation (2.18), (2.19) is 
1 
J=--, 
x 


which is acceptable if « 4 0. The chain rule (2.3) gives 


Jig hs say 
Ur = veo Ut, be oom 
the inverse transformation of variables is 
c=t, y=st, (2.20) 
hence r, 5 
ie Ue, + Ut, Uy = mo (2.21) 


Substituting (2.20) and (2.21) into (2.16), we obtain 


tu, +v=1. (2.22) 
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Solving (2.22), we find 

f(s) 
t 

where f(s) is an arbitrary differentiable function. Substituting (2.18), (2.19) into (2.23), we 

obtain the general solution of Equation (2.16): 


v(s,t) = =~ +1, (2.23) 


etl, 240. (2.24) 


Alternatively, we can rewrite the characteristic Equation (2.17) as 


dx 2 
re eet y # 0 
dy y 
and use the transformation 
x 
s(z,y) = 7 t(x,y) =y. (2.25) 


That will lead us to the following presentation of the solution: 


u(x, y) = nee +1, y#0, (2.26) 


where g is an arbitrary differentiable function. In the region « 4 0, y 4 0, both forms (2.24) 


and (2.26) are equivalent, with 
w ¥ 
oj) =H(2): 
y x’ \a 


In the point (0,0), where the characteristic lines intersect, all the solutions of Equation (2.16) 
are singular except u = 1, which corresponds to f = 0 or g = 0. 


2.1.2 Initial Condition 


As expected, the general solution of a first-order equation includes an arbitrary function. 
For getting a unique solution, we have to formulate an inztial value problem, i.e., impose 
an initial condition that assigns some definite values to function u(x, y) on a certain initial 
curve I’. Let us consider several examples. 


Example 2.2 Find the solution of Equation (2.16) satisfying the additional condition, 
u(l,y) =2, -oo<y<o. (2.27) 


In this example, the initial curve I is the line x = 1. Substituting (2.24) into (2.27), we find 
f(y) =1, hence we get a unique solution 


u(z,y) = +1. (2.28) 


This solution diverges at « = 0. Note that though formula (2.28) describes a certain solution 
of Equation (2.16) in the region x < 0, it does not present a solution of the initial value 
problem (2.16), (2.27) in that region. Indeed, the classical solution of an initial value problem 
for a first-order PDE has to be continuously differentiable in the whole region where it is 
defined, including the line where the initial condition is imposed. The solution of the initial 
value problem, (2.28), cannot be continued from the region x > 0 into the region « < 0 ina 
continuously differentiable way, because of its singularity on the line « = 0. Therefore, the 
definition region of the solution of the initial value problem (2.16), (2.27) is x > 0. 
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t=0 f=1 


FIGURE 2.2 
(a) Example 2.1; (b) Examples 2.2 and 2.3. 


Example 2.3 Find the solution of Equation (2.16) satisfying the additional condition, 
u(a,2) =2, -co<4< 00. (2.29) 


In this case, the initial curve [ is the line y = x. Substituting (2.24) into (2.29), we find 
the relation f(1)/x = 1, which cannot be satisfied. Thus, the initial value problem (2.24), 
(2.29) has no solutions. 


Example 2.4 Let us take the same initial curve y = x but demand 
u(@,v) =1, -co<4<o. (2.30) 
Substituting (2.24) into (2.29), we find that the initial condition is satisfied if 


f(1) = 0. (2.31) 


Thus, there are infinitely many solutions corresponding to different functions f(y/x) in 
(2.24), which satisfy condition (2.31). 


What is the origin of the difference between these three cases? In Example 2.2, the 
characteristic curves (actually, straight lines) y = sa, s = const pass through the initial 
line x = 1 transversally, i.e., forming a non-zero angle with it (see Figure 2.2a). Thus, when 
definite values of u(x, y) are assigned on the initial curve, the value of u(x, y) in any other 
point with x > 0 is determined in the unique way by integrating along the characteristic 
line connecting that point with a certain point on the initial curve [’. In the point « = 0 
the solution diverges, and one cannot extend the classical solution beyond that point. 

In Examples 2.3 and 2.4, the initial line y = x is a characteristic line itself (see Figure 
2.2b). Thus, we get two prescriptions for the calculation of u(z,y) on T: one of them is 
given by Equation (2.22), and another one by the initial condition. If these two prescriptions 
contradict each other, there are no solutions of the initial value problem. If they match each 
other, there are infinitely many solutions, because the initial condition given on the initial 
curve [ does not influence the solution outside that line. 

We will formulate the conditions for the existence and uniqueness of solutions of initial 
value problems in the next section in a more general context. 
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2.2 Quasilinear First-Order Equations 
In the present section we develop an approach for solving initial value problems for more 
general, quasilinear, first-order equations, 


a(x, Y, U)Uz + W(x, y, U)Uy = c(z, y, U) (2.32) 


That approach is based on a generalization of the notion of characteristic curve defined in 
the previous section. 


2.2.1 Characteristic Curves 


Our success in solving the linear equation, (2.1), was based on finding the curves 
c=x(s,t), y=y(s,t) (2.33) 


such that the transformed equation contains only a directional derivative in the direction 
T = (a(z,y), 0(x,y)) along that curve. Now we will apply the same idea to a more general 
equation, (2.32). 

Consider a particular solution of Equation (2.32), 


u= f(x,y), (2.34) 


which satisfies equation 


a (ty F(t y)) fe oF b(x,y, f(x, y)) fy — (ey, f(2,y) = 0. (2.35) 


The plot of this solution is a surface in the three-dimensional space (2, y, uw), which is called 
the integral surface of the partial differential equation (2.32). Let us present relation (2.34) 
as 


Thus, the integral surface of the equation is the surface where a certain function F(x, y,u) 
vanishes. Note that 
VF = (fe, fy;—1) (2.37) 


determines the direction of the normal vector in every point of the surface (2.36). Define 
the vector field 


T(x, y,u) = (a(x, y,u), W(x, y,u), c(x,y,u)). (2.38) 
On the integral surface (2.36), 
T = (a(z,y, f(z,y)), (2, y, f(x,y), (x,y, f(z, y)))- (2.39) 


Obviously, Equation (2.35) can be written as 
7 VF=0. (2.40) 


The geometric meaning of that relation is quite clear: T is tangent to surface (2.36), therefore 
the directional derivative of F' along the direction 7 vanishes (see Figure 2.3). 

We come to the following geometric reformulation of the partial differential equation 
(2.32): for a given vector field (2.38), find a smooth surface u = f(x,y) such that vector 
(2.39) is tangent in every point of that surface. The obtained surface will be an integral 
surface of equation (2.32). 
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integral surface: 
F(x, y,u)= f(x,y)—u=0 


T =(a,b,c) 


F initial curve 
x Xx=X,(5), y=y,(S), “= U,(S) 
FIGURE 2.3 


Integral surface, characteristic curves, and initial curve. 


As the first step for solving that problem, let us consider the following system of ordinary 
differential equations: 


dx(t) 


a =a(e), vu), “Gn = be), v),u), (2.41) 


which is solved with some initial conditions 
z(0)=2, y(0)=yo, u(0) = uo (2.42) 


(t is changed in both positive and negative directions). The solution of the problem (2.41), 
(2.42), (a(t), y(t), u(t), determines a curve (called the characteristic curve of the PDE) in 
the three-dimensional space (x, y,u). According to (2.41), vector 7 = (a,b,c) is tangent 
to that curve at each of its points. Changing the initial condition (2.42), we can obtain 
many curves of that kind. Taking a one-parametric family of such curves, we can obtain 
a surface such that vector 7 is tangent at every point of that surface. That will solve the 
geometric problem formulated above, which is equivalent to finding a certain integral surface 
of Equation (2.32). 

For instance, if we take initial conditions corresponding to a certain parametrically 
defined curve, 

to = 0(s), Yo= Yo(s), Uo = uo(S), (2.43) 

called the initial curve (see Figure 2.3), then solving the system of Equations (2.41) with 
initial conditions (2.43) will give us an integral surface, which is the plot of the solution 
u = u(a,y) of Equation (2.32) with the initial condition (2.43). The solution is obtained in 
the parametric form: 


u = u(t, s). (2.45) 


In order to get the solution u = u(x,y) in the explicit form, we have to invert relations 
(2.44), 
t=tz,y), s=s(z,y), (2.46) 
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and substitute (2.46) into (2.45): 
u=u(t(x,y), 9(2,y))- 


Thus, we have developed the following algorithm for solving quasilinear first-order equa- 
tion (2.32) with definite initial conditions. 


1. Present initial condition in the parametric form (2.43). 


2. Solve ordinary differential equations 


da(ts8) _ 4 (a(t,s),ult,s),ult,s)), 2&9) — o(a(t,s),v(t.8),ult,s)), 
aut CC COCO) 
with initial conditions 
x(0,8) =29(s), y(0,s) =yo(s), u(0,s) = uo(s). (2.47) 


That will give the solution in the parametric form, 


The existence and uniqueness of that solution in a certain interval of t around 0 
is guaranteed if functions a(x, y), b(x, y) and c(x, y) are smooth. 


3. Determine t = t(x,y), s = s(a,y) and find the solution in the explicit form, 
u=u(t(x,y), s(z,y))- 


The general solution of Equation (2.32) is found as a set of all particular solutions with 
arbitrary functions (2.43). 


2.2.2 Examples 


In order to find some “underwater rocks” in the way described above, let us consider the 
following examples. 
First, let us apply the approach described above to the linear equation, 


LUg + yy =1—4u, (2.48) 
formerly solved in Section 2.1 with different initial conditions (Examples 2.2-2.4). 
Example 2.5 In Example 2.2, we have applied the initial condition 

u(l,y) =2, -co<y<o. (2.49) 


This initial condition determines the intial curve that can be presented in the parametric 
form as 
to(s)=1, yo(s)=s, wuol(s)=2; -w<s<m. (2.50) 


In order to find the set of characteristic curves crossing different points of the initial curve 
(2.50), we solve the system of ordinary differential equations 


dx dy a du _ 
aH s) =a, Hh 5) =Y%, a bes) =1l-u (2.51) 
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with initial conditions 
x(0,s)=1, y(0,s)=s, u(0,s) =2. (2.52) 


The general solution of the equation for x is x(t, s) = C\(s) exp(t); from the initial condi- 
tion «(0,s) = 1 we find C\(s) = 1. Similarly, we get y(t,s) = C2(s) exp(t) while solving 
the equation for y, with C2(s) = s. Finally, solving the equation for u gives u(t,s) = 
C3(s) exp(—t) + 1, with C3(s) = 1. Relations 


x(t,s) =exp(t), y(t,s) = sexp(t), (2.53) 


u(t, 8) = exp(—t) +1 (2.54) 


determine the solution of the initial value problem (2.51), (2.52) in the parametric form. To 
obtain the solution in its explicit form, u = u(x,t), we have to invert relations (2.53): 


t(z,y)=Inaz, s(a,y)=y/2, (2.55) 


and substitute expressions (2.55) into (2.54). We get 
1 
u(a,y) = - +1, (2.56) 


which coincides with the result obtained in Example 2.2. 


The inverse transformation (2.55) is successful, because the projections of characteristic 
curves on the plane (x,y) cross the projection of the initial curve (2.50) transversally, i-e., 
neither of the characteristic curves is tangent to the initial curve anywhere. Indeed, the 
projection of the tangent vector to (2.50) is 


#ols) = (08) = 0 apts) ysl Oxe) Sa, (2.57) 


while the projection of the tangent vector to the characteristic curve on the line t = 0, 
according to Equations (2.53), is 


r(0, 8) _ «(0, s) = 1, yt (0, s) = y(0, s) = 8. (2.58) 
To check whether vectors (2.57) and (2.58) are nonparallel, we have to calculate the deter- 
minant (0,5) (0,5) 
—|%2(0,s) ye(O,s)])_ f1 s}_ 
J(0,8) = xs(0,8) ys(0,s)} | 0 1) . 


Because that determinant is different from 0 at the initial curve, the possibility of the 
inversion of relations (2.53) is granted in a certain vicinity of the initial curve. For arbitrary 
t, the Jacobian of transformation (2.52) 


exp(t) sexp(t) 
0 exp(t) 


J(t,s) = i 


| = exp(2t) = 2”. 


Thus, we can expect that something wrong may happen at x = 0, where the Jacobian 
vanishes. Indeed, the construction of the solution following the characteristic curves, which 
starts at x = 1, cannot be continued below x = 0. When t > —on, then « > 0 and y > 0 
for all s. Thus, all the characteristic curves merge at the point x = 0, y = 0, and they 
cannot be continued further. 

In the region x > 0, the solution is defined in a unique way. 
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Example 2.6 Let us consider now the same equation (2.48) with boundary conditions of 
Example 2.3, 
u(@,z)=2, -o<4<om. (2.59) 


Presenting the initial curve in the parametric form, 
Zo(s)=s8, Yyo(s)=s, Uup(s)=2; -wo<s<oa, (2.60) 


we formulate the problem for finding the characteristic curves that consists of the same 
system of ordinary differential equations, (2.51), and initial conditions 


x(0,s)=s, y(0,s)=s, u(0,s) =2. (2.61) 
First, let us check the transversality of the characteristic curves to the initial curve: 


70,8) =| 2409 wo) 


s 


Thus, the projection of the tangent vector to the initial curve, (1,1), is parallel to the 
projection of the tangent vector of the characteristic curve, (s,s), hence our approach fails: 
instead of leaving the initial curve and forming the integral surface, the characteristic curves 
go along the initial curve. Moreover, we get a contradiction between the prescriptions of 
(2.51) and (2.61). According to (2.51), the tangent vector to the integral surface with the 
projection (s,s) is 


(2,(0, 8), yz(0, 5), ue(0, s)) = (oa; 1- U)|i—0 = (8,3; =i). 


At the same time, the initial condition demands that the tangent vector with the projection 
in that direction has to be 


(x5(0, 5), ys(0, 5), us(0,5)) = (1, 1,0). 


These two vectors are not parallel; thus it is impossible to simultaneously satisfy the equa- 
tions and the boundary conditions: the solution of (2.51) and (2.61) does not exist. 


Example 2.7 Let us return to Example 2.4, i-e., consider Equation (2.48) with the initial 
condition 
u(@,z)=1, -o<4<o. 


The initial curve is 
£o(s) = §, yo(s) = §, uo(s) = Li, 


hence we have to consider system (2.50) with initial conditions 


x(0,s) =s, y(0,s) =s, u(0,s) =1. (2.62) 
Again, 
= 4(0, 8) yr(0, s) rn 
os xs(0,s) ys(0, 5) 1 ce 


This time, however, the tangent vector to the characteristic curve, («:(0, s), y:(0, 5), we(0, s)) 
= (s,5,0), and that to the initial curve, (75(0,s), ys(0, 5), us(0,5)) = (1,1,0), are parallel 
for every s. Thus, we do not get any contradictions: the characteristic curve just coincides 
with the initial curve. But our approach does not work: instead of the set of characteristic 
curves forming the integral surface, we obtain only one characteristic curve which coincides 
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with the initial curve. Thus, though the initial condition (2.62) is not harmful, it is also not 
helpful in finding the solution. 

In order to construct the solution in the whole region of its existence, let us return to 
the general solution of (2.51), 


x(t,s) =C1(s)exp(t), y(t, s) = Co(s)exp(t), u(t, s) = C3 exp(—t) + 1. (2.63) 


It is useless to substitute that solution into the initial condition (2.62), because that gives 
us the solution only at the line y = x. Let us apply the following trick. Instead of the useless 
initial condition along the line y = x, we take a curve that is transversal to projections 
of the characteristic curves, e.g., the line x = 1 of Example 2.5. Impose artificial initial 
conditions, 

to(s)=1, yo(s)=s, uo(s) = A(s), 


where h(s) is a certain unknown function, and substitute (2.63) into those conditions: 
Ci(s) = 1, C2(s) = 5, C3(s) = h(s) = 1, 
Hence 
x(t,s) =exp(t), y(t,s) = sexp(t), (2.64) 


u(t, s) = (h(s) — 1) exp(—t) + 1. (2.65) 


Inversion of relations (2.64) and substitution into (2.65) gives the solution, 


u(z,y) = Mula) 1 +1. (2.66) 


The original initial condition (2.62) determines the value of h only in one point: 
u(@, x) = h(1) =1. 
The obtained solution coincides with (2.24), (2.31), where f(y/x) = h(y/x) — 1. 


Examples 2.5-2.7 allow us to come to the following conclusions (the proof can be found 
elsewhere, e.g., in [3]). 

1. If the determinant 
(0, 8) yz (0, 8) x 0 
x5(0,s) ys(0,s) 


everywhere, the unique solution exists near the initial curve. 


J(0,s) = 


In the points where J(t,s) = 0, the solution may cease to exist. 


If J(0,s) = 0 everywhere along the initial curve, then it is necessary to check 
whether the vectors 


(x;(0, 5), y:(0, 5), u:(0, 5)) = (a,b,c) and 


(25(0, 8), ¥s(0, 8), us(0,8)) = (a9(8), ¥o(s), Uo(s)) 


are parallel. If they are parallel everywhere, there are infinitely many solutions. 
Otherwise, the solution does not exist. 
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Example 2.8 Let us consider equation 
Uy +UU, =0, -co<4a<oo, y>O0 (2.67) 


with initial condition 

u(z,0) = p(#), —co <4 < Ov, (2.68) 
where p(x) is a known continuously differentiable function. As mentioned in Section 1, this 
equation is called the non-viscous Burgers equation. 

Equation (2.67) describes the propagation of a strong sound wave in a gas. The physical 
meaning of z is the coordinate along the direction of the wave propagation; the variable 
y denotes time. The wave propagation is described in the reference frame moving at the 
speed of sound. Function u has the meaning of pressure. 

Applying the approach described above, we present the initial curve in the parametric 
form 


xo(s)=s, Yyo(s)=0, uo(s) = p(s) (2.69) 
and consider the system of ordinary differential equations depending on the parameter s 
d. 
Gj (tes) = ult, 8), (2.70) 
dy 
2 (ts) = 2.71 
tt,3) =1, (2.71) 
du 
—(t,s) = 2.72 
Tits) =O (2.72) 
with initial conditions 
x(0,s) =s, (2.73) 
y(0, 8) = 0, (2.74) 
u(0, s) = p(s), (2.75) 


which determine the characteristic curves. 


First, let us calculate the value of the Jacobian J(0,s) of the transformation (x,y) > 
(t,s) on the initial curve t = 0: 


a x+(0, 8) (0, 8) 
J(0,8) = x5(0, 8) oo) 


if 
Therefore, we expect that the solution of the problem (2.70)-(2.75) exists at least for values 
of y sufficiently close to 0, and it is unique. 
Solving Equation (2.72) with initial condition (2.75), we find 


=|"? 5|=-1 #9. 


u(t, s) = p(s). (2.76) 
Solution of Equation (2.72) with initial condition (2.74) is 
y(t, s) =t. (2.77) 


Finally, substituting (2.76) into (2.70) and solving the latter equation with initial condition 
(2.72), we find 

x(t,s) =s+p(s)t. (2.78) 

Formulas (2.76)-(2.78) describe the solution of the initial value problem (2.70)-(2.75) 

in a parametric way. We cannot write that solution in an explicit way u = u(z,y) for an 
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FIGURE 2.4 
Example 2.8. 


arbitrary function p(s). However, the evolution of the spatial pressure distribution u = u(a) 
with time y = ¢ can be easily understood. For sake of simplicity, assume that the plot of 
function u(x,0) = p(a#) has a shape shown in Figure 2.4 (line 1): p(x) grows from 0 to p,. 
for —co < x < x, and decreases from p, to 0 for 7, < x < oo. In the intervals of the 
monotonicity of function p(x), we can invert the relation u = p(x) and present x(u) as 
x_(u) in the region where p'(x) > 0 (hence 2’_(w) > 0) and x;(u) in the region where 
p'(x) <0 (hence x’, (u) < 0) (see Figure 2.4). 
For y > 0, the solution in both regions can be written in implicit form as 


x= ax(y,u) = xi(u) + uy. (2.79) 


That means that with the growth of y = t, according to (2.76), each point of the plot 
u = u(x) keeps its height. According to (2.78), that point moves horizontally with the 
velocity u = p(s) corresponding to its height: the higher the point, the faster it moves (see 
line 2 in Figure 2.4). One can see that the curve u(x) becomes more gently sloping with 
time in the region where 0u/0x > 0 and steeper in the region where Ou/Ox < 0. Indeed, 
differentiating (2.79) with respect to u, we find that 
OE ry (u)t+y. (2.80) 
Oy 
Because x'_(u) > 0, Ox/Ou > 0 grows with y, ie., Qu/Ox > 0 decreases. But x! (u) < 0, 
therefore with the growth of y, |O2/Ou| decreases, and |Ou/Ox| grows. In the latter case, 


according to (2.80), 0x/Ou becomes equal to zero when y = —2‘, (wu). First it happens at 
the time instant 


1 
max; [—p'(s)] 
At y = Ym, the derivative 0u/Ox diverges at a certain point. The classical solution cannot 
be extended beyond that time instant. 


Let us calculate the Jacobian of the transformation (z,y) — (t,s) for the obtained 
solution (2.76)-(2.78): 


Y = Ym = Min, [—a', (u)] = (2.81) 


Ft, 8) = xz(t,s) y(t, s) 


-| p(s) | 


l+p/(s)t 0 = —(1+p'(s)é). 


One can see that J(t,s) first becomes equal to zero exactly at the time instant t = y = ym 
determined by relation (2.81), which is the formal reason for the failure of the approach. 

In the case of gas motion, the divergence of du/Ox corresponds to the appearance of a 
shock wave. For the description of the further evolution of the physical system, a modification 
of model (2.67) is needed (see Chapter 10). 
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Problems 


Find the general solution of the equation and solutions satisfying initial conditions. 


1. 


Equation: uw; = 1, -oo<4%<oo, y > 0; initial conditions: 

(a) u(#,0) =0, —co < 4 < cw; 

(b) u(v,0) = 2%, -w~o <4 <a; 

(c) u(x, 27) =0, -c0o <2 <0. 

Equation: uz + Uy = 1, —oo < @ < 00, —00 < y < 00; initial conditions: 
(a) u(#,0) = v(x), -co <4 < ~w; 

(b) u(a,x2) = v(x), —0o < 4 < ~@w; 

(c) u(az,z*) =0, co < a < 1/2. 

Equation: u, + (aru), = 0, a = const, —co < x < 00, y > 0; initial conditions: 
(a) u(#,0) = v(x), -co <4 < ~w; 

(b) u(0,y) = oly), y 2 0. 

Equation: ru, — yu, = 0, x > 0, y > 0; initial conditions: 

(a) u(x,x) = h(x), x > 0; 

(b) u(a,k/x) = h(x), k = const, k > 0, x > 0; 

(c) u(a,1—2) =h(a), 1/2<a< 1. 

Equation: ru, — yu, = 0, x > 0, y > 0; initial conditions: 

(a) u(xz,0) = v(a2),0<4< oo; 

(b) u(a, /1 — 2? = v(x), O< 2 <1; 

(c) u(#,1)=2,0<4%<~@; 

(d) ai(z,1)= 27, 0 < 2 < 00: 

Solve the following initial value problems. 

Uy + u?uz = 0, co << co, y > 0; u(z,0) = p(x); p(x) is a bounded function. 


Find the solution in the implicit form. Find its existence region. 


Uy + Ut, = —au,—00 <2 < co, y > 0; a = const, a > 0; u(x, 0) ='p(z); p(z) isa 
bounded function. Find the solution in the implicit form. What is the condition 
for the existence of the solution for any y? 


Uz +(x —U)uy =0,  >0, -co< y<oco; u(z,0) =a. 
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Second-Order Equations 


Now we start studying the most important class of PDEs, the linear equations of the second 
order. 


3.1 Classification of Second-Order Equations 


In the Introduction, we already formulated the most general form of the second-order linear 
PDE for function u(z, y), 


ofa y) G5 +22.) 2 + cle y) ee tansy) a" 
+ ela) Se + fley)u= aay), (3.1) 
and considered three basic examples, the wave equation 
i. - ee = 0, (3.2) 
the heat equation ; 
Fe ~ ggt = a(es8) (3.3) 


(in order to unify notations, we denote time as y in the examples above), and the Poisson 
equation 
Ou du 


ax? or ay? = g(x,y). (3.4) 


It has been announced that these three equations correspond to three types of prob- 
lems, namely description of wave propagation, dissipative processes and static fields. What 
kind of solution behavior is expected for Equation (3.1) with a definite set of functions 


a(z,y),-.-,9(z,y)? 
Let us calculate the discriminant 


d(a, y) = b? (x, y) a a(x, y)e(z, y) (3.5) 


for each of Equations (3.2)-(3.4). 

For the wave equation, a = —, b = 0, c= 1, hence 6 = eG is positive. We shall call 
the equation hyperbolic in that case. As we shall see in Chapter 5, equations of this kind 
describe waves. 

For the heat equation, a = —K, b = c = 0, hence 6 = 0. Equations of this kind are 
called parabolic. They describe a non-wave evolution of the system (like heat conductivity 
and diffusion). 
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For the Poisson equation, a = c= 1, b= 0, hence 6 = —1 < 0. The negative values of 6 
correspond to the elliptic type of equations. Equations of this kind are used for description 
of static physical fields (e.g., temperature, concentration, pressure, gravity potential, electric 
potential etc.). 

Note that the equation type is determined by the first three terms of (3.1), which contain 
derivatives of the second order. These terms form the principal part of the equation. 

It is crucial that the type of the equation is not changed by transformation of coordinates 


s=s(z,y), t=t(z,y), u(z,y)=v(s(z,y), t(x,y)); (3.6) 
it is assumed that the Jacobian of the transformation, 
As, t) Sy Sy 
J(x,y) = CT al ae Saty — Syta, (3.7) 
is different from 0 everywhere. Using the chain rule, 
Uz = UsS_ + Vitz, Uy = UsSy + Vity, (3.8) 
we find that 
Use = UseSe + QUstSatex + vite + UsSaa + Utena, (3.9) 
Uny = UssSxSy + Ust (Saty + Syte) + Vietaty + UsSxy + Vitay, (3.10) 
Uyy = Une, + QetSyty + vets + UsSyy + Vit yy. (3.11) 
Substituting (3.9)-(3.11) into (3.1), we obtain: 
Auss + 2Bug: + Cun + 9 (5, t,0, Us, Vt) = 0, (3.12) 
where 
A = as? + 2bs¢8y + Cs; (3.13) 
B= aS8zt, + b(Saty + Sytr) + CSyty, (3.14) 
C = at? + 2btaty + cti, (3.15) 


and g does not contain derivatives of the second order of v. 
It can be shown directly that 


(a c)=(E EG JC a) 10 


Calculating the determinants of the both parts of (3.16), we find that the discriminant 
characterizing the type of Equation (3.12), 


o = B? — AC = J’(b? — ac) = J. 
Because J? > 0, the type of the equation is not changed by transformation (3.16). 


3.2 Canonical Forms 


By means of a definite transformation (3.16), one can transform the principal part of Equa- 
tion (3.1) to a certain standard form called canonical form. That transformation standard- 
izes and simplifies the further analysis of the equation. 
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3.2.1 Hyperbolic Equations 


Let us start with hyperbolic equations, 6 = b? — ac < 0. The canonical form for those 
equations is defined as 
Ust + G(s,t,v, Us, Ut) = 9, (3.17) 


where G does not contain derivatives of the second order. 
Obviously, in order to obtain the form of (3.17), it is necessary to make A and C in 
(3.12) equal to zero: 


as? + 2bsy8y + cs =0, at? + 2btyty + eh, =0. (3.18) 


The transformation is needed if at least one of the coefficients a and c is nonzero. Assume 
that a £ 0 in the whole region of the definition of the equation. Solving quadratic equations 
(3.18), we find that 


—b+ Vb? — ac —b+ Vb? — ac 
Ge ee ee 


Because we are interested in finding a transformation with s ¥ t, let us take different signs 
of the root for s, and ty, e.g., 


b— Vb? — ac 


x ooo —. ; wl 
S - Sy =0 (3.19) 
be = 
i EG. (3.20) 
a 


For solving first-order partial differential equations (3.19), (3.20), we can apply the 
approach described in Section 2.1.1. For (3.19), we obtain the characteristic equation 


dy _b-—V —ac 


3.21 
dx a ( ) 


If the general solution of (3.21) is found in the implicit form f_(x,y) = const, then we can 
choose the appropriate change of variable as 


s= f_(x,y). (3.22) 


Similarly, finding the general solution of the characteristic equation 


dy b+ Vb —ae 


2D 
dx a (8.28) 


in the form f;(x, y) = const, we obtain the corresponding variable 

t= f.(z,y). (3.24) 
Using transformation (3.22), (3.24), we obtain the equation 

Bust +g = 0, 


where B is determined by formula (3.14) and g does not contain derivatives of the second 
order. Dividing by B, we get an equation in the canonical form, 


UVst +G=0, G=g/B. 
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Instead expressions (3.13) and (3.15), one can use the following simple mnemonic rule. 
The characteristic curves (3.21) and (3.23) satisfy the following quadratic equation: 


dy dy 
—) —2b— = 3.25 
a (2) Te +c=0 (3.25) 


that can be written immediately while looking at Equation (3.1) (just do not forget to 
change the sign in the term with b). Below we shall see that this rule is useful also for other 
types of equations. 


Example 3.1 The wave equation 
Uyy — Glan = 0 (3.26) 
is given. Let us transform it to the canonical form and find its general solution. 


In this example, a = —c?, b = 0, and c = 1; hence, as shown above, 6 = b?—ac = @ > 0. 
This, Equation (3.26) is of the hyperbolic type. The equation (3.25) for the characteristic 


curve is ‘ 
d 
2 (3) +1 6 
hence d i 
y 
—=4—-. 3.27 
dx Co ( ) 
Solving (3.27) gives 
s=2-—coy, t=x+coy. (3.28) 
Using formulas (3.8)-(3.11), we obtain equation 
Ust = 0. (3.29) 


As shown in Example 1.4, the general solution of Equation (3.29) is the sum of two arbitrary 
functions (with continuous second derivatives); each of them depends only on one variable: 


v(s,t) = Fy(s) + F_(t). 
Returning to original variables according to (3.28), we find: 
u(x, y) = Fy (a — coy) + F_(x + coy). (3.30) 
The physical meaning of Equation (3.26) and the obtained solution (3.30) will be dis- 


cussed in Chapter 5. 


3.2.2 Elliptic Equations 
In the case of elliptic equations, 6 = b? — ac < 0, the canonical form is 
Uss + Vit + G(s, #,V, Us, Ut) = 0, (3.31) 


where G does not contain derivatives of the second order. 
As the first step, let us apply exactly the same transformation as in the hyperbolic case. 
Consider the complex transformation 


s= 8(2, Y); = i(x,y), u(x, y) =v (8(a, y), t(a, y)) ’ (3.32) 
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determined by equations 


Z b—ivac— b?_ 


ogg eer 3.33 
8 7 Sy ( ) 
2 b+ivac — b2 ~ 

i, + iy =0. (3.34) 


Note that t(2,y) = 8(x,y), where a bar is the sign of complex conjugation. Following the 
derivation given in Section 3.2.1, we obtain equation 


57 + G (5, 6,0, 03, 0;) = 0. (3.35) 
At the second step, we introduce real variables 


s=5+t, t=(8-1t)/i, v(s,t) =0(5,0). (3.36) 


According to the chain rule, 


-=—+i = i (3.37) 


hence we obtain Equation (3.31). Note that Equation (3.25) can be used in the case of an 
elliptic equation for finding characteristic curves in a complex space. 
Example 3.2 Let us consider equation 


Otis + 2bug, + Cty, = 0 (3.38) 


with constant coefficients. 
Following the algorithm described above, we write the characteristic Equation (3.25) 


and obtain its solutions, 
d btivac — b? 
seein Resear (3.39) 


dx a 


Integrating Equations (3.39), we find the transformation 


5 = ay - (b-iv/ac— 0) L, i=ay— (b-+iVac— 0) Xs (3.40) 
which brings Equation (3.38) to the form 
vg = 0; (3.41) 
thus, the general solution is given by the formula 
6(3,t) = F, (8) + F_(d), 
or 


u(x,y) = Fy (ay - (0 —ivVac— 0?) x) + F_ (ay - (0 +ivVac— 0?) ) : (3.42) 


where Fy and F_ are arbitrary continuously differentiable functions. 

Generally, solution (3.42) is complex, but it can be used for construction of the real 
general solution. Note that if ui(x,y) and ua(x,y) are solutions of a linear homogeneous 
equation (e.g., Equation (3.38)), then any linear combination of those solutions, cyu1 (x, y) + 
c2U2(x, y) is also a solution of that equation (that feature of solutions of linear homogeneous 
equations is called the superposition principle). Also, for equations with real coefficients, if 
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u(az,y) is a solution, then the complex conjugate function, U1(z, y), is a solution. Therefore, 
starting with (3.42), one can construct two real solutions of Equation (3.38), 


us (2,9) = Re ula,y) = 5 lula.) + a(e,y)] (3.43) 
and 7 
us(2,y) = Re u(x, y) = 5 (ula, y) — (2,9) (3.44) 


The set of linear combinations of (3.43) and (3.44) with real coefficients form the real general 
solution of (3.38). 
According to formulas (3.36), the transformation 


s=2(ay—br), t=2Vac—bz, v(s,t) = 6(5,t) 


leads to the canonical form 
Uss + Vit = 0, 


which is the Laplace equation. 


3.2.3. Parabolic Equations 
In the case of a parabolic equation, 6 = b? — ac = 0, the canonical form is 
Wes + G(s,t,w, Ws, We) = 0, (3.45) 


where G does not contain derivatives of the second order. This time, the characteristic 
equation (3.25) gives only one equation for a characteristic curve, 


dy 0b 
= 3.46 
hae (3.46) 
which corresponds to the equation for the change of only one variable, say, 
t=t(z,y); (3.47) 
that equation is 
b 
ty + —ty = 0. (3.48) 
a 
As the second variable, let us choose 
S=2. (3.49) 


According to (3.14), (3.15), 
B= at, + bty =0, 


2 b? ae 
hence the transformation (3.47), (3.49) brings Equation (3.1) to the canonical form (3.45). 
Example 3.3 Let us transform equation 
AUg, + 2ugy + CUyy = 0, b? —ac=0 (3.50) 


with constant coefficients a, b and c to the canonical form, and find its general solution. 
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Following (3.46), we apply the transformation 
t=ay—bxt,s=«2 
and obtain the canonical form of the equation, 
Uss = 0. 


Its general solution is 
v(s,t) = filt)s + fa(t), 
hence 
u(x,y) = fi (ay — ba) + fo(ay — ba), 


where f; and f2 are arbitrary functions, which are twice continuously differentiable. 


Problems 


Transform the equation to the canonical form and find its general solution. 


1. Une + 2Ugy +Uz =0, -OO<B< we, —-OO<YyY-MH. 

2. Ure — 4Ugy + 4Uyy = 1, -—woO<4@< ow, —-oo<y-o. 

3. TUxe + 227 Ucy — Ur = 1, 0O<@%<w, -wo<y-o. 

4, © Une — WwyUsy + Yy?Uyy + TUr + yy =0, O<4<w, -wo<y-o. 


Transform the equation to the canonical form. 

5. Ure — LUyy =0, O<4< mw, -o<y-o. 
6 tiga be iy =, 0<4%<mw, -w<y-o. 
16 Pie A tig =O; 0<4%<ow, 0<y<ow. 
8 


sin? rugs + sin(2xr)Ury + cos? ruyy =0, O<ar<7, O<y<ov. 
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The Sturm-Liouville Problem 


4.1 General Consideration 


In the following chapters we carry out a systematic study of methods for solving second 
order linear PDEs. We will develop a powerful approach, the method of separation of vari- 
ables (or Fourier expansion method), which is efficient for solving all three types of PDE 
equations. That method includes solution of a certain kind of problems for ordinary differ- 
ential equations, the Sturm-Liouville problem, which is not always included in a standard 
course of ODEs. Therefore, we devote the present chapter to consideration of that problem. 

The Sturm-Liouville problem consists of a linear, second order ordinary differential equa- 
tion containing a parameter whose value is determined by the condition that there exists 
a nonzero solution to the equation which satisfies a given boundary conditions. The set of 
orthogonal functions generated by the solutions to such problems gives the base functions 
for the Fourier expansion method of solving partial differential equations. 

Consider a general linear second order ordinary differential equation 


a(a)y"(x) + b(a)y"(x) + c(ax)y(x) + Ad(a)y(x) = 0 (4.1) 


with a parameter , generally a complex number, multiplied by the function y(x), which is 
generally a complex function, while the functions a(x), b(a@), c(a) and d(x) are real. 
This equation can be written in the form 


“ [p(x)y'(x)] + [a(a) + Ar(x)] y(x) = 0, (4.2) 
where 
p(x) Ee al ae ae (x) _ Be)o@). ( ) _ p(x)d(x) : (4.3) 


Reading Exercise: Verify that substitution of Equations (4.3) into Equation (4.2) gives 
Equation (4.1). 


As we will see studying PDE, many physical problems result in the linear ordinary 
Equation (4.2) where the function y(z) is defined on an interval [a, b] and obeys homogeneous 
boundary conditions of the form 


ayy’ + Pry|,-4 = 9, 
agy’ + Boy| =p =0. (4.4) 


This kind of condition, imposed in two different points, strongly differs from the set of 
initial conditions y(a) = yo, y’(a) = y1 imposed at the same point, which most often are 
considered in ODE problems. 

It is clear that the constants a; and (6; cannot both be zero simultaneously, nor the 
constants a2 and 2. The constants ax, and (6,, which are determined by physical laws, 


29 


30 Partial Differential Equations: Analytical Methods and Applications 


are real. We note also that the relative signs for a, and 6, are not arbitrary; we generally 
must have 3,/a, <0 and 82/a2 > 0. This choice of signs (details of which are discussed in 
books [7,8]) is necessary in setting up boundary conditions for various classes of physical 
problems. The very rare cases when the signs are different occur in problems where there is 
explosive behavior, such as an exponential temperature increase. Everywhere in the book 
we consider “normal” physical situations in which processes occur smoothly and thus the 
parameters in boundary conditions are restricted as above. 

Equations (4.2) and (4.4) define a Sturm-Liouville problem. Solving this problem involves 
determining the values of the constant » for which nontrivial solutions y() exist. If a, = 0 
the boundary condition simplifies to y = 0 (known as the Dirichlet boundary condition), 
if 6, = 0 the boundary condition is y’ = 0 (called the Newmann boundary condition), 
otherwise the boundary condition is referred to as a mixed boundary condition. 

Notice that for the function y(a) defined on an infinite or semi-infinite interval, the 
conditions (4.4) may not be specified and are often replaced by the condition of regularity 
or physically reasonable behavior as 2 — +oo, for example that y(co) be finite. 

Later on we let p(x), q(x), r(a) and p’(a) be continuous, real functions on the interval 
[a,b] and let p(x) > 0 and r(x) > 0 on the interval [a,b]. The coefficients a; and (3; in 
Equations (4.4) are assumed to be real and independent of 4. 

The differential Equation (4.2) and boundary conditions (4.4) are homogeneous which 
is essential for the subsequent development. The trivial solution y(x) = 0 is always possible 
for homogeneous equations but we seek special values of \ (called eigenvalues) for which 
there are nontrivial solutions (called eigenfunctions) that depend on A. 

If we introduce the differential operator (called the Sturm-Liouville operator) 


Ly(x) = -£ [p(x)y'(x)] — a(x)y(x) = —p(a)y" (x) — p'(x)y'(@) — a(x)y(@) (4.5) 
or 2 4 
L=—p(2) 75 —P (2) =. — a2); 
then Equation (4.2) becomes 
Ly(x) = Ar(a)y(a). (4.6) 


As it is seen from Equation (4.5), Ly(x) is a real linear operator. When r(x) = const. (in 
this case one can take r(x) = 1) this equation appears as an ordinary eigenvalue problem, 
Ly(«x) = Ay(«), for which we have to determine and y(a). For r(a) 4 1 we have a modified 
problem where the function r(x) is called a weight function. As we stated above, the only 
requirement on r(a) is that it is real and chosen to be nonnegative. Equations (4.2) and 
(4.6) are different ways to specify the same boundary value problem. 

Now we discuss the properties of eigenvalues and eigenfunctions of a Sturm-Liouville 
problem. Let us write Equation (4.6) for two eigenfunctions, y,(x) and y,,(a), and take the 
complex conjugate of the equation for y,,(x). Notice that in spite of the fact that p(x), q(x), 
and r(a) are real, we cannot assume from the very beginning that and y(z) are real: that 
has to be checked. We have 

Lyn (x) = Ant (L) Yn (2) 
and 
Lyi) = Xr (eval): 
Multiplying the first of these equations by y*,(x) and the second by y» (x), we then integrate 
both from a to 6 and subtract the two results to obtain 


b 


b b 
J vino )tun(e)de — [J yn(2)Lyi(wide = An — Xin) fro vin e)yn(a)ae (4.7) 


a 
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Using the definition of Z given by Equation (4.5), the left side of Equation (4.7) is 


dyn dyn | \° 
{nte) | Bante) — vinta) Heb (48) 
Reading Exercise: Verify the previous statement. 


Then, using the boundary conditions (4.4), it can be easily proved that the expression (4.8) 
equals to zero. 


Reading Exercise: Verify that the expression in Equation (4.8) equals to zero. 


Thus, we are left with 


b b 
J vial )tun(e)de = Pym (0) Lua 2)de. (4.9) 

a a 
An operator, L, that satisfies Equation (4.9), is named a Hermitian or self-adjoint oper- 
ator. Thus, we may say that the Sturm-Liouville linear operator satisfying homogeneous 
boundary conditions is Hermitian. Many important operators in physics, especially in quan- 

tum mechanics, are Hermitian. 

Let us show that Hermitian operators have real eigenvalues and their eigenfunctions are 

orthogonal. The right side of Equation (4.7) gives 


b 
On —X4) / rau @waa)ae =. (4.10) 


When m = n the integral cannot be zero (recall that r(x) > 0); thus A¥ = Ap, and we have 
proved that the eigenvalues of a Sturm-Liouville problem are real. 
Then, for Ayn A An, Equation (4.10) is 


b 
i} r(a)yr, (x) yn(a)dax = 0 (4.11) 


and we conclude that the eigenfunctions corresponding to different eigenvalues of a Sturm- 
Liouville problem are orthogonal (with the weight function r(a)). 
The squared norm of the eigenfunction y,(x) is defined to be 


b 
yal? = ‘p r(2)yn (2) Pde. (4.12) 


Note that the eigenfunctions of Hermitian operators always can be chosen to be real. This can 
be done by using some linear combinations of the functions y,,(a), for example, choosing 
sinz and cosa instead of exp(+tia) for the solutions of the equation y” + y = 0. Real 
eigenfunctions are more convenient to work with because it is easier to match them to 
boundary conditions which are intrinsically real since they represent physical restrictions. 

The above proof fails if Ay, = An for some m # n (in other words there exist different 
eigenfunctions belonging to the same eigenvalue) in which case we cannot conclude that the 
corresponding eigenfunctions, Yn(a) and yp, (x), are orthogonal (although in some cases they 
are). If there are f eigenfunctions that have the same eigenvalue, we have an f-fold degeneracy 
of the eigenvalue. In general, a degeneracy reflects a symmetry of the underlying physical 
system (examples can be found in the text). For a Hermitian operator it is always possible 
to construct linear combinations of the eigenfunctions belonging to the same eigenvalue so 
that these new functions are orthogonal. 
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If p(a) £ 0 and p(b) 4 0 then p(a) > 0 on the closed interval [a,b] (which follows from 
p(a) > 0) and we have the so-called regular Sturm-Liouville problem. If p(a) = 0 then we 
do not impose the first of the boundary conditions in Equations (4.4), instead we require 
y(x) and y’(x) to be finite at x = a. Similar situations occur if p(b) = 0, or if both p(a) = 0 
and p(b) = 0. All these cases correspond to the so-called singular Sturm-Liouville problem. 

Beside problems with boundary conditions (4.4) imposed separately in points x = a and 
x = b, we will also consider the periodic Sturm-Liouville problem with periodic boundary 
conditions y(a) = y(b), y/(a) = y’(b). (In that case, it is assumed also that p(a) = p(b), 
g(a) = q(b), and r(a) = r(b).) 

The following summarizes the types of Sturm-Liouville problems: 


i. For p(x) > 0 and r(x) > 0 we have the regular problem; 
ii. For p(x) > 0 and r(a) > 0 we have the singular problem; 
For p(a) = p(b) and r(a) > 0 we have the periodic problem. 


Notice that if the interval (a,b) is infinite, the Sturm-Liouville problem is also considered 
as singular. 

The following theorem gives a list of several important properties of the Sturm-Liouville 
problem: 


Theorem 1 


i) Each regular and each periodic Sturm-Liouville problem has an infinite number 
of non-negative, discrete eigenvalues 0 < Ay < Ag < ... < An < ... such that 
An > CO as n — oo. All eigenvalues are real numbers. 


ii) For each eigenvalue of a regular Sturm-Liouville problem there is only one eigen- 
function; for a periodic Sturm-Liouville problem this property does not hold. 


iii) For each of the types of Sturm-Liouville problems the eigenfunctions correspond- 
ing to different eigenvalues are linearly independent. 


iv) For each of the types of Sturm-Liouville problems the set of eigenfunctions is 
orthogonal with respect to the weight function r(a) on the interval [a, }}. 


v) If q(x) < 0 on [a,b] and 6, /a, < 0 and 62/az > 0, then all A, > 0. 


Some of these properties have been proven previously, such as property iv) and part of 
property i). The remaining part of property i) will be shown in several examples below, as 
well as property v). Property ii) can be easily proved when there are two eigenfunctions 
corresponding to the same eigenvalue. We then apply Equations (4.2) and (4.4) to show 
that these two eigenfunctions coincide or differ at most by some multiplicative constant. 
We leave this proof to the reader as a Reading Exercise. Similarly, can be proven property 
iti). 

Solutions of some important Sturm-Liouville problems will be considered in subsequent 
chapters. Many of them cannot be written using elementary functions. They form new 
classes of functions called special functions. Specifically, Bessel functions and the orthogonal 
polynomials, such as Legendre polynomials, arise from singular Sturm-Liouville problems; 
thus the first statement in the above theorem is not directly applicable to these important 
cases. In spite of that, singular Sturm-Liouville problems may also have an infinite sequence 
of discrete eigenvalues which we will later verify directly for Bessel functions and for the 
orthogonal polynomials (see Appendix B). 

Since Equation (4.11) is satisfied, eigenfunctions y,(a) form a complete orthogonal set 
on [a,b]. This means that any reasonable well-behaved function, f(x), defined on [a, b] can 
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be expressed as a series (called a generalized Fourier series) of eigenfunctions of a Sturm- 
Liouville problem in which case we may write 


fa)= > cual), (4.13) 


where it is convenient, in some cases, to start the summation with n = 1, in other cases 
with n = 0. An expression for the coefficients c, can be found by multiplying both sides of 
Equation (4.13) by r(a)y* (x) and integrating over [a,b] to give 


b * 
2» ere en (adde “ei 


2 
Ilynl| 


Let us substitute (4.14) into (4.13). Changing the order of summation and integration 
(we can do it due to uniform convergence), we obtain: 


oo 1 b . 
fe)= | (OF yn (w)yt (Ed. 


That means that 


2° b 
Ys [ rOamlrwi(Odg = dee 8. 


IlYn 
This is the completeness property for eigenfunctions of a Sturm-Liouville problem. 


The Sturm-Liouville theory provides a theorem for convergence of the series in Equation 
(4.13) at every point z of [a, }]: 


Theorem 2 


Let {yn(x)} be the set of eigenfunctions of a regular Sturm-Liouville problem and 
let f(a) and f’(a) be piecewise continuous on a closed interval. Then the series 
expansion (4.13) converges to f(x) at every point wheref(z) is continuous and to 
the value [f (xo + 0) + f (ao — 0)|/2 if zo is a point of discontinuity. 


The theorem is also valid for the orthogonal polynomials and Bessel functions related to 
singular Sturm-Liouville problems. This theorem, which is extremely important for appli- 
cations, is similar to the theorem for trigonometric Fourier series. 

Formulas in Equations (4.11) through (4.14) can be written in a more convenient way 
if we define a scalar product of functions y and w as the number given by 


b 
oS i) r(o)o(aap" (w)de (4.15) 


(the other notation of the scalar product is (y, ~))). 
This definition of the scalar product has properties identical to those for vectors in linear 
Euclidian space, a result which can be easily proved: 


(ap): wv =ay-v, (where a is a number) 
p: (ap) =a*y-y, (4.16) 


gp: (ap + bd) =a*p-pt+b*y- ¢, 
y-p=l|y|’ > 0. 
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The last property relies on the assumption made for the Sturm-Liouville equation that 
r(x) > 0. If y is continuous on [a, b], then y- y = 0 only if y is zero. 


Reading Exercise: Prove the relations given in Equations (4.16). 


In terms of the scalar product, the orthogonality of eigenfunctions (defined by Equation 
(4.11)) means that 


and the formula for the Fourier coefficients in Equation (4.14) becomes 


c, = Lun (4.18) 
Functions satisfying the condition 
b 
e-e= | r(a)ly(e)Par <0 (4.19) 


belong to a Hilbert space, L*, which is infinite dimensional. The complete orthogonal set of 
functions {y,,(a)} serves as the orthogonal basis in L?. 


4.2 Examples of Sturm-Liouville Problems 


Example 4.1 Solve the equation 
y (x) + Ay(x) =0 (4.20) 
on the interval [0,1] with boundary conditions 
y(0)=0 and y(l) =0. (4.21) 


Solution. First, comparing Equation (4.20) with Equations (4.5) and (4.6), it is clear that we 
have a Sturm-Liouville problem with linear operator L = —d?/dzx?, i.e. functions q(x) = 0 
and p(x) =r(a) = 1. Asa Reading Exercise, verify that L is Hermitian. 
Let us discuss the cases A = 0, A < 0 and X > O separately. If A = 0, then a general 
solution to Equation (4.20) is 
y(x) = Cin + C2 


and from boundary conditions (4.21) we have C; = C2 = 0, i.e. there exists only the trivial 
solution y(x) = 0. If A < 0, then 


y(x) = Ces Te ere 


and the boundary conditions (4.21) again give C; = Cj = 0 and therefore the trivial solution 
y(x) = 0. Thus we have only the possibility > 0, in which case we write A = p? with pu 
real and we have a general solution of Equation (4.20) given by 


y(a) = Cy sin ux + C2 cos wx. 


The Sturm-Liouville Problem 35 


The boundary condition y(0) = 0 requires that Cg = 0 and the boundary condition 


y(1) = 0 gives C, sinyl = 0. From this we must have sinyl = 0 and py, = "* since the 
choice C', = 0 again gives the trivial solution. Thus, the eigenvalues are 
2 
An =H = (7) ey ae (4.22) 


and the eigenfunctions are y,(x) = C, sin “**, where for n = 0 we have the trivial solution 
g y I 


yo(x) = 0. It is obvious that we can restrict ourselves to positive values of n since negative 
values do not give new solutions. These eigenfunctions are orthogonal over the interval (0, J] 
since we can easily show that 


l 


The orthogonality of eigenfunctions follows from the fact that the Sturm-Liouville operator, 
L, is Hermitian for the boundary conditions given in Equation (4.21). 
The eigenfunctions may be normalized by writing 


1 
oa f Oe Le eg ee 
6 l 2 


l 
| sin = sin “" dx =0 for m ~n. (4.23) 
0 


which results in the orthonormal eigenfunctions 


2 
Yn(x) = \[Fsinnee, [i ee aera (4.24) 


Thus, we have shown that the boundary value problem consisting of Equations (4.20) 
and (4.21) has eigenfunctions that are sine functions. It means that the expansion in eigen- 
functions of the Sturm-Liouville problem for solutions to Equations (4.20) and (4.21) is 
equivalent to the trigonometric Fourier sine series. 


Reading Exercise: Suggest alternatives to boundary conditions (4.21) which will result in 
cosine functions as the eigenfunctions for Equation (4.20). 


Example 4.2 Determine the eigenvalues and corresponding eigenfunctions for the Sturm- 
Liouville problem 
y"" (x) + Ay(x) = 0, (4.25) 


y'(0)=0, y(l) =0. (4.26) 
Solution. As in the previous example, the reader may check as a Reading Exercise that the 
parameter A must be positive in order to have nontrivial solutions. Thus, we may write 
\ = pl, so that we have oscillating solutions given by 


y(a) = Cy sin wx + C2 cos wx. 


The boundary condition y’(0) = 0 gives C; = 0 and the boundary condition y(l) = 0 
gives C2 cos pul = 0. If Cp = 0 we have a trivial solution; otherwise we have pu, = (2n4+1)7/2l, 


for n = 0,1,2,.... Therefore, the eigenvalues are 
2n—1)r]° 
Wen = Ca (4.27) 
21 
and the eigenfunctions are 
2n-—1 
ite Cicog ee nt n=1,2,.... (4.28) 


21 >) >) 5 ede 3 >) 
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FIGURE 4.1 
The functions tan 4,! and —,/h (for h = 5) plotted against jy. The eigenvalues of the 
Sturm-Liouville problem in Example 4.3 are given by the intersections of these lines. 


We leave it to the reader to prove that the eigenfunctions in Equation (4.28) are orthog- 
onal on the interval [0,/]. The reader may also normalize these eigenfunctions to find the 
normalization constant C,, which is equal to \/2/I. 


Example 4.3 Determine the eigenvalues and eigenfunctions for the Sturm-Liouville prob- 
lem 


y" (x) + Ay(x) = 0, (4.29) 


y(0)=0, y/(1) +hy(l) = 0. (4.30) 


Solution. As in the previous examples, nontrivial solutions exist only when \ > 0 (the reader 
should verify this as a Reading Exercise). Letting \ = y? we obtain a general solution as 


y(a) = Cy sin wx + C2 cos wx. 


From the boundary condition y(0) = 0 we have Cz = 0. The other boundary condition 
gives yzcos ul + hsin wl = 0. Thus, the eigenvalues are given by the equation 


tan [inl = —py/h. (4.31) 


We can obtain these eigenvalues by plotting tan ,J and —y,/h on the same graph as 
in Figure 4.1. The graph is plotted for positive uw, because negative uw do not bring new 
solutions. 


From the figure it is directly seen that there is an infinite number of discrete eigenvalues. 
The eigenfunctions 


Yn(a@) = Ch sinuynxr, n=1,2,... (4.32) 
are orthogonal so that 
i 
i SIN inv: sin p,,cdx =0 for m#n. (4.33) 
0 
The orthogonality condition shown in Equation (4.33) follows from the general theory as a 
direct consequence of the fact that the operator L = —<y is Hermitian for the boundary 


conditions (4.30). We leave it to the reader to verify the previous statement as a Reading 
Exercise. 
The normalized eigenfunctions are 


2(u2 +h?) 
n = “ nw. 4.34 
in() = Toa payee Sn (4.34) 
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Example 4.4 Solve the Sturm-Liouville problem 

y’+rAy=0, O0<2<i, (4.35) 
on the interval [0,/] with periodic boundary conditions 


y(0)=y(1),  y/(0) =y'(2). (4.36) 


Solution. Again, verify as a Reading Exercise that nontrivial solutions exist only when A > 0 
(for which we will have oscillating solutions as before). Letting \ = 2 we can write a general 
solution in the form 

y(a) = Cy cos wx + C2 sin px. 


The boundary conditions in Equations (4.36) give 


Ce yl — 1) + Cosinpl = 0, ee 


—Cj sin pl + C2(cos pl — 1) = 0. 


This system of homogeneous algebraic equations for Cy; and C2 has a nontrivial solution 
only when its determinant is equal to zero: 


cos pul — 1 singel | _ 
—sinul cospl—1 | = 0, (4.38) 
which yields 
cos pul = 1. (4.39) 
The roots of Equation (4.39) are 
onn\? 
An = (=) , n=0,1,2,... (4.40) 


With these values of X,,, Equations (4.37) for C, and C2 have two linearly independent 


nontrivial solutions given by 
Cet) wad yet he (4.41) 
0 1 
Substituting each set into the general solution we obtain the eigenfunctions 


yD (2) =cosVAnz and y?)(x) = sin Anz. (4.42) 


Therefore for the eigenvalue Ay) = 0 we have the eigenfunction yo(x) = 1 (and a trivial 
solution y(az) = 0). Each nonzero eigenvalue ,, has two linearly independent eigenfunctions 
so that for this example we have two-fold degeneracy. 

Collecting the above results we have that this boundary value problem with periodic 
boundary conditions has the following eigenvalues and eigenfunctions: 


onn\? 
y= rae n=0,1,2,... (4.43) 


cos(27na/l), 


yo(z)=1, yn(x) = Pea (4.44) 
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I 
lIyoll” = 2, llynll” = 5 (for n=1,2,...). 


In particular, when | = 27 we have 


cos na, 


= yo(r) = 1, Yn(@) = : 
sin na. 
From this we see that the boundary value problem consisting of Equations (4.35) and 
(4.36) results in eigenfunctions for this Sturm-Liouville problem which allows an expansion 
of the solution equivalent to the trigonometric Fourier series expansion. 


Example 4.5 In the book we meet a number of two-dimensional Sturm-Liouville problems. 
Here we present a simple example. 
Consider the equation 
Ou Ou 
Ox? % Oy? 
where k is a real constant which determines the function u(x, y) with independent variables 
in domain 0<a2<1,0<y<h. Define the two-dimensional Sturm-Liouville operator in a 
similar fashion as was done for the one-dimensional case. 


+ k?u =0, (4.45) 


Solution. We have 
L= oe _ & 4.46 
dz — dy? (24) 


Let the boundary conditions be Dirichlet type so that we have 
u(0, y) = ull, y) = u(x, 0) = u(a,h) = 0. (4.47) 


Reading Exercise: By direct substitution into Equation (4.45) and using boundary conditions 
(4.47) check that this Sturm-Liouville problem has the eigenvalues 


Life one 
2 
nm = (F : =) oe 
and the corresponding eigenfunctions 
tm = sin sin, n,m =1,2,... (4.49) 


In the case of a square domain, | = h, the eigenfunctions un», and Umn have the same 
eigenvalues, knm = kmn, which is a degeneracy reflecting the symmetry of the problem with 
respect to x and y. 


Example 4.6 Obtain the expansion of the function f(x) = 2?(1— 2) using the eigenfunc- 
tions of the Sturm-Liouville problem 


y’ +rAy=0, O0<a< 7/2, (4.50) 


y' (0) = y'(m/2) =0. (4.51) 


Solution. First, prove as a Reading Exercise that the eigenvalues and eigenfunctions of this 
boundary value problem are 


A}=4n?, yn(x) =cos2nz, n=0,1,2,... (4.52) 


The Sturm-Liouville Problem 39 


Af 


+ = 
0 0.4 0.8 1.2 1.6 


FIGURE 4.2 
Graphs of the function f(x) = 2?(1 — x) (dashed line) and partial sum with n = 10 of the 
Fourier expansion of f(x) (solid line). 


A Fourier series expansion, given in Equation (4.13), of the function f(x) using the eigen- 
functions above is 


(1-2) = S- CnYn(x) = S- Cn COS 2nz. (4.53) 
n=0 n=0 


Since f and f’ are continuous functions, this expansion will converge to x?(1 — x) for 
0 <a < 7/2 as was stated previously. In Equation (4.50) we see that the function r(a) = 1; 
thus the coefficients of this expansion obtained from Equation (4.14) are 


Co = 


[OP 2d-2)de 7? (. *) 


i 2 dx ~ 4A\3 8 
m/2 974 ; 
fy’ 2 U—2) cos2nx dx 
—— 
| cos? 2nx dx 
(—1)” 37 3 3 
a 1 = 152,330: 
n4 4 Inn? yr ne oo 
Figure 4.2 shows the partial sum (n = 10) of this series, compared with the original 


function f(x) = x?(1— 2). 


Two important special functions, Legendre and Bessel functions, are discussed in 
Appendix B. In the two following examples they serve simply as illustrations of Sturm- 
Liouville problems. 


Example 4.7 (Fourier-Legendre Series). 
The Legendre equation is 


d 


ae [(1— 27) y'] +Ay =0 (4.54) 


for « on the closed interval [—1,1]. There are no boundary conditions in a straight form 
because p(x) = 1 — x? vanishes at the endpoints. However, we seek a finite solution, a 
condition which in this case acts as a boundary condition. 


Solution. The Legendre polynomials, P,,(x), are the only solutions of Legendre’s equation 
that are bounded on the closed interval [—1, 1]. The set of functions {P,(x)}, where n = 
0,1,2,..., is orthogonal with respect to the weight function r(#) = 1 on the interval [—1, 1] 
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in which case the orthogonality relation is 


1 
/ P,(2)Pm(a)dx =0 for mn. (4.55) 
-1 
The eigenfunctions for this problem are thus P,(x) with eigenvalues A = n(n + 1) for 
n =0,1,2,... (see Appendix B). 

If f(x) is a piecewise smooth function on [—1, 1], the series 


ake (4.56) 
n=0 
converges to 
1 
3 [f (xo + 0) + f(xo — 9)} (4.57) 
at any point zp on (—1,1). Because r(x) = 1 in Equation (4.14) the coefficients c, are 
1 
J F(@)Pa(a)da 
n a o) (4.58) 
bie P?(a)dx 
or written in terms of the scalar product, 
f(x) - Pa(z) 
cn = > FT. (4.59) 
Pr (x) ; mia) 
Example 4.8 (Fourier-Bessel Series). 
Consider the Sturm-Liouville problem 
ae v? 
Le aes (-4) uo. O<a<l (4.60) 
with boundary conditions such that y(0) is finite and y(1) = 0. Here v is a constant. 
Solution. The eigenvalues for this problem are \ = j? for n = 1,2,..., where ji, jo, 


jg, -.. are the positive zeros of the functions J,,(a) which are Bessel functions of order v (see 
Appendix B). If f(a) is a piecewise smooth function on the interval [0, 1], then for 0 < « < 1 


it can be resolved in the series = 


Se ae). (4.61) 
n=1 
which converges to 
1 
3 [f(o + 0) + f(zo — 0)). (4.62) 
Since, in this Sturm-Liouville problem, r(a) = x, the coefficients c, are 
1 ; 
Jy (jnx)d 
= fo 2S odoin) aes 
ty LI? (jnx)dx 
or in terms of the scalar product, 
Cn = f(x) . Jina) (4.64) 


dy (jn@)* Ju(Ju®) 
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Problems 


In problems 1 through 7, find eigenvalues and eigenfunctions of the Sturm-Liouville problem 
for the equation 


y!() + Ay(a) = 0 


with the following boundary conditions: 


y'(0) + y(0) =0, — y(a) = 0; 


y(-l) = y(J),_ -y’(-l) = y'(l) (periodic boundary conditions). As noted above, 
if the boundary conditions are periodic then the eigenvalues can be degenerate. 
Show that in this problem two linearly independent eigenfunctions exist for each 
eigenvalue. 


OP OU rstes Gees oN 


7. For the operator L = —d?/dx? acting on functions y(z) defined on the interval 
[0, 1], find its eigenvalues and eigenfunctions (assume r(x) = 1): 

(a) y(0) =0, (1) +y(1) =0; 

(b) y'(0)—y(0) =0, yM) =9; 

(c) y(0)=y(),  y/(0) = y'(). 


Taylor & Francis 
Taylor & Francis Group 
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One-Dimensional Hyperbolic Equations 


5.1 Wave Equation 


In Chapter 3 (Example 3.1) we introduced the wave equation as an example of hyperbolic 
PDE and obtained its general solution. In the present chapter, we study that equation in 
more detail. Let us start with the following physical example. Consider the problem of small 
transverse oscillations of a thin, stretched string. The transverse oscillations mean that the 
movement of each point of the string is perpendicular to the z axis with no displacements or 
velocities along this axis. Let u(a,t) represent displacements of the points of the string from 
the equilibrium at location « and time ¢ (wu plays the role of the y coordinate, see Figure 
5.1). Small oscillations mean that the displacement amplitude u(z, t) is small relative to the 
string length, and what is important is our assumption that the partial derivative u,(2,t) 
is small for all values of x and t (i.e. the slope is small everywhere during the string’s 
motion), and its second power can be neglected: (ux)? <1 (uz has no dimension). With 
these assumptions which are justified in many applications, the equations that we will derive 
will be linear partial differential equations. 

Consider an interval (x, 7+ Az) in Figure 5.1. Points on the string move perpendicularly 
to the x direction; thus the sum of the components of the tension forces at points x and 
x + Ax equals zero. Because the tension forces are directed along tangent lines, we have: 


—T(x) cosa(x) + T(x + Ax) cosa(a + Az) = 0. 


Clearly, tana = uz, and for small oscillations cosa = 1/¥1+tan?a = 1/,/1+u2 ~ 1; 
thus 
T(x) = T(x + Aa), 


that is, the value of tension 7 does not depend on 2, and for all x and ¢ it approximately 
equals its value in the equilibrium state. 


1? T(x+Ax) 


FIGURE 5.1 
Small oscillations of a string. 
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In the situation shown in Figure 5.1, at point z the vertical component of force of tension 
is 
Tvert = —T sin a(x). 
The same expression with a positive sign holds at the point + Aw: Tyere = T sina(a+Acz). 
The signs of Ty¢,; at 2 and x + Ax depend on the orientation of the string segment and are 


opposite for the two ends of the segment. 
For small oscillations sina = tana/V1 + tan? a = uz/\/1+ u2 & uz, so that 


Tyert = —Tuz (a, t) (5.1) 
and the sum of vertical components of tension forces at points x and x + Az is 


Tx. — T |sina(« + Ax) — sina(z)| = T [u,(« + Az, t) — uz(2,¢)). 


vert 
As Ax + 0 we arrive at 
Ou 
qnet = T 
vert Ox? 


On the other hand, the force T"°', acting on segment Az is equal to the mass of this 


segment, p(a)dx (where p(x) is a linear mass density of the string) times acceleration: 


dz. 


Oru 
met __ 
Dicer — p(t) aa de. 


If there is also an additional external force F(#,t) per unit length acting on the string 
perpendicular to the x axis (for small oscillations the force should be small with respect to 
tension, T), we obtain the equation for forced transverse oscillations of a string: 


Oru Oru 


For the case of a constant mass density, p = const, i.e. for a uniform string, this equation 
can be written as 2 a2 
u Ou 
ae au2 t Fle t), (5.3) 
where a = \/T/p = const, f(x,t) = F(x,t)/p. For instance, if the weight of the string 
cannot be neglected and the gravity force is directed down perpendicularly to the z axis, 


we have f(z,t) = —mg/lp = —g. If there is no external force, F(x,t) = 0, we have the 
equation for free oscillations of a string 
Ou ,0°u 
= g? 5.4 
a2” Ox? oe) 


which is referred to as the homogeneous wave equation; Equation (5.3) is called the nonho- 
mogeneous wave equation. With subscripts for derivatives, Equation (5.4) is 


uit(2,t) = a? uge(2, t). 


Equation (5.4) was considered in Section 3.2.1 (Example 3.1), up to a change of nota- 
tions. We have found (see Equation (3.30)) that the general solution of that equation is the 
sum of two solutions, 


u(a,t) = fi(a—at) and u(a,t) = fo(a+at), 


where f; and fo are arbitrary, twice differentiable functions. Each of these solutions has a 
simple physical interpretation. In the first case, the displacement u = f; at point xz and 
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time ¢ is the same as that at point « + aAt at time t + At. Thus, the disturbance moves 
in the direction of increasing x with velocity a. The quantity a is therefore the “velocity 
of propagation” of the disturbance, or the wave speed. In the second case, the displacement 
u = fz at point x at time ¢ is found at the point with coordinate x — aAt at a later time 
t + At. This disturbance therefore travels in the direction of decreasing z with velocity a. 
The general solution of Equation (5.4) can be written as the sum of f; and fo: 


u(x,t) = fi(a — at) + fo(a + at). (5.5) 


This solution is considered with more details in the section devoted to the method of 
D’Alembert. 

Equation (5.4) describes the simplest situation with no external forces (including string’s 
weight) and no dissipation. For a string vibrating in an elastic medium when the force on 
the string from the medium is proportional to the string’s deflection, F = —au (that is 
Hooke’s law; a is a coefficient with the dimension of force per length squared, F' is a force 
per unit length) we have the wave equation in the form 

2 2 
p _ - T — au. (5.6) 

When a string oscillates in a medium with force of friction proportional to the speed, 
the force per unit length, F, is given by F = —ku,, where k is a coefficient of friction. In 
that case, the equation contains the time derivative u;(z, t): 


=a 2K (5.7) 


where 2 = k/p (« has the dimension of inverse time). 
All Equations (5.4), (5.6), and (5.7) are hyperbolic type (as we discussed in Chapter 3). 
Next, consider the homogeneous wave equation with constant coefficients in the general 
form 
Ute — 7 Ugg + by uz + dou, + cu = 0. (5.8) 


If we introduce a new function, v(a,t), using the substitution 


u(x,t) = er* tty (x,t), (5.9) 
with A = 6, /2 and ys = b2/2 Equation (5.8) reduces to a substantially simpler form 

Vin — O7Ure + cv = 0. (5.10) 
Exercise: Prove the statement above. 


It is immediately seen that if c 4 0 Equation (5.10) does not allow a solution in the form 
f(a + at). Physically this result is related to the phenomena of wave dispersion which will 
be discussed in Section 5.12. 


5.2 Boundary and Initial Conditions 


As we have seen in Chapter 2, where first order PDEs were considered, for a problem 
described by a differential equation additional conditions are needed to find a particular 
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solution describing the behavior of the system. These additional conditions are determined 
by the nature of the system and should obey the following demands: 

i) They should guarantee the uniqueness of the solution, i.e. there should not be two 
different functions satisfying the equation and additional conditions; 

ii) They should guarantee the stability of the solution, i.e. any small variation of these 
additional conditions or the coefficients of the differential equation results in only insignifi- 
cant variations in the solution. In other words, the solution should depend continuously on 
these additional conditions and the coefficients of the equation. 


These additional conditions may be categorized as two distinct types: initial conditions 
and boundary conditions. 
Initial conditions characterize the function satisfying the equation at the initial moment 
t = 0. Equations that are of the second order in time have two initial conditions. For 
example, in the problem of transverse oscillations of a string, the initial conditions define 
the string’s shape and speed distribution at zero time: 
Ou 


u(x,0) = v(x) and Hy 9) = (2), (5.11) 


where v(x) and w(x) are given functions of «x. 

Boundary conditions characterize the behavior of the function satisfying the equation at 
the boundary of the physical region of interest for all moments of time t. In most cases, the 
boundary conditions for partial differential equations give the function u(x,t) or uz(a,t), 
or their combination at the boundary. 

Let us consider various boundary conditions for transverse oscillations of a string over 
the finite interval 0 < « <1 from a physical point of view. 


1. If the left end of the string, located at « = 0, is rigidly fixed, the boundary 
condition at « = 0 is 
u(0,t) = 0. (5.12) 
A similar condition exists for the right end at x = 1, if it is fixed. These are called 
fixed end boundary conditions. 
2. If the motion of the left end of the string is driven with the function g(t), then 


u(0,t) = g(t) (5.13) 


in which case we have driven end boundary conditions. 


3. Ifthe end at x = 0 can move and experiences a force f(t) perpendicular to the z 
axis (e.g., a string is attached to a ring which is driven up and down on a vertical 
rod), then from Equation (5.1) we have 


_Tu,(0,t) = f(t). (5.14) 


If this boundary condition is applied to the right end of the string at x = 1, the 
left-hand side of this formula will have a positive sign. These are called forced end 
boundary conditions. 


4. Ifthe end at x = 0 moves freely, but is still attached (e.g., a string is attached to 
a ring which can slide up and down on a vertical rod with no friction), then the 
slope at the end will be zero. In this case, the last equation gives 


Uz(0,t) = 0 (5.15) 


with similar equations for the right end. The conditions in this case are called 
free end boundary conditions. 
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5. If the left end is attached to a surface that can stretch, we have an elastic bound- 
ary, in which case a vertical component of elastic force is Tyer: = —au(0,t). 
Together with Equation (5.1) this results in the boundary condition 


uz(0,t) —hu(0,t)=0, h=a/T>0. (5.16) 
For the right end we have 
Ur (1, t) + hu(l,t) = 0. (5.17) 


If the point to which the string is elastically attached is also moving and its 
deviation from the initial position is described by the function g(t), replacing 
u(0,) in Equation (5.17) by u(0,t) — g(t) leads to the boundary condition 


uz (0,t) — h [u(0,t) — g(t)] = 0. (5.18) 


It can be seen that for stiff attachment (large h) when even a small shift of 
the end causes strong tension (h — oo), the boundary condition (5.18) becomes 
u(0,t) = g(t). For weak attachment (h — 0, weak tensions), this condition (5.18) 
becomes the condition for a free end, u,(0,t) = 0. 


In general, for one-dimensional problems, the boundary conditions at the ends x = 0 
and x =/ can be summarized in the form 


QU, + Biul,,—9 = 91 (t), Q2QUg, + Boul.) = go(t), (5.19) 


where g(t) and go(t) are given functions, and a,, 81, a2, 82 are real constants. As is 
discussed in Chapter 4, due to physical constraints the normal restrictions on these constants 
are 61 /a1, <0 and 62/a2 > 0. 

When functions on the right-hand sides of Equation (5.19) are zero (i.e. g1,2(t) = 0), the 
boundary conditions are said to be homogeneous. In this case, if wi (x, t), u2(a,t),...,Un(a,t) 
satisfy these boundary conditions, then any linear combination of these functions 


Cyu1 (2, t) + Cu2(x, t) Pee CrUn(, t) 


(where C),...,C, are constants) also satisfies these conditions. This property will be used 
frequently in the following discussion. 

We may classify the above physical notions of boundary conditions as formally belonging 
to one of three main types: 


1. Boundary conditions of the first kind (Dirichlet boundary condition). For this case 
we are given u|,_4 = g(t), where here and below A = 0 or I. This describes a 
given boundary regime; for example, if g(t) = 0 we have fixed ends. 


2. Boundary conditions of the second kind (Neumann boundary condition). In this 
case, we are given uz|,__, = g(t), which describes a given force acting at the ends 
of the string; for example, if g(t) = 0 we have free ends; 

3. Boundary conditions of the third kind (mixed boundary condition). Here we have 
Uz + hul,,, = g(t) (minus sign for A = 0, plus sign for A = 1); for example, an 
elastic attachment for the case h = const. 


Applying these three conditions alternately to the two ends of the string results in 
nine types of boundary problems. A list classifying all possible combinations of boundary 
conditions can be found in Appendix C, part 1. 
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As mentioned previously, the initial and boundary conditions completely determine the 
solution of the wave equation. It can be proved that under certain conditions of smoothness 
of the functions v(x), ~(), gi(t), and go(t) defined in Equations (5.11) and (5.19), a unique 
solution always exists. The following sections investigate many examples of the dependence 
of the solutions on the boundary conditions. 

In some physical situations, either the initial conditions or the boundary conditions may 
be ignored, leaving only one condition to determine the solution. For instance, suppose the 
point Mo is rather distant from the boundary and the boundary conditions are given such 
that the influence of these conditions at Mo is exposed after a rather long time interval. 
In such cases, if we investigate the situation for a relatively short time interval, one can 
ignore the boundaries and study the initial value problem (or the Cauchy problem). These 
solutions for an infinite region can be used for a finite one for times short enough that the 
boundary conditions have not had time to have an effect. For short time periods, we may 
ignore the boundary conditions and search for the solution of the equation 


Ut =O Ue + f(r,t) for —coo<4<oo, t>0 
with the initial conditions 


uae) Pe) for —co< 4 < oO. 
ur(@, 0) = v(x) 

Similarly, if we study a process close enough to one boundary (at one end for the one- 
dimensional case) and rather far from the other boundary for some characteristic time 
of that process the boundary condition at the distant end may be insignificant. For the 
one-dimensional case, we arrive at a boundary value problem for a semi-infinite region, 
0 <a < ow, where in addition to the differential equation we have initial conditions 


u(x, 0) = v(2) 


eee verter 


and a boundary condition 
u(0,t) = g(t), t>0. 


Here as well as in the previous situation, other kinds of boundary conditions described above 
can be applied. 


5.3 Longitudinal Vibrations of a Rod and Electrical Oscillations 


In this section we consider other boundary value problems which are similar to the vibrating 
string problem. The intent here is to show the similarity in the approach to solving physical 
problems, which on the surface appear quite different but in fact have a similar mathematical 
structure. 


5.3.1 Rod Oscillations: Equations and Boundary Conditions 


Consider a thin elastic rod of cylindrical, rectangular or other uniform cross section. In 
this case forces applied along the axis, perpendicular to the (rigid) cross section, will cause 


One-Dimensional Hyperbolic Equations 49 


FIGURE 5.2 
Arbitrary segment of a rod of length Az. 


changes in the length of the rod. We will assume that the forces act along the rod axis 
and each cross-sectional area can move only along the rod axis. Such assumptions can be 
justified if the transverse dimensions are substantially smaller compared to the length of 
the rod and the forces acting on the rod are comparatively weak. 

If a force compresses the rod along its axis and is then released, the rod will begin 
to vibrate along this axis — contrary to transverse string oscillations, such considered rod 
oscillations are longitudinal. Let the ends of the rod be located at the points = 0 and z# = 1 
when it is at rest. The location of some cross-section at rest will be given by x (Figure 5.2). 
Let the function u(x,t) be the longitudinal shift of this cross-section from equilibrium at 
time t. The force of tension T is proportional to u,(z,t) — the relative length change at 
location z, and the cross-sectional area of the rod (Hook’s law); thus, T (x,t) = EAuz(z, t), 
where FE is the elasticity modulus. 

Consider the element of the rod between two cross-sections A and A, with coordinates 
at rest of c and «+ dz. For small deflections, the resultant of two forces of tension at these 
cross-sections is 


The acceleration of this element is 0?u/0t? in the direction of the resultant force. Together, 
these two equations give the equation of longitudinal motion of a cross-sectional element as 
O7u Pu 


pAdx— = EA 


Oe pyre 


where p is the rod density. Using the notation 
a=wVE/p (5.20) 


we obtain the differential equation for longitudinal free oscillations of a uniform rod: 


O7u O7u 
ee (5.21) 
Ot? Ox? 
As we already know, solutions of such hyperbolic equations have a wave character with the 
speed of wave propagation, a, given by (5.20). 
If there is also an external force per unit volume, F'(x,t), we obtain instead the equation 


O7u O7u 
or 
un Ou 


=a + Et #): (5.22) 
p 
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This is the equation for forced oscillations of a uniform rod. Note the similarity of Equa- 
tion (5.22) to Equation (5.3) for a string under forced oscillations: the two equations are 
equivalent. 

For longitudinal waves there is an important physical restriction: the derivative u;(z, t) 
must be small in comparison to the speed of wave propagation: u< a. 

The initial conditions are similar to those for a string: 


u(2,0) = (2), S*(2,0) = va), 


which are initial deflection and initial speed of points of a rod, respectively. 
Now consider boundary conditions for a rod. 


1. If the left end (here and below similarly for the right end) at x = 0 is fixed, the 
boundary condition is 
u(0,t) = 0. 


2. If the left end at x = 0 is driven, and its displacement is determined by the 
function gi (t), then 
u(0, t) = gi(t), 
where gi(t) is a given function of t. 


3. If the end at « = 0 can move and experiences a force f(t) along the rod axis, 
then from equation T(x,t) = EAu,(x,t) we have 


—u,(0,t) = f(t)/EBA. 


If a force f(t) is applied, instead, to the right end at x = J, the left-hand side of 
this formula will have an opposite sign. These are forced end boundary conditions. 


4. If the left end is free, the tension at that location is zero, T(a,t) = 0. Then, from 
T(x,t) = EAu,(a,t), the condition follows that 


Uz (0, t) = 0. 

5. Ifthe either end of the rod is attached to an elastic material (a wall that “gives” 
in the horizontal direction) obeying Hook’s law, F = —au, it is an elastic end 
boundary condition. For the left end of the rod at x = 0, similarly to (5.16) we 
have 


uz (0, t) — hu(0,t) = 0. 
For the right end of the rod, located at x = J, similarly to (5.17) we have 


Ux (I, t) + hu(l, t) = 0, 


where h = a/EA > 0 is the elasticity coefficient. 


5.3.2 Electrical Oscillations in a Circuit 


Let us briefly set up the boundary value problem for a current and a voltage in a circuit 
which contains resistance, capacitance and inductance R, C, and L as well as the possibility 
of leakage, G. For simplicity, these quantities are considered uniformly distributed in a wire 
placed along the z-axis and defined to be per unit length. The functions (x,t) and V(z,t) 
represent current and voltage at a location x along the wire and at time t. Applying Ohm’s 
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law for a circuit with nonzero self-inductance and using charge conservation, the so-called 
telegraph equations can be obtained (for more details see books [7, 8]): 


ing (2, t) = LCiy,(a,t) + (RC + LG)i, (2, t) + RGi(z, t) (5.23) 


and 
Veu(x,t) = LCVine(x,t) + (RC + LG)V,(a2,t) + RGV(a,t). (5.24) 


These equations are similar to the equations of string oscillations; therefore they describe 
electrical oscillations in an RCL circuit, which can be considered as a longitudinal wave 
along a conductor. When R = 0 and G = QO, the equations have the simplest form. For 
instance, for current 

Oi. 30% 

ae Ax?’ 
where a? = 1/LC, once again we have the wave Equation (5.4). If G = 0, the equation is 
similar to Equation (5.7) describing oscillations in a medium with the force of resistance 
proportional to the speed: 


ae" aa2 at’ 
where a? = 1/LC, 26 = (R/L+G/C). 
Consider initial and boundary conditions for a current and voltage. Let initially, at t = 0, 
the current be y(a), and the voltage along the wire be w(x). 
The equation for current contains the second-order time derivative; thus, we need two 
initial conditions. One initial condition is the initial current in the wire 


i(a,0) = y(2). (5.25) 
The second initial condition for the current is: 
; 1 
i:(x,0) = —~¥@ — Re(x)). (5.26) 


Two initial conditions for V(a,t) are: 


V(a,0) = V(a), (5.27) 


1 
Vi(x,0) = —Gle'(2) — G¥(@)]. (5.28) 
For the details on how to obtain conditions (5.26) and (5.28) see [7, 8]. 
Let us give two examples of the boundary conditions. 


1. One end of the wire of length / is attached to a source of electro-motive force 
(emf) E(t), and the other end is grounded. The boundary conditions are 


V(0,t)= E(t), V(l,t) =0. 
2. A sinusoidal voltage with frequency w is applied to the left end of the wire, and 
the other end is insulated. The boundary conditions are 
V(0,t) =Vosinwt, i(l,t) =0. 
One-dimensional wave equations describe many other periodic phenomena, among others 


the acoustic longitudinal waves propagating in different materials, and transverse waves in 
fluids in shallow channels — for details see [7,8]. 
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5.4 Traveling Waves: D’Alembert Method 


In this section, we study waves propagating along an infinite (—co < x < oo) interval. In 
this case, a physically intuitive way to solve the wave equation is D’Alembert’s method. Our 
physical model will be waves on a string; however, as shown in the previous sections, the 
same wave equation describes many different physical phenomena and the results derived 
here apply to those cases as well. The material related to semi-infinite intervals, 0 < x < oo 
and —oo < x < 0 is discussed in books [7, 8]. 

It is clear that oscillations in the parts of a very long string very distant from its ends 
do not depend on the behavior of the ends. (This is correct during the time interval needed 
for a wave to arrive from the ends.) Recall that for oscillations we consider, there should 
be (uz)? < 1; also u(x,t) is supposed to be small relative to some characteristic scale 
(instead of the string’s length) which always appears in scientific problems. Also, in most 
physical applications u; should be small compared to the speed of propagation of a wave, 
uz <a. Physically this is equivalent to the condition u2 <1 and uz ~ u/L, where L is the 
characteristic scale of the string deformation. 

The general solution of the equation 


Ou 4 Pu 
<a 
Ot? Ox? 


can be presented, as we discussed earlier, in D’Alembert’s form as a sum of two twice 
differentiable functions 


=0 (5.29) 


u= fi(a — at) + fo(x +. at), (5.30) 


wheref; and f2 represent the waves moving with constant speed a to the right (along the 
x-axis), and to the left, respectively. 

In order to describe the solution for free oscillations in a particular physical case we 
should find the functions f; and fz for that particular situation. Since we are considering 
boundaries at infinity, these functions will be determined only by the initial conditions of 
the string. Actually, the solution of (5.29) has form (5.30) also when the ends are considered; 
just f; and f2 are not determined by initial conditions but also by boundary conditions. 

The Cauchy problem for the infinite string is defined as the search for a solution of 
Equation (5.29) which satisfies the initial conditions 


tL» =p(z) and —— = (2). (5.31) 


Substituting Equation (5.30) into Equation (5.31) gives 
filx) + fa(x) = v(2), 
—af;(x) + af2(x) = Y(2). 

From the second relation 


—afi(x) + afe(x) = a w(a)dax + aC, 


(where C is an arbitrary constant), thus 


hte) = [ow - + [ wwrar el, 
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X,=X-at=Xy-ato X2=X+at=Xotato 


P(x -ato,0) LT, Q(xo+ato,0) x 
FIGURE 5.3 


The characteristic triangle with vertex at point (zo, to). 


fo(x) = ; ote) + an v(e)de + C| 


Therefore 


u(x,t) = ; ote at) 


which finally gives 


u(a,t) = w(ax)da. (5.32) 


p(x —at)+y(e+at) 1 f 
2 ' 2a 


x—at 


If the function w(a) is differentiable and y(«) twice differentiable, this solution satisfies 
Equation (5.29) and initial conditions (5.31). (The reader may check this as a Reading 
Exercise.) The method of construction of the solution given by Equation (5.29) proves its 
uniqueness. The solution is stable if functions y(x) and w(a) depend continuously on 2. 

Another way to write the solution of Equation (5.29) is to use the characteristic triangle 
shown in Figure 5.3. Suppose we want to find the solution at some point (2,to). The 
vertex of this triangle is the point (xo,to) and the two sides are given by the equations 
x —at = x9 — ato and «+ at = x + ato. The base of this triangle, i.e. the line between the 
points P(ao — atp,0) and Q(xo + ato, 0), determines the wave amplitude at point (20, to); 
all other points beyond this base do not contribute to the solution at this point, as follows 
from Equation (5.32): 


Q 
Cte ace: 5 AQ) a v(a)dz. (5.33) 


We now discuss, in more detail, two physical situations which are typically encountered: 
waves created by a displacement and waves created by a pulse. 


a) Waves created by a displacement. Let the initial speeds of points on the string be zero, 
but the initial displacements are not zero. The solution given by Equation (5.32) in this 
case is 


u(x,t) = = [y(a — at) + v(x 4+ at)]. (5.34) 


Nir 
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FIGURE 5.4 
Propagation of an initial displacement. 


The first term, s(x —at), is a constant shape disturbance propagating with speed a in the 
positive x direction, and the term $y(x + at) is the same shaped disturbance moving in 
the opposite direction. Suppose that the initial disturbance exists only on a limited interval 
-l < a < l. This kind of disturbance is shown schematically in Figure 5.4, where the 
function y(x) is plotted with a solid line in the upper part of the figure. The dashed line 
shows the function $y(x). We can consider u(x,t = 0) given by Equation (5.34) as two 
independent disturbances, $(2), each propagating in opposite directions with unchanged 
amplitude. Initially, at t = 0, the profiles of both waves coincide, after which they separate 
and the distance between them increases. The bottom part of Figure 5.4 shows these waves 
after some time t > I/a. As they pass a given section of the string, this part returns to rest. 
Only two intervals of the string of length 2/ each are deflected at any instant t. 

Note that the function (5.34), which corresponds to the initial condition shown in 
Figure 5.4, is not differentiable in some points; hence (5.34) is not a classical solution 
of Equation (5.29) in that case (the classical solution assumes that the derivatives of the 
unknown function u(x,t) exist and are continuous). However, it can be understood in the 
following way. 

We can change the non-smooth function y(«) a little to make it smooth, i.e., consider 
(a) as a limit of a sequence of smooth, twice differentiable, functions y, (a), n = 1,2,... 
such that 


lim Yn(x) = v(x) (5.35) 


n—->oco 


for any z. For any finite n, we can construct a classical solution of Equation (5.29) satisfying 
the initial condition up(x,0) = yn(x), 


tin (tt) = 5 [Pale —at) + ena +at)]. 


Obviously, 

lim Un(a,t) = u(z, t) (5.36) 
of classical solutions, which slightly differ from the formal solution (5.34) and converge to 
it as n + oo. In that case, we say that u(a,t) is a generalized solution of the wave equation 
(5.29) with the initial condition v(x). 
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FIGURE 5.5 
Propagation of an initial pulse. 


Reading Exercise: Let the initial displacement be y(a) = exp(—x?/b?); b is a constant. Use 
Equation (5.31) to obtain 


u(a,t) = ; [exp (—(x — at)?/b”) + exp (—(a + at)*/b?)] . 
Notice, that introducing constant b (as well as other constants to keep proper dimension in 
the Examples and Problems everywhere in the book) is not necessary if x is dimensionless — 
it is very common that problems’ parameters are used in dimensionless form. 

b) Waves created by a pulse. In this case we let the initial displacement be zero, y(a) = 0, 
but the initial velocity is given as a function of position, (x). In other words, points on 
the string are given some initial velocity by an external agent. An example of a distribution 
of velocities is schematically shown in Figure 5.5, where, to simplify the plot, a constant 
function ~(a) on —1 < a < 1 was chosen. As in the case considered above, the solution 
corresponding to Figure 5.5 is a generalized solution. The function w() is plotted with a 
solid line in the upper part of Figure 5.5. Consider the integral 


1 + 
x / on 


which is zero on the interval —oo < x < —l; for x > 1 the function W(z) is constant and 
equal to 


W() 


1 l 
2a Jy 


The graph for W(a) is shown with a dashed line in Figure 5.5. From Equation (5.31) 
we have 


w(a)da. 


at+at 

u(a,t) = val w(a)da = W(x + at) — W(a — at). (5.37) 
2a x—at 

Equation (5.37) means that we again have two waves moving in opposite directions, but 

now the waves have opposite signs. 

At some location z for large enough time, we have x + at > 1 and the wave W(x + at) 
becomes a constant and at the same instant of time x — at < —l and the wave W(x — at) is 
equal to zero. As a result, the perturbation propagates in both directions but, contrary to 
the case of a wave created by a displacement, none of the elements of the string return to 
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the initial position existing at t = 0. The bottom part of Figure 5.5 illustrates this situation 
for an instant of time t = l/a. When t > I/a we have a similar trapezoid for u(x,t) (with 
the same height as at t = 1/a), which expands in both directions uniformly with time. 


Example 5.1 Let v(x) = 0, (x) = Wo = const for 71 < x < x and y(x) = 0 outside of 


this interval. 
In this case we have 


0, LX 
17 f* vo _ 
W(x) = val w(xejde=< 55 (x— 1), Ly <U< ag 


Wo 

— _ = const, > ©. 

5a (a2 — 21) ni u> x 

Reading Exercise: Solve the problem in Example 5.1 and generate the wave propagation 
with the parameters a = 0.5, 1 = 1, wo = 1. Explain why the maximum deflection is 
Umax = 2, and why, for the point x = 0, this maximum deflection value is reached at time 
t=l/a=2. 


Example 5.2 An infinite stretched string is excited by the initial deflection 


A 
z2+B 


p(x) = 


with no initial velocities. Find the vibrations of the string. Write an analytical solution 
representing the motion of the string and illustrate the spatial-time-dependent solution 
u(a,t) with an animation sequence including snapshots at times t = 0,1,...,n. 


Solution. The initial speeds of points on the string are zero (W(x) = 0), so the solution 
given by Equation (5.34) is 


p(a —at)+ y(a+at) A | 1 1 
( 


t)= = : 
ust) 2 2 f-a)? +B (@+aP+B 


Figure 5.6 shows the solution for the case when a? = 0.25, A= B = 1. The black bold 
line represents the initial deflection and the bold gray line is the string profile at time ¢t = 12. 


FIGURE 5.6 
Graph of the solution to Example 5.2. 
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The gray lines show the evolution of the string profile within the period of time from t = 0 
tot = 12. 

Notice, that for a proper dimension of y(), the values of A and B should have dimen- 
sions of length cubed and squared, correspondingly (if we consider string oscillations). In the 
problems following this and other chapters, in most cases we use dimensionless parameters 
and leave it to the reader to discuss particular physical situations. 


De 
5.5 Cauchy Problem for Nonhomogeneous Wave Equation 
5.5.1 D’Alembert’s Formula 
Let us consider now the nonhomogeneous wave equation, 
Ou Fu 
ae Ax 
with the same initial conditions, 


=f(a,t), -o<r<w,0<t<T (5.38) 


Ou 
ul-0 = (2), Be 


=yY(x), -oO<4£< oO. (5.39) 
t=0 


In the previous section, we defined the characteristic triangle A that contains all the 
points (a,t) that can influence the value u(zo, to) in the world where the signals propagate 
with velocity a. Let us integrate Equation (5.38) over that triangle: 


Ife (a? Ura — Ute )dedt = - ffs f (a, t)dadt 


Recall Green’s theorem from calculus: for any differentiable functions p(a,t) and q(z, t), 
the following relation exists between the double integral over a two-dimensional region A 
and the integral along its boundary L, 


// [qx (x,t) — pr(a, t)] dxdt = ¢ (p(x, t)da — q(x, t)dt]. (5.40) 
A L 


The integration has to be carried out counterclockwise. 
In our case the integration path consists of three sides of the triangle, £1, Lz and L3 
(see Figure 5.3). Substituting gq = au, and p = uz into (5.40), we find that 


// (07 tee — unt) dxdt = ¢ (uedax + a’u;,dt) ; (5.41) 
A L 


where [ = Ty U Te U Ds. 
Along the base of the triangle Li, t = const, hence dt = 0 and 


Lo+ato ro+ato 
| (updz + a7u,dt) = / uz(x, 0)da = | w(a)da. 
Ty @ x 


o—ato o—ato 


Along the side Lz, x + at = const, hence dz + adt = 0. Replacing dz with —adt and dt with 
—dzx/a, we find: 


R 


| (udax ~ a*u,dt) = -« | (uzdt + u,dx) = -« | du 
Le Le Q 


= —a|[u(Xo, to) — u(ao + ato, 0)] = —a[u(x, to) — y(ao + ato)] - 
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Similarly, along the side L3 x — at = const, hence dx — adt = 0, dx = adt and dt = da/a, 
thus we get 


P 


if (udx + a*u,dt) = af (uzdt + u,dx) = af du 
L3 Lz 


R 
= a[u(xo — ato, 0) — u(xo, to)] = a[y(xo — ato) — u(20, to)] - 


Summating the expressions obtained above, we find: 


xro+ato 
| (updax + a" Ugdt) =| w(a)dax 
L 


xLo—ato 


+a [y(xo — ato) + y(xo + ato)] — 2au(xo, to). (5.42) 
Substituting (5.42) into (5.41), we find: 


y(xo — ato) + p(xo + ato) 
2 


1 xo+ato 


+— w(a)dx + - ie f(a, t)daxdt. (5.43) 


2a Lo—ato 


u(xo, to) = 


To unify the notations with D’Alembert’s formula (5.31) obtained for the homogeneous 
wave equation, let us replace (zo, to) with (x,t) and (a, t) with (€,7): 


-—@a atat 
u(t) = SEE Ef wees ff te riacar, (6.44) 


5.5.2 Green’s Function 


Solution (5.44) is a sum of two functions, 
u(x,t) = v(@,t) + w(t), 


where 


v(2,t) = 


p(x —at)+y(at+at) 1 ee 
+ 
2 2a 


x—at 


is the contribution of nonzero initial conditions and 
1 
w(a,t) = x | f(€,7)dédr (5.45) 
2a A 


is produced by the inhomogeneity. This expression can be rewritten as 


fore) oD 
w(a,t) = f af drG(a,t;€,7)f(€,7), (5.46) 


where the kernel G(x, t;€,7) of the linear transformation (5.46), which is called Green’s 
function, is equal to 1/2a for (€,7) inside the characteristic triangle of the point (x, t) 
and equal to zero outside it. Green’s function can be written in a compact form using the 
Heaviside step function H(y), 


HA(y)=1, y20; H(y)=0, y<0. (5.47) 
Indeed, 


a 


G(a,t;€,7) = SH (: T ea) (5.48) 
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Note that Green’s function depends only on differences of its arguments, t— 7 and x—€. 

It satisfies Equation (5.38) with the nonhomogeneous term f (x,t) = d(a — €)d(t — 7), 
P(t: 7) 9 PGC, 4567) 

Ot? Ox? 
-wo<2<c, 0<t<T; -wK<E<w, 0<7< 7, 


= 0(a — £)d(t —T); (5.49) 


and zero initial conditions: 


Q(a,0;£,1) = ea = (5.50) 
-wo<@2<c; -woK<E<m, I0<7<T. 


Example 5.3 Using Green’s function (5.48), find the solution of the following initial value 
problem: 
oy, jc = t>0. 
a2 * Age 6(2), co<a<oo, t> 


with initial conditions 
u(z,0)=0, u(2,0)=0, -co<a<oo. 


Because of zero initial conditions, the solution is determined by expression (5.46). It is 
convenient to change the order of integrations, 


ute,t)= 3 far [agate (tr B81) =P art (e-7— L). 


The argument of the Heaviside function decreases monotonically from t — |z|/a at T = 0 to 
—oco as T > oo. Thus, it is always negative, if |x| > at, hence u(x,t) = 0 in that region. If 


|x| < at, then 
Oe aa eee ee 
t)=— =—|{t- ‘ 
vay) | a 2a ( a ) 


5.5.3 Well-Posedness of the Cauchy Problem 


Equation (5.44) gives the explicit solution of the Cauchy problem (5.38), (5.39). Substitut- 
ing (5.44) into (5.38), one can show that solution (5.44) is the classical solution; i.e., the 
derivatives of u(x,t) which appear in (5.38) exist and are continuous, if (i) y(x) is twice 
continuously differentiable, (ii) Y(a) is continuously differentiable, and (iii) f(a,t), fr(a,t) 
are continuous. Also, this solution is unique. 

There is one more property of the solution that has to be checked. It is clear that in 
reality the functions y(a) and w(x), which describe the initial conditions, and the external 
load f(x,t) cannot be measured precisely. There is always a certain difference between the 
actual functions yi(z), v1(x), fi(a,t) and the measured function yo(x), ve(x), fo(a,t); 
the corresponding solutions ui(2,t) and u(x,t) are not equal. It is the crucial question 
whether both solutions are arbitrarily close to each other if the measurements are sufficiently 
precise. If that is not the case, the solution obtained with not perfectly measured data 
is of no use. That argument leads to the following mathematical question: can we get 
\ui(x,t) — ug(x,t)| < ©, where ¢ is an arbitrary small number, by means of sufficiently 
precise measurements, i.e., under conditions |yi(x) — yo(x)| < d(e), |i (x) — ve2(x)| < d(e), 
Ifu(a,t) — fo(x,t)| < 6(€)? 

To estimate the difference |u1(«,t) —u2(x, t)|, we shall use the following inequalities that 
can be easily checked. 
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1. For any real a and 8, 
la +b] < Jal + |B. 


2. A similar inequality is correct for an arbitrary number of terms: 


ay + ag +...Gn| < lai] + Jao] +... lan]. 


3. The further generalization is for integrals: 


< [ Fe@lae 


x)dx 


4. If Fy(a) < Fo(a), then 


[ F,(a)dx < i F(x)da 


Using the inequalities listed above, we get the following sequence of inequalities for 
|ur (x, t) _ ua(a, t)|: 


—— at) — yo(a —at)] + = [pia + at) — goa + at)] 


2 2 
Pt 
oe pane ai, [fi(E.7) — folé,7))] ded 
—at 
< 5 ae at) — yo(x — at)| + 5 ieee aoa) — yo(x + at)| 
1 atat 1 
+52 f Wale) alee + 5 ff itu(6.7) ~ fale) aba 
a—at A 
1 6 6 il 1 
< 554 wot p20 ! py gat) T= 5 (1474577). 
Thus, for any ¢, if 
o< eee ce aeeet 
ara 


then 
Jur (x,t) — ue(a,t)| <e. 


The problem, which has a unique classical solution and depends continuously on initial 
conditions, is well-posed. 

In Chapter 7 we shall see that the Cauchy problem for an elliptic equation is ill-posed, 
i.e., not well-posed. 


5.6 Finite Intervals: The Fourier Method for Homogeneous 
Equations 


In this and the following sections, we introduce a powerful Fourier method for solving partial 
differential equations for finite intervals. The Fourier method, or the method of separation 
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of variables, is one of the most widely used methods for an analytical solution of boundary 
value problems in mathematical physics. The method gives a solution in terms of a series 
of eigenfunctions of the corresponding Sturm-Liouville problem (discussed in Chapter 4). 
Let us apply the Fourier method in the case of the general one-dimensional homogeneous 
hyperbolic equation 
Pu, du «2 Pu 
Ot? ot Ox? 
where a,&,y are constants. As we discussed when deriving Equations (5.6) and (5.7) in 
Section 5.1, for physical situations the requirement is: & > 0,7 > 0'. Here we will work on 
a finite interval, 0 < 2 <1, and obviously t > 0. 
To obtain a unique solution of Equation (5.51), boundary and initial conditions must be 
imposed on the function u(z,t). Some of them can be homogeneous, some not. Initially, we 
will search for a solution of Equation (5.51) satisfying the homogeneous boundary conditions 


+ yu=0, (5.51) 


P,[u] = oyu, + P1u|,-9 =9, Polu] = asus + Poul,,_, = 9, (5.52) 


with constant a1, (1, @2 and £2, and initial conditions 


uz, Hiro = P(t),  W(@, Hiro = VO), (5.53) 


where v(x) and 7(x) are given functions. As we discussed in Section 5.2, normally there 
are physical restrictions on the signs of the coefficients in Equation (5.52) so that we have 
a; /B, <0 and az/82 > 0. Obviously, only these ratios are significant in Equations (5.52), 
but to formulate a solution of the Sturm-Liouville problem for functions X(x) it is more 
convenient to keep all the constants a1, (1, a2 and Jo. 

We begin by assuming that a nontrivial (non-zero) solution of Equation (5.51) can be 
found that is a product of two functions, one depending only on z, another depending only 
on t: 

u(x,t) = X(x)T(t). (5.54) 


Substituting Equation (5.54) into Equation (5.51), we obtain 
X(a)T" (t) + 26X(x)T' (t) — a? X" (x) T (4) + yX (x) T(t) = 0 
or, by rearranging terms, 


T"(t) + 2T"(t) +yT(t) _ X" (a) 
a2T(t) ~ “X(e)’ 


(5.55) 


where primes indicate derivatives with respect to t or x. The left-hand side of this equation 
depends only on t, and the right-hand side only on z, which is possible only if each side 
equals a constant. By using the notation —A for this constant, we obtain 


T" (t) + 26T"(t) + T(t) _ X" (a) 


aT (t) ~“X(z) A 


(it is seen from this relation that \ has dimension of inversed length squared). 
Thus, Equation (5.55) gives two ordinary second-order linear homogeneous differential 
equations: 
T(t) + WT" (t) + (a? +) T(t) =0, (5.56) 


1 Typical wave problems do not contain terms like bu, but if included in Equation (5.51), the substitution 


u(x,t) = cbt /2a7 y)(y, t) leads to the equation for function v(x,t) without vz term. 
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and 
X" (x) + AX (x) = 0. (5.57) 


Therefore, we see that we have successfully separated the variables, resulting in separate 
equations for functions X(x) and T(t). These equations share the common parameter A. 
To find A, we apply the boundary conditions. The homogenous boundary condition of 
Equation (5.52), imposed on u(x, y), gives the homogeneous boundary conditions on the 
function X (x): 
a1 X' + BX, = 0, aX" + BoX|,_) =0 (5.58) 


with restrictions a1/(, < 0 and a2/82 > 0. 
This result therefore leads to the Sturm-Liouville boundary value problem, which may 
be stated in the present case as the following: 


Find values of the parameter X (eigenvalues) for which nontrivial (not identically equal 
to zero) solutions to Equation (5.57), X(a) (eigenfunctions), satisfying boundary condi- 
tions (5.58) exist. 


Let us briefly recall the main properties of eigenvalues and eigenfunctions of the Sturm- 
Liouville problem given in Equations (5.57) and (5.58) (see Chapter 4). 


1. There exists an infinite set of real nonnegative discrete eigenvalues {\,,} and 
corresponding eigenfunctions {X,,(x)}. The eigenvalues increase as the number n 
increases: 

O< Ay < Ao < AB <1 << An << w (lim Ap», = +00). 


2. Eigenfunctions corresponding to different eigenvalues are linearly independent and 
orthogonal: 


l 
| PAORe Ol ae ee (5.59) 


3. The completeness property states that any function f(x) which is twice differen- 
tiable on (0,1) and satisfies the homogeneous boundary conditions in Equations 
(5.58) can be resolved in an absolutely and uniformly converging series with eigen- 
functions of the boundary value problem given in Equations (5.57) and (5.58): 


lee) 1 I 
r)= nXn(2), n= 9 r)Xp(x)dax, 5.60 
Fe) = Yo IuXnle)s J Tara ice (x) (5.60) 


where ||X;,||? = f, X2dz. 


Eigenvalues and eigenfunctions of a boundary value problem depend on the type of the 
boundary conditions: Dirichlet, Neumann or mixed. The values of the constants a; and (; 
in Equation (5.58) determine one of these three possible types. All possible variants are 
presented in Chapter 4. For all of these variants, the solution for the problem given in 
Equations (5.57) and (5.58) is 


X (x) = C1 cos V Ax + C2 sin V Az. (5.61) 
The coefficients C; and C2 are determined from the system of Equations (5.58): 


C11 + Coa1Vr = 0, 


= 5.62 
Ch [-a2vr sin VAl + Bo cos vn + CC [a2VXcos VAL + Bo sin VAL} = 0. ( ) 
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This system of linear homogeneous algebraic equations has a nontrivial solution only when 
its determinant equals zero: 


(a1a2X + 31 B2) tan VX - VX(a1 Be _— Bya2) = 0. (5.63) 


It is easy to determine (for instance by using graphical methods) that Equation (5.63) has 
an infinite number of roots {A,,}, which conforms to the general Sturm-Liouville theory. For 
each root A,, we obtain a nonzero solution of Equations (5.62). 

It is often convenient to present the solution in a form that allows us to consider in a 
unified way a mixed boundary condition and two other kinds of boundary conditions as 
well, when some of the constants a; or 8; may be equal to zero. We will do this in the 
following way. Using the first expression in Equations (5.62), we represent Cy and C2 as 


on = Cay, V Xn C2 = —Chi, 


where C' # 0 is an arbitrary constant (because the determinant is equal to zero, the same Cy 
and C3 satisfy the second equation of the system of Equations (5.62)). For these constraints 
the choice 


C=1/\/\na} + 6? 


(with positive square root and aj + 6? 4 0) allows us to obtain a simple set of coefficients 
C, and C9. For Dirichlet boundary conditions, we assign a, = 0, 3, = —1 (we may also use 
{1 = 1 because the overall sign of X,(a) is not important) so that Cy = 0 and C2 = 1. For 
Neumann boundary conditions 6; = 0, a; = 1, and we have Cy = 1, C2 = 0. 

With this choice of C, the functions X,,(”) are bounded by the values +1. The alternative 
often used for the coefficients C; and C2 corresponds to the normalizations ||X,,||? = 1. Here 
and elsewhere in the book we will use the first choice because in this case the graphs for 
X,,(a) are easier to plot. 

From the above discussion, the eigenfunctions of the Sturm-Liouville problem given by 
the equations 


X" +X =0, 
a, X' + BX, = 0, aX" + B2X|,—) =0 


can be written as 


1 : 
Xy(x) = Jikr [er Vn cos J Xn& — 6, sin Vrne| ; (5.64) 


The orthogonality property in Equation (5.59) can be easily verified by the reader as a 
Reading Exercise. The square norms of eigenfunctions are 


l 
1 (8201 — B1a2)(Ana102 — 5182) 
XqI? =f X2(2)de = [i 5.65 
Pd fo Meade Onell + BE)(Anod + BB) ee 
The eigenvalues are A, = (#n)?, where Uy, is the nth root of the equation 
- l 
fates a= Oa (5.66) 


La a2 + 1? By B° 


This equation remains unchanged when the sign of w changes, which indicates that 
positive and negative roots are placed symmetrically on the yz axis. Because the eigenvalues 
Xn do not depend on the sign of ps, it is enough to find only positive roots jt, of Equation 
(5.66) since negative roots do not give new values of A,,. Clearly, 4. has no dimension. 
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— tanj __ 2hlu 


we We 


FIGURE 5.7 
A graphical solution of Equation (5.64) for 1 = 100 and h = 0.07. 


It is not difficult to demonstrate (for instance using a graphical solution of this equation) 
that fin41 > Mn, again in accordance with the Sturm-Liouville theory. In the cases when 
either both boundary conditions are of Dirichlet type, or Neumann type, or when one is 
Dirichlet type and the other is Neumann type, a graphical solution of Equation (5.66) is not 
needed and we leave to the reader as the Reading Exercises to obtain analytical expressions 
for X,,(a). The obtained results can be compared with those collected in Chapter 4. 

Let us find the roots of Equation (5.66) for mixed boundary conditions 


uz(0,t)—hu(0,t) =O and u,(l,t) + hu(l,t) =0. (5.67) 
Such a particular case with equal values of h in both Equations (5.67) is rather common. 
The eigenvalues are determined from Equation (5.66), where a; = 1, 6, = —h, ag = 1, 
oe 2hl 
m 


This equation has an infinite number of roots, 4,. Figure 5.7 shows curves of the two 
functions y = tany and y = eae plotted on the same set of axes. The values of yu at 
the intersection points of these curves are the roots of the Equation (5.68). 

For the values / = 100 and h = 0.07 the first six positive roots of this equation are: 


5 3 5 
jy = 2.464 € (5 +), lig = 5.036 € (F +). ps = 7.752 € ( 2 +). 


a>: oo Pe 

5a 71 Tx On 9n llr 
= 10. —_—,— = 13.2 —_—,— = 16.51 —,— ]}. 
ba ose (5), Ms sae (2S), M6 sare (F, =) 


The line yz = Al (dashed line in Figure 5.7) is the asymptote of the graph y = 2hly/ (pu? — 
h71?). In our example yp = 7 € (37/2,57/2), and we notice that this interval includes two 
roots, {tg and fg, whereas each of the other intervals, ((2k — 1)a/2, (2k + 1)7/2), contains 
one root of Equation (5.68). This is a commonly met situation. 

Each eigenvalue 


m= (BY, WH19 3... (5.69) 
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corresponds to an eigenfunction 


1 ; 
Xy(x) = ee [ Vn cos VXnt + hsin V>n2| : (5.70) 


The norms of these eigenfunctions are 


l h 


oe lage 71 
|Xnll ath, 4h (5.71) 


The next step of the solution is to find the function T(t). Equation (5.56) is an ordinary 
linear second-order homogeneous differential equation. For \ = Ay, 


T(t) + 2KTe (t) + (@? An + y)Tn(t) = 0 (5.72) 
and a general solution of this equation is 


Ta(t) = any (t) + bay® (t), (5.73) 


where a,, and b, are arbitrary constants. Two particular solutions, ys) (t) and y(t), are 


eS coswyt, if Kh? <a?An +7, 
y(t) =< e-*coshupt, if «2 > a?\n +7, (5.74) 
ef, if h7=a7\, +7; 
and 
efsinw,t, if Kh? <a?rA, +7, 
y(t) =< e-*tginhwyt, if K2 > a2An +9, (5.75) 
te—**, if «27 =a7rA,+ Al 
where 


Wn = V |a?7An +7 — KI 


(obviously, w, has the dimension of inversed time). 
Reading Exercise: Verify the above expressions. 
It is clear that each function 
tn (2, t) = Tn(t)Xn(x) = [anyl (t) + bay? (C)] Xn(e) (5.76) 


is a solution of Equation (5.51) and satisfies boundary conditions in Equation (5.52). 
Then we compose the series 


u(x,t) = > [any (t) + bry ()] Xn(2), (5.77) 


3 
Il 
un 


which can be considered as the expansion of the unknown function u(x,t) into a Fourier 
series using an orthogonal system of functions {X,,(x)}. 

The superposition (5.77) allows us to satisfy the initial conditions (5.53). The first one 
gives 


t= ee) => Gane): (5.78) 
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If the series (5.77) converges uniformly, it can be differentiating with respect to ¢ and the 
second initial condition gives 


Ou 


BE pag = BO) = De lend — to] Kol (5.79) 


t=0 


(here and in (5.81) we replace w, by 1 when kK? = a?\,, + 7 to consider all three cases for 
k? in (5.75) simultaneously). 

For “reasonably smooth”, like piecewise continuous, initial conditions, the series (5.78) 
and (5.79) converge uniformly which allows us to find coefficients a,, and b,,. By multiplying 
both sides of these equations by X,,(x), integrating from 0 to J, and using the orthogonality 


condition defined in Equation (5.59), we obtain 


1 
|| Xn II? 


an 


l 
| p(x) Xn(x)dx (5.80) 


and 


1 i 
by = Ee sr | W(x) Xy(x)dz + Kay (5.81) 


The series (5.77) with these coefficients gives the solution of the boundary value problem 
given in Equations (5.51) through (5.53). 

Recall that the success of this method is based on the following details: the functions 
{X,,(x)} are orthogonal to each other and form a complete set (i.e., a basis for an expansion 
of u(x,t)); the functions {X,,(a2)} satisfy the same boundary conditions as the solutions, 
u(a,t); and solutions to linear equations obey the superposition principle (i.e., sums of 
solutions are also solutions). 

The obtained solution describes free oscillations. Processes with not very big damping, 
ie., K2 < a?\, +7, are periodic (or quasi-periodic) and have a special physical interest. 
For « = 0, the motion is purely periodic; thus w, = aX, are the frequencies. The partial 
solutions un(#,t) = T,(t)Xn(ax) are called normal modes. The first term, ui (x,t), called 
the first (or fundamental) harmonic, has time dependence with frequency w, and period 
2n/w . The second harmonic (or first overtone), u2(x, t), oscillates with greater frequency 
we (for Dirichlet or Neumann type boundary conditions and x = y = 0, it is twice w;); the 
third harmonic is called second overtone, etc. The points where X,,(x) = 0 are not moving 
are called nodes of the harmonic u,p(x,t). Between the nodes the string oscillates up and 
down. The waves wu, (x,t) are also called standing waves because the position of the nodes 
are fixed in time. The general solution, u(x,t), is a superposition of standing waves; thus, 
any oscillation can be presented in this way. 

Clearly, wn = a\/An increase with the tension and decrease with the length and density: 
tuning any stringed instrument is based on changing the tension, and the bass strings are 
longer and heavier. The loudness of a sound is characterized by the energy or amplitude 
of the oscillations; tone by the period of oscillations; timbre by the ratio of energies of the 
main mode and overtones. The presence of high overtones destroys the harmony of a sound 
producing dissonance. Low overtones, in contrast, give a sense of completeness to a sound. 

We give two examples for homogeneous wave equations with homogeneous boundary 
conditions. Note, that to simplify the formulas and the graphs for X,(x), we take them in 
dimensionless form; in particular X,,(x) are bounded by the values +1. From that it follows 
that the coefficients a,, and b, have dimension of function u(x,t) which, for a case of string 
oscillations, is a length. 


Example 5.4 The ends of a uniform string of length / are fixed and all external forces 
including the gravitational force can be neglected. Displace the string from equilibrium by 
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FIGURE 5.8 
Eigenfunctions X (x) through X4(x) for Example 5.4. 


shifting the point x = xp by distance A at time t = 0 and then release it with zero initial 
speed. Find the displacements u(x,t) of the string for times t > 0. 
Solution. The boundary value problem is 


Ure — 07 Uze =0, O<2<il,t>0, 


A 
==. 0<2< 2, 
u(z,0)= 2 °° eh t, Kou 
9 A(l — 2) + re Ot d F >) >) 
1— xo ’ 0 


This initial condition is not differentiable in the point x = xg; it means we are searching 
for a generalized solution. 
The eigenvalues and eigenfunctions are those of the Dirichlet problem on 0 < x < I: 


2 l 
ae (*) , Xa(x) asin“, |x, 7 = 5) WH 1,2,8,.4. 
Figure 5.8 shows the first four eigenfunctions for | = 100. 
Using Equations (5.80) and (5.77), we obtain 


2Al? sin og, = 
an = in » bn =0. 
m?x9(1 — xo)n? l 


Therefore, string vibrations are given by the series 


sin cos 


a = a nro _ nme  nrat 
pa l L 
Figure 5.9 shows the space-time-dependent solution u(x,t) for Example 5.4 (for the case 
when a? = 1, 1 = 100, A = 6, and xp = 25). The animation sequence in Figure 5.9 shows 
snapshots of the animation at times t = 0,1,...,12. Because there is no dissipation, it is 
sufficient to run the simulation until the time is equal to the period of the main harmonic 
(until 21/a = 200 in this Example). 
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P(x) 
— u(x,150) 


FIGURE 5.9 
Solutions, u(a,t), at various times for Example 5.4. 


For t = 0 the obtained solution gives 


—this is the Fourier expansion of the initial condition function. 

In the solution u(x,t) the terms for which sin(na2q/l) = 0 vanish from the series, that 
is, the solution does not contain overtones for which x = Zo is a node. For instance, if xo is 
at the middle of the string, the solution does not contain harmonics with even numbers. 

The formula for u(x, t) can be presented in a more physically intuitive form. Let us denote 
VXn as kn, where kn = a which are called wave numbers. The frequencies wy, = a give 
the frequency spectrum of the problem. The solution to the problem now can be written as 


u(a,t) = + An COSWyt + sinky2x, 
n=1 

F sin 83% with D = 24". 

The first harmonic (or mode), ui(#,t), is zero for all when wt = 7/2, that is, when 
t =1/2a. It becomes zero again for t = 31/2a, t = 51/2a, etc. The second harmonic u2(z, t) 
is zero for all x for the moments of time t = 1/4a, t = 31/4a, etc. 

The bar chart in Figure 5.10 represents |V,,(£)| = |A,|cosw,t (in units of D) for the 
case %p = 1/4 = 25 and t = 0 (ie. |V,,(t)| = |An|). The terms with numbers n = 4k vanish 
from the series. Note that the amplitudes A, decrease as 1/n?. 


where the amplitude A, = 


Example 5.5 A homogeneous rod of length / elastically fixed at the end x = ! is stretched 
by a longitudinal force Fo = const, applied to the end at x = 0. At time t = 0 the force Fo 
stops acting. Find the longitudinal oscillations of the rod if initial velocities are zero; the 
resistance of a medium as well as external forces are absent. 


Solution. Let us first find initial displacements of locations along the rod, ul,_) = (2). 
Because in each cross section the force of tension JT is constant and equals Fo we have 
y'(a) = —Fo/EA, where E is Young’s modulus and A is the cross-sectional area of the 
rod. Negative y’(a) corresponds to a decrease of the longitudinal shift from the left end 
to the right. If Fo is a compressing force, the expression for y’(a) will have the opposite 
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IV| 


FIGURE 5.10 
Bar charts of |V,,(t)| for Example 5.4. 


sign. Integrating and using y’(!) + hy(l) = 0 (since the rod is elastically fixed at x = /) 
we obtain 


Here, h is the elasticity coefficient. Thus, we have the equation 
Ut = 0°Uge, O<a<l, t>O0, 
with initial and boundary conditions 


1 
u(x, 0) = oe (i+ 5-2), uz(z,0) = 0, 


uz (0,t)=0, ug(l,t) + hu(l,t) = 0. 


Figure 5.11 shows graph curves of the two functions tan 4 and hl/j, plotted on the same 
set of axes. The roots pz, are at the intersection points of these curves. 

The boundary conditions are the Neumann type at x = 0 (the free end) and mixed type 
at x =I (an elastic connection). The eigenvalues are easily obtained and are: 


2 
Av = (=) .. HETES ac, 


where jt, is the nth root of the equation tan = i Each eigenvalue corresponds to an 
eigenfunction X,(#%) = cos V/A,x with the norm 


1 h 
erat"), 
I Xull 5 ('+ sae) 


Figure 5.12 shows first four eigenfunctions for | = 100, h = 0.1. 
Because the initial speeds are zero, all coefficients, b,, are zero. Coefficients a, are found 
using Equation (5.76): 


1 i v(x) cos(./Anx)dx = 2Fy 1 — cos VAnl + (WXn/h) sin i: 


~ [1 Xall? EA An [E+ h/(An + h?)] 


an 


The results of the computation of Ap, ||Xp||? and a, for the first ten eigenfunctions are 
summarized in the table presented in Figure 5.13. 
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1.4288 
4.3058 
7.2281 


10.2003 
13.2142 


16.2594 
19.3270 
22.4108 
25.5064 
28.6106 


FIGURE 5.11 
Graphical solution of the eigenvalue equation for | = 100, h = 0.1. 


FIGURE 5.12 
Eigenfunctions X1(a) through X4(a) for Example 5.5. 


n Xe |Xnl|? An 
1 0.0002042 54.9000 4.460800 
2 0.0018540 54.2180 0.497415 
3 0.0052247 53.2842 0.179607 
4 0.0104045 52.4504 0.091622 
5 0.0174615 51.8207 0.055257 
6 0.0264367 51.3722 0.036816 
7 0.0373534 51.0559 0.026218 
8 0.0502246 50.8302 0.019585 
9 0.0650576 50.6662 0.015169 
10 0.0818565 50.5443 0.012085 


FIGURE 5.13 
Eigenvalues, norms, ||_X,)||*, coefficients a, for Example 5.5. 
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Factor cos /A,at describing the time dependence of the solution, can be written as 
cos wW,t, thus harmonics’ periods are 27/w, = 27/V Ana. 
Finally, we have the series that describes the rod’s oscillations: 


2Fo 1 — cos VAnl + (VAn/h) sin VAnl eee Pai be ee 


ula, t) = = QL. Xn [E+ h/OAn + h?)] 


5.7 The Fourier Method for Nonhomogeneous Equations 


Consider the nonhomogeneous linear equation 


Ot Ol vig Oth 
+ 2k a 
Ot? ot Ox? 
As we will show below, generally a solution has a form of a sum of the infinite number 
of terms of the (5.54) with X,,(a”) being the eigenfunctions of the same Sturm-Liouville 
problem as in the case of a homogeneous equation. 
First, let the function u(a, t) satisfy homogeneous boundary conditions given in Equation 
(5.52) and initial conditions given in Equation (5.53). The approach is to search for the 
solution as a sum of two functions 


+yu= f(a,t). (5.82) 


u(x,y) = ui(a,y) + ua(a, y), (5.83) 


where u;(z,t) is the solution of the homogeneous equation satisfying given boundary and 
initial conditions 


O07 uy Ou, 2 O07 uz 
re + 2k aE oo + yu = 0, (5.84) 
Ou 
u1(,8)|,-9 = (2), ae (8) = (2), (5.85) 
t=0 
Q1Ui2 + Biui|,-9 =9, A2tie + Bou1|,_, = 9, (5.86) 


and u2(z#,t) is the solution of a nonhomogeneous equation satisfying the same boundary 
conditions and zero initial conditions 


Ou Ou2 2 Ou 
Fat teat — PE + 02 = f(2,4), (5.87) 
0 
ur(t, too =0, S?(e,t)] =0, (5.88) 
Ot #=0 
QayUae + 21 U2|4—0 =0, aguar + B2U2|4—1 =0. (5.89) 


Clearly, the function uw (x,t) represents free oscillations (i.e., the oscillations due to 
initial perturbation only) and the function u2(x,t) represents forced oscillations (i.e., the 
oscillations due to an external force when initial disturbances are zero). 

The methods for finding the solution in the case of free oscillations, u1(x,t), have been 
discussed in the previous section; therefore we turn our attention in this section to finding 
the forced oscillation solutions, u2(x,t). Similar to the case of free oscillations, let us search 
the solution for the function u2(x,t) as the series 


Ue )= > Te) Kae), (5.90) 


n=1 
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where X,,(a) are eigenfunctions of the corresponding boundary value problem for u1(z, t), 
and T,,(t) are unknown functions of t (they are different from the functions T,, (t) in Equation 
(5.73) obtained for the homogeneous wave equation). 

We choose the functions T,,(t) in such a way that the series (5.90) satisfies the nonhomo- 
geneous Equation (5.87) and zero initial conditions given in Equation (5.88). Substituting 
the series (5.90) into Equation (5.87), we obtain (assuming that this series can be differen- 
tiated the necessary number of times) 


os {ID (t) + 2nTE(t) + Ta (t)] Xn(x) — a? Ty (t)X"(0)} = f(a, 2). 
Because X,,(a) are the eigenfunctions of the corresponding homogeneous boundary value 
problem (5.84) — (5.86), they satisfy equation 
XI (x) + AnXn(x) = 0. 


Using this, we obtain 
pa [Tr (t) + 2kTy,(t) + (@?An + 7)Tn(t)] Xn(x) = f(z, t). (5.91) 


Because of the completeness of the set of functions {X,(x)}, we can expand the 
functionf (x,t) on the interval (0,/) into a Fourier series of the functions X,(x) so that 


= >) f.@)X,(2), (5.92) 


where 
fal) = cn) OPA Ore (5.93) 


Comparing the series in Equation (5.91) and that in Equation (5.92), we obtain an 
ordinary second order linear differential equation with constant coefficients for each function 
Tn(t): 

Ti (t) + WaT? (t) + (a7 An +Y)Tr(t) = fr(t), n=1,2,3,.... (5.94) 


In order that the function w2(a,t) represented by the series given in Equation (5.90) satisfies 
initial conditions in Equation (5.88), it is clear that functions T;,(t) should satisfy the 
conditions 

MOS POS, Hes (5.95) 


Solutions of linear equation (5.94) can be easily obtained in a standard way, but here we 
give the solution of the Cauchy problem given in Equations (5.94) and (5.95) for functions 
Tn(t) as an integral representation which is very convenient for our further purposes: 


w= [ful hina = ade (5.96) 


Here 
—e* sin wnt, if «Sa Age) 
Wn 
= 1 
Yn(t) = —e~ sinhwyt, if h2>@ dni +7, (5.97) 
Wn 
te", if «?=a7r\,4+7, 


where Wy = V/|a?2An +7 — £7 |. 
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To prove that the representation in Equation (5.96) yields Equation (5.94), we differen- 
tiate Equation (5.96) with respect to t twice to get 


Ta(t) =f Salt) Z¥alt— r)dr + ¥o(O)Fu(t 


and 


THC) = [alr GaYalt— hdr + Ye(O)fa( 


By using these formulas, we can prove that Equation (5.94) and the initial conditions 
in Equation (5.95) are satisfied. 


Reading Exercise: Verify this result for « = 0 (ie., for Y,(t) = sin(wyt)/wn). 


With expression (5.96) for T;,(t) the series (5.90) gives, assuming that it converges 
uniformly as well as the series obtained by differentiating by x and ¢ up to two times, the 
solution of the boundary value problem given in Equations (5.87)-(5.89). 

Combining the results for the functions u;(z,t) and u2(x,t), the solution of the forced 
oscillations problem with initial conditions (5.53) and homogeneous boundary conditions 
(5.52) is 


u(a,t) = u(x,t) + ua(a, t) 


S> { [any (t) + bv] + Za(} Xnlo), (5.98) 


n=1 


l 


where the T,,(t) are defined by Equation (5.92) and ys) (t), y(t), Gy, and b,, are given by 
the formulas (5.74), (5.75), (5.80) and (5.81). 

Let us consider two examples of nonhomogeneous problems with homogeneous boundary 
conditions. 


Example 5.6 Consider a homogeneous string of mass density p with rigidly fixed ends. 
Starting at time ¢t = 0 a uniformly distributed harmonic force with linear density 


F(a,t) = Fosinwt 


acts on the string. The initial deflection and speed are zero. Neglecting friction find the 
resulting oscillations and investigate the resonance behavior. 


Solution. The boundary value problem modeling this process is 


2 2 
R 
Ott Ob EO ee WES, (5.99) 
p 
u(a, 0) a 0, uz(, 0) _ 0, 
u(0,t) = u(l,t) = 0. 


The boundary conditions here are homogeneous Dirichlet conditions, thus the eigenvalues 
and eigenfunctions are 


: I 
A= (“), X,(x) = sin —, |Xnll? = 5; n= 1,2,3,.... 
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Because the initial conditions are y(x) = w(x) = 0, the solution of the homogeneous wave 
equation, u;(x,t) = 0, and the only nonzero contribution is the solution of the nonhomoge- 
neous equation, u2(x,t), which is given by the series 


= t) sin ae (5.100) 


We can find T,,(t) by using Equation (5.96): 


@=f fn(T)Yn(t — r)dr, 


where w, = aV/A, = “* are the natural frequencies and Y,,(t) = + sin 25%. We then have 


a ' 
fn(t) -?/ f(a, t) sin de = £70 Sin wt | sin nn de, 
which gives 
AFy . 
fon-1(8) = Taq yqp SWE fant) = 


Then, for T,,(t)we have 


l 4F a? 
Ton—1(t) = Gh OAs sinwT sin [won—1(t — 7)] dr 
= a 0 
_ 4Fol Won—1 SiINnwt — Wsin Won_1t 
~ am?(2n — 1)2p we, 1 — w? ; 
Ton (t) = 0. 


These expressions apply when, for any n, the frequency of the external force, w, is not 
equal to any of the natural frequencies of the string. Substituting T,,(t) into Equation (5.100) 
we obtain the solution 


_ 4Fol = Won—-1SiNnwt—WwsinWgn_1t . nix 
5 2d : 5 sin —. (5.101) 
pat (2n — 1)? W5n—1 — W l 


u(x, 
Because w, is proportional to n, terms in (5.101) with sinwt, which are purely periodic with 
frequency w, decrease as 1/n, whereas terms with sinw2,_,t, which represent oscillations 
(eigenmodes) with different frequencies, decrease as 1/n?. 

Figure 5.14 shows the spatial-time-dependent solution u(x,t) for Example 5.6 (for the 
case when a? = 1,1 = 100, p= 1, Fp = 0.025, w = 0.3). With these parameters the period of 
the main harmonic is 2//a = 200. The animation sequence in Figure 5.14 shows snapshots 
of the animation at times t = 0,1,...,n. 

If for some n = k, the frequency of the external force w = wo,_ 1, we have a case of 
resonance. To proceed, we apply L’Ho6pital’s rule to this term, taking the derivatives of the 
numerator and denominator with respect to w2z_ 1 to yield 


2Fol Wan—1t COs Worp—1t — Sin Won—1t 
pan? (2k = 1)? W2k—-1 
2Fol? 


= pans (2k —1)3 [sin Wan—1t — Wan—1t cos wor—1t] * 
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In this case, one can rewrite the solution in the form 


(x, t) A4Fol 3 1 Won-1SiInWt —WwsinWoa, 1b . nTx 
— sin 
ae pan? (2n — 1)? Wy 1 — W? l 
n= 
nZ#k 
2Fol? (2k — 1)ra 


sin wt — wt cos wt] sin (5.102) 


parm (2k — ps! l 


Let us obtain a periodic solution for Example 5.6. Contrary to the solution obtained 
above in the form of an infinite series, a steady-state solution is described by a finite formula 
which is more convenient for the analysis of the properties of the solution. Let us write the 
equation as 


Ou ,0°u . 
OE —a@a Bx? = Asin wt (5.103) 
and seek a steady-state solution in the form 
u(x,t) = X (a) sinwt. (5.104) 


For X(x) we obtain an ordinary linear differential equation 
a oY 5.105 
(=) ae? , 
(@@)+ (2) x@=-4 (5.108) 


which has a general solution 


A 
X(x) = c, coska + cg sinkx — 2 (5.106) 


where k = w/a. The boundary conditions X(0) = X(l) = 0 give c, = A/w? and cg = 


4 58k Then, using standard trigonometric formulas for double angles we obtain 


2A sin(ka/2) sin[k(l — x)/2] 


t)= in wt. 5.107 
ua) w? cos(kl/2) ee ( ) 
Notice, that for this solution the initial speed is not zero. 
Uu 
9(x) 
6 =— u(x,250) 


FIGURE 5.14 
Graph of solutions, u(x,t), at various times for Example 5.6. 
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Example 5.7 The upper end of an elastic homogeneous heavy rod is rigidly attached to 
the ceiling of free falling elevator. When the elevator reaches the speed vo it stops instantly. 
Set up the boundary value problem for vibrations of the rod. 


Solution. The mathematical model for this problem is: 
Uti — O Ue = —9, O0<a<l, t>0, 
u(x, 0) = 0, ut (zx, 0) = Vo; 


u(0,t)=0, ue(l,t) =, 


where g is the acceleration of gravity. 

The boundary conditions are of Dirichlet type at x = 0 (the fixed end) and Neumann 
type at « = 1 (the free end). From our previous work, we have eigenvalues and eigenfunctions 
for the problem given by 


Qn —1)n]? aIn—1 
dy = [OE] xa (e) = sin SEE a 1,2.8,.0. 


From Equations (5.76), (5.77), (5.89), and (5.92), we have 


8vol 
n=O by oe 
ce ar? (2n — 1)? 
4g 16gl? (2n — l)ant 
BY ae RG 1 
In(t) m(2n — 1) (f) a?7n3(2n — 1)8 7 21 


Thus, a general solution of this boundary value problem is 


81 1 
a an? » (2n — 1)? 
n=1 
—2gl H (2n—l)ant) — . (Qn—1)mat) . (Qn—1)re 
am(2n — 1) neo - =F CE = ay Ore s> ape = 


5.8 The Laplace Transform Method: Simple Cases 


In this section we demonstrate how Laplace transform (LT) can be applied to solve heat, 
or generally a PDE equation. The LT allows us to obtain an ODE from PDE and then an 
algebraic equation from an ODE. 
As a simple illustration, let us consider oscillations of a semi-infinite string governed by 
the wave equation 
Utt — 0° Ugg =0, Z£>O0, -—00<t<oo. (5.108) 


Initially, the string is at rest, u(a,t) = 0 for t < 0 (hence also uz(#,0) = 0 for t < 0). At 
t = 0, the left end of the string starts moving according to a certain law u(0,t) = f(¢), 
while at infinity, function u(oo,t) has to be bounded. 

Let us find the solution of the problem at t > 0 using the Laplace transform with respect 
to t. 

Denote 


a(e,») = f e Ptu(a, t)dt 
0 
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and = 
fo) = fe peat, 
0 


Because u(#,0) = 0, uz(z,0) = 0 for any x > 0, the Laplace transform of Equation (5.108) 
leads to the ODE with respect to 2, 


p’a(x,p) — a tizg(x,p) =0 


with the boundary condition 7 
a(0,p) = f(p). 


The solution of this problem bounded on infinity is 
ia p=fpjeP", 2>0. 


Using the Delay Theorem, we find that u(z,t) = 0 for t < w/a, ie., x > at, and u(a,t) = 
f(a —t/a) for t > w/a, ie, x < at. 


Example 5.8 Solve the nonhomogeneous equation, 


Ut — O2Upy = sin i t>0, (5.109) 

with zero initial and boundary conditions 
u(z,0)=0, uz(x,0) = 0, (5.110) 
u(0,t) =u(l,t)=0, t>0. (5.111) 


Let us apply the Laplace transform to Equation (5.109) in order to obtain an ordinary 
differential equation. Taking into account the initial conditions (5.110), we obtain the ODE 
with respect to x: 


1 
p’a(a, p) = a tina (@, p) = —sin diag 
D l 
or , 
~ Dros 1 . 72x 
tea (@, p) — a ule, P) = ~pae ar (5.112) 


Solving the ordinary differential equation (5.112) with boundary conditions 
a(0,p) = all, p) = 0, (5.118) 


we obtain 


He2)= seston (an) [pps tore) 8 


The inverse Laplace transform (see the table in Appendix A) gives 


px mat\ | 7x 
u(x,t) = 1 —cos sin —. 
Ta l l 


Let us present some general consideration for the Cauchy problem for function T,,(t) 
satisfying the nonhomogeneous ODE (5.94), 


T(t) + nT) (t) + (7 Aa +I) = Falt), n= 1,2,3,...: 
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The solution has an especially simple form when the initial conditions are zero, T,,(0) = 0, 
T’ (0) =0. 
Defining 


tu(p) = L{Ta(d] =f Peta (tat, 


fale) = Elta] = fe? fa(Bet 
we obtain the following algebraic equation for T;,(p): 


(p? + 2np + a7 An + 7)Tn(p) = fr(P), 


hence . 
‘ In(p 
Tr(p) = . n( ) : 
p* + 2Kp+a*rAn +7 
Using the convolution property, we find that 


Tn(t) = | fn(T)Zn(t — 7)dr, 


where 


Zn (t) = L-+ : | =p} 


p? + 2np + a2An +7 


1 
(p+ 4)" + (a2An +7 — 2) 


To find the inverse Laplace transform, we can use the table given in Appendix A. 
If a?An + — Kk? =w? > 0, we can see that 


1 : 
2,4) = —e ™ sinwst. 
Wn 


If a?An + — Kk? = —w? < 0, we can use the Shift Theorem: 


1 1 1 ; 
Ee ee nT = —e-"* sinh wnt. 
(p + &)? — w2 p2 — we Wn 


If a27An + — Kk? = 0, we find that 
1 : 1 
Zn th= Lo} a] —Ktp 1 a) | oh — Kt 
0-2" eae ee =e 
This is the same result as obtained in formulas (5.96), (5.97) with the replacement Y,,(t) by 
Z(t). 
Notice, that the LT is not really useful for PDEs without formulas for the inverse Laplace 


transforms — obtaining the final results needs the technique of integration in the complex 
plane. 


5.9 Equations with Nonhomogeneous Boundary Conditions 


With the preceding development, we are prepared to study a general boundary value 
problem for the nonhomogeneous equation with nonhomogeneous boundary conditions 
defined by 


+ 2K a +yu = f(z,t), (5.114) 
x 
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u(z,)|,-5 = (x), w(2,t)|,-5 = v2), (5.115) 
Q1Uz + ByUl,-9 = 91(t), 2s + Boul,_, = go(t). (5.116) 


The Fourier method cannot be applied to this problem directly because the boundary 
conditions are nonhomogeneous. However, we can reduce this problem to the previously 
investigated case with homogeneous boundary conditions. 

To proceed, let us search for the solution as a sum of two functions 


u(a,t) = v(a,t) + w(a,t), (5.117) 
where vu(z,t) is a new, unknown function and the function w(a,t) is chosen in a way that 
satisfies the given nonhomogeneous boundary conditions 

Q1We + Bw|,-9 = 91(t),  2We + Bow|,_) = g2(t). (5.118) 


The function w(a,t) should also have the necessary number of continuous derivatives in x 
and t. 

For the function v(a, t), we obtain the boundary value problem with homogeneous bound- 
ary conditions 


O?u dv 4 Au 


ot? 2K Ot a Or2 y= f(a,t), (5.119) 
a(n, 0) a5 = p(x), UD, b) lag = w(a), (5.120) 
ar + B1U|,-9 =9, A2¥x + B2v|,_, = 9, (5.121) 
where bs ‘ r 
f(a,t) = f(z,t) aE 2k aT +a? _ (5.122) 
P(x) = v(x) — w(z,0), (5.123) 
b(x) = (x) — wi(a, 0). (5.124) 


The solution to this problem has been described above. 
Reading Exercise: Verify Equations (5.119)-(5.124). 


For the auxiliary function, w(x, t), a number of choices are possible. One criterion is to 
simplify the form of the equation for the function, u(x,t). To this end, we search for w(2,t) 
in the form 

w(a,t) = P,(x)gi(t) + Po(x)go(t), (5.125) 
where P;(x) and P2(x) are polynomials; we will show that in some cases we need polynomials 
of the first order, and in some of the second order. Coefficients of these polynomials should 
be chosen in such a way that the function w(x, t) satisfies the boundary conditions (5.118); 
therefore the function u(x,t) satisfies homogeneous boundary conditions (5.121). 

First, consider the situation when parameters 3; and (2 are not zero simultaneously. 

Let us take P; (x) as polynomials of the first order and search for the function w(z, t) 
in the form 

w(x, t) = (41 + 612) 91(t) + (V2 + 622%) g2(t). (5.126) 
Substituting this into boundary conditions (5.118), we obtain two equations which may be 
written as 


a1[d1g1(t) + d2ge(t)] + Br [yigi(t) + y292(t)] = gilt), 


a2[d191(t) + d2ga(t)] + Be [(y1 + 61) 91 (t) + (Y2 + del) ga(t)] = ge(t), 
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or as 
(a161 + Biy1 — 1)gi(t) + (0152 + Bry2)92(t) = 9, 
(2261 + Bayi + 82611) 91 (t) + (262 + Bay2 + B2d2l — 1)go(t) = 0. 
To be true, the coefficients of gi(t) and g2(t) should be zero, in which case the following 
system of equations is valid for arbitrary t: 
a161 + Bin — 1 = 0, 
a162 + Piy2 = 0, 
a261 + Boy + 62511 = 0, 
A262 + Bo72 + Badgl —1=0. 


From this system of equations we obtain coefficients 71, 61, y2 and d2 as 


ag + Bol —Ba 


= By Bol + Braz — Bay’ = Bi Bal + Braz — Boa’ eet) 
= TO 7 By 
an Bi Bel + Brag — Boa,’ 2 = Bi Bol + Bias — Boar (5.128) 


Therefore, the choice of function w(#,t) in the form (5.118) is consistent with the boundary 
conditions (5.127). 


Reading Exercise: Obtain the results (5.127) and (5.128). 
Now, consider the case when 6; = 62 = 0, ie. uz|,-9 =91(4), Ualpoy = 92(t). 


In this situation, the system of Equations (5.126) is inconsistent, which is why the polyno- 
mials P; 2(a”) in the expression for w(x,t) must be of higher order. Let us take the second 
order polynomials: 


P(x) =y%4+ 624+ &a"7, Po(x) = yo + don + 92”. (5.129) 


Equations (5.118) yield a system of simultaneous equations which, to be valid for arbitrary 
t, leads to 71 = 2 = 62 = 0 and the expression for w(x, t) given by 


2 


E 2 
21 


| g(t) + =go(t). (5.130) 


w(a,t) = E 7 


Reading Exercise: Check that when 6, = 82 = 0 such a choice of w(z,t) satisfies the 
boundary conditions (5.118). 


Combining all described types of boundary conditions, we obtain nine different auxiliary 
functions, which are given in Appendix C part 2. 

The following two examples are applications of the wave equation with nonhomogeneous 
boundary conditions. 


Example 5.9 The left end of a string is moving according to 
g(t) = Asinut, 


and the right end, x = lJ, is secured. Initially, the string is at rest. Describe oscillations when 
there are no external forces and the resistance of the surrounding medium is zero. 
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Solution. The boundary value problem is 
Utt = 07 Une, O0<a<l, t>0, 
u(z,0)=0, uz(a,0) = 0, 
u(0,t) = Asinwt, wu/(l,t) =0. 
Let us search for the solution as the sum 
u(x,t) = v(a#,t) + w(2,t), 
where we use an auxiliary function 


w(a,t) = (1 = =) Asinwt, 


which satisfies the same as u(x,t), boundary conditions, ie., w(0,t) = Asinwt and 
w(l,t) = 0. This obvious choice of w(x, t) can also be obtained from Equations (5.127), 
(5.128) which give 7, = 1, 6, = —1/l, yo = 0, 62 = 1/l. For u(x,t) we arrive to the bound- 
ary value problem for the nonhomogeneous wave equation with external force (5.122): 


= Ay? (i — 2) 
f(x,t) = Aw (1 F ) sin wt, 
initial conditions (5.123), (5.124): 


G(a,t)=0, (x,t) = —Aw (1 _ *) 


and homogeneous boundary conditions. 
The eigenvalues and eigenfunctions are 


; I 

rn = (™) > X,(x) = sin XelF =e, WH 12S sks 
l ] 5) 

From Equations (5.80), (5.81), and (5.93), we have 

2 Awl 


an2n?’ 


1 : NTL 
Qn =0, bh = ——_, | w* (x) sin xdx = 
Wn, |Xn|? 0 l 


2 Aw? 
fr(t) =  sinwt. 
nt 
We can find T,,(t) by using Equation (5.96): 


2Aw?l i t — wp, sinwt 
T,(t) = Ww —_ Wy sin w 


anr?n2 w? — w2 


This expression applies, when, for any n, the frequency of the external force f (x,t) is not 
equal to any of the natural frequencies w, = "7% of the string (i.e., w A wy). In this case, 


the solution is 


u(x,t) = w(a,t) + S> [Tn(t) + bn sinwnf] sin = 
n=1 
x . DA <5. 1 Gig (wy sinw,t —wsinwt) . nrx 
= (1- =) Asinwt + sin ‘ 
l an? <~ n? w? — we l 


Figure 5.15 shows the spatial-time-dependent solution u(x,t) for Example 5.9 for the 
case when a? = 1,/! = 100, A = 4, w = 0.3. With these parameters the period of the main 
harmonic is 21/a = 200. 
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u — 9x) 
=— U(x,200) 


FIGURE 5.15 
Graph of solutions, u(x,t) at various times for Example 5.9. 


Example 5.10 Find the longitudinal vibrations of a rod, 0 < x < 1, with the left end fixed. 
To the right end at x = 1 the force 


F(t) = Bt (A=const) 
is applied starting at time t = 0. The initial deflection and speed are zero. Neglect friction. 
Solution. We should solve the equation 
Ute =A" Une, O<a<l, t>0 
with the boundary and initial conditions 
u(z,0)=0, w(a2,0) = 0, 


u(0,t)=0, u,(l,t) = Bt/EA. 


Assuming 
u(x,t) = v(x, t) + w(z2,t) 


it is clear that we may choose the function w(x, t) to have the form 


w(a,t) = eart 


such that w(a,t) satisfies both boundary conditions (this choice also can be formally 
obtained as explained above). For u(x,t), we obtain the boundary value problem 


Yt = GO Vie, 
v(t, t)|,5 =0, % (@,t)|-5 = —Ba/BA, 
v(0,t) =0, ve(l,t) =0. 
Eigenvalues and eigenfunctions of this problem are 


(2n — 1)7 
20” 


(2n — 1)rax 


An = ; 
21 


X,(x) = sin m= 1,2; 3,605 
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0 100 200 300 400 500 


FIGURE 5.16 
Time-traces of solutions u(,t) at various values of x for Example 5.10. 


From Equations (5.80) and (5.81) we have 


16Bl? 


ale ae EAa (2n — 1)8x3 


in which case the solution for v(a,t) is 


> _4)\n = =] 
16Al (-1) a (2n — l)ant sie (2n \ra 


~ ESan® 4+ (2n-1)3 2l 21 


v(a,t) 


Thus, the solution of this problem is 


on Bs 16B? SS (-1) . (2n —1)ant “ (2n —1)ra 
= t in in ; 
ONO BA EAar + (n—13 2 21 


Figure 5.16 shows the solution u(x,t) as a function of t (0 < t < 500) for several values of 
coordinate x for Example 5.10. This solution was obtained in the case when a? = 1, 1 = 100, 
E=1, A=1, B=0.0002. 


5.10 The Consistency Conditions and Generalized Solutions 


Let us briefly discuss the consistency between initial and boundary conditions and situations 
when functions representing these conditions are not perfectly smooth. Assuming that the 
solution of a boundary value problem, u(x,t), and its first derivatives are continuous on 
the closed interval [0,1], the initial condition u(x, t)|,5 = y(#) and u(x, t)|,9 = W(2) at 
x =0 and x =1 lead to the relations 


MQ1Pe + Biyle-p =91(0), 2px + Bay|z—, = 92(0), (5.131) 


and 
0 0 
avs + p20 = Fe (O)s Aare + BaBlenr = Gr (0): (5.132) 
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If not all of these consistency relations are satisfied, or the functions f(z,t), p(x), v(x), 
gi(a,t), go(x,t) and their derivatives are not continuous on the entire interval [0,/], we 
still can solve a problem by the methods described above. In such cases, as well as for 
real, physical problems in which these functions always have some limited precision, such 
obtained solutions are generalized solutions. 

A simple example is the problem of string oscillations in a gravitational field. The exter- 
nal force (nonhomogeneous term) is not zero at the ends of the string and if the ends are 
fixed, the boundary conditions are not consistent with the equation. But the situation is 
not that bad because the formal (generalized) solution converges uniformly at any point in 
the interval. 

Also notice that in Example 5.4 from Section 5.6 the boundary condition u,(0,t) = 0 
and initial condition u(z,0) = Fo (1+1/h-— <2) /EA are inconsistent. This inconsistency 
may lead to the non-uniform convergence of the series for derivatives. 


Reading Exercise: Solve the problem of a string oscillating in gravity field 

Ow 507% 

eg ag 

Ot? Ox? 
if the ends are fixed and initially the string was displaced at some point from the equilibrium 
position and released with zero speed. Discuss the properties of the analytical solution and 
its behavior at the end of the interval. Suggest inconsistent initial and boundary conditions 
and analyze the obtained (generalized) solution. 


5.11 Energy in the Harmonics 


Next, we consider the energy associated with the motion of the string. The kinetic energy 
density (energy per unit length) of the string is 


1 (du? 
2” \ at 
and the total kinetic energy then is 


1-7 fous” 
Exin(t) = a (3) dx. (5.133) 


Next, we determine an expression for the potential energy. If a portion of the string of 
initial length dz is stretched to a length ds when displaced, the increase in length is 


du\? 
ds — dz = 1+{—] —-1] dz. 


In the approximation of “small vibrations” (Ou/Or « 1), this becomes 


1 (du\? 

—~({—) dz. 

2 (S*) 
Since this stretching takes place against a force of tension T, the potential energy gain on 
the interval dx, which is the work done against tension, is 


1 du\?* 
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Thus, the potential energy of the string is 


1 2 
Byalt) = 5 | r (=) dx. (5.134) 


The total energy is therefore 


Pep he ak of Ou 2 (2uy"| (5.135) 
tot — kin pot ~ 5 A at ra a ZX, 7 


where we have used the fact that T = pa?. 

It is easy to see (we leave the proof as the Reading Exercise), that for homogeneous 
boundary conditions of Dirichlet or Neumann type (e.g., the ends of a string are rigidly 
fixed or free) the derivatives of functions X,,(x) are orthogonal (like the functions X,,(x) 
themselves): 


I 
dXn, dXm 
_0. 4 
| de = 0 (5.136) 


The physical significance of this equation is that in this case the individual terms in the 
Fourier series solution are independent and energy in a harmonic cannot be exchanged with 
the energies associated with the other terms. 

The nth harmonic is 


Un (x,t) = {Tn(t) Ae [anys (t) a bny (| \ Xn(a) (5.137) 


(for homogeneous boundary conditions the auxiliary function w(z,t) = 0). 
Its kinetic energy is 


PL LOG NY p 
Be =§ f (3) dz = 5 


and its potential energy is 


. T f'( dun \? ee 2 ane 
ER) =5 | ($2) dn = 5 [Ta(t) + any\? (t) + Pny?? (t) | ( = ) dx. (5.139) 
0 0 


Ox 
It is evident that there are no terms representing interactions of the harmonics in either 
the kinetic or potential energy expressions. The total energy of the nth harmonic is the sum 
of these two energies. 
Consider, as an example, free vibrations that occur in a medium without damping, 


2 
GT) Mie ne oe ri : 
+ An + Dn, Xi (a)dx (5.138) 

dt dt Fale 


Fu > O7u 
=e 14 
ae” OF feta) 
In this case 
Ta(t)=0, yM(t)=cosaWAnt, y(t) = sinav/nt, (5.141) 


and the kinetic energy of the nth harmonic is 


2 2 
E® (t) = pan [-an sin ay/Ant + bp cosa Ant] |Xnll?; (5.142) 
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the potential energy of nth harmonic is 


2 
EG j= = 5 [an cos ay/ Ant + by sin ay/ Ant] | qi 
For boundary conditions of Dirichlet or Neumann type we have 
l l 2 
l dX, dX py, Xnl 
|Xnll? =) X?(a\dx = a | ( ) dx =n ||Xn |? =. (5.144) 
0 


dx 2 
The potential and kinetic energies of a harmonic taken together give a constant, the total 
energy, which is (taking into account T’ = pa”) 


(5.143) 


n n 7 a 
B® () = BO) + BS) = 


kin pot 


(a2 +2). (5.145) 


In each harmonic, the energy oscillates between kinetic and potential forms as the string 
itself oscillates. The periods of the oscillations of the string are 


(5.146) 


and those of the energy are half that value. 


Reading Exercises: We leave it to the reader to work out a few more results: 


n 


1. If both ends of the string are rigidly fixed or both ends are free, then An = "2 
and the total energy is 


22,2 
BO (t) = a (a2 +02). (5.147) 
2. If one end of the string is rigidly fixed and the other is free, then A, = als a 
and the total energy is 
i 27-2 2 1 2 
py) = en eae. (5.148) 


161 


3. As an example of another physical system, consider energy oscillations in the REC 
circuit. Magnetic and electric energies are 


With i = 0q/0t this gives (for a wire from 0 to 1) 


_ Oq 20 Oq 
p=} f(24), dx and Eg=-= 5 [ Rec (2). dx. (5.149) 


Reading Exercises: Using the material described in Section 5.3.1, obtain the expressions for 
these energies for boundary conditions of Dirichlet and Neumann type. 


Let us use Examples 5.3 and 5.5 from Sections 5.6 and 5.7 to find the energy of a 
string under various conditions. In both examples, as the Reading Exercises, find analytical 
expressions for kinetic, potential and total energies of the string as functions of time. 
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E 


Exin(t) = —Epot(t) = —— Eror(t) 


0 100 200 300 400 500 


FIGURE 5.17 
Energies of the string for Example 5.3. 


t=200 HM Kinetic Exin(t) 
0.5 HS Potential Epor(t) 
4) Total Ey (t) 


FIGURE 5.18 
Distribution of kinetic, potential and total energies in harmonics at t = 200 for Example 
5.3. 


In Example 5.3 (fixed ends, no external forces), the string was displaced from equilibrium 
by shifting the point « = xp by a distance h at time t = 0 and then released with zero initial 
speed. Figure 5.17 shows the energies on the string; the following values of the parameters 
were chosen: a? = 1, = 0,1 = 100, h = 6, and xo = 25. 

Figures 5.18 demonstrate energy in harmonics at time t = 200. 

We may solve the same problem when the force of friction is not zero. Here we again use the 
same values of the parameters and with the friction coefficient, k = 0.001 (see Figure 5.19). 

In Example 5.5 from Section 5.7, we considered a string with rigidly fixed ends and no 
friction. Starting at time ¢t = 0 a harmonic force with linear density F'(x,t) = Fo sinwt acts 
on the string. In Figure 5.20 we present the energy graphs for the following values of the 
parameters: a? = 1, e = 0,1 = 100, p= 1, Fy = 0.025, w = 0.3. Obviously, the energy is 
not conserved. 

Figure 5.21 represents a resonance case. As the Reading Exercises describe and explain 
the difference between the cases presented in Figures 5.20 and 5.21. 
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1 Exin(t) = —Epo(t) — Evr(t) 


FIGURE 5.19 
Energies of the string for Example 5.3 with dissipation included. 


E 
Exin(t) = ——Epot(t) ~=—— Eror(t) 


FIGURE 5.20 
Energies of the string for Example 5.5. 


es 
5.12 Dispersion of Waves 
5.12.1 Cauchy Problem in an Infinite Region 


Let us return to hyperbolic equations in an infinite region. Is it possible to extend the 
method of separation of variables to the case of an infinite region? In the case of the wave 
equation, , ; 
U U 

a(n, i a (a, t), (5.150) 
there is no need in that, because the D’Alembert’s formula (5.30) provides the full solution 
of the Cauchy problem. How can we tackle more general equations? As the basic example, 
let us consider the following equation with constant coefficients, 


Pu du 4 0? u 
a 
Ot? ot Ox? 


+yu=0, K>0,y>0. (5.151) 
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Exin(t) —Epot(t) —= Eror(t) 


FIGURE 5.21 
Energies of the string for the same values of the parameters and with a driving frequency 
w = ws = 57/100. 


In Section 5.6 the initial-boundary value problem for that equation was solved in a finite 
spatial region. Now we define that equation in an infinite region, 
—o<a<o, t>0. (5.152) 
We impose initial conditions 
u(z,t)i-o = 9(x), ty(z,t)|z-0 = (2) (5.153) 


and the boundary conditions 
jim u(x,t) = 0. (5.154) 


Recall that in the case of a finite region, we presented the solution of the problem as an 
infinite sum of particular solutions of a special kind, u,(a,t) = X,(a)T,,(t). In the case of 
an infinite region, a similar role is played by particular solutions 


ux(z,t) = t(k, the’*”, (5.155) 


which are spatially periodic with the period 27/k, where k is an arbitrary real number called 
wavenumber. Substituting (5.155) into Equation (5.151), we obtain the following ordinary 
differential equation for function a(k, t): 

at dit 


TE 2k a (y + a?k?)a = 0. (5.156) 


The general solution of Equation (5.156) is 


i(k, t) = a, (ke +" 4 a_(k)e~@- ME, (5.157) 


where a+(k) are arbitrary numbers and 


w(k) = in + V/7 — K? + ak? (5.158) 


are the roots of the dispersion relation 


w"(k) + 2inw(k) —-y — a*k? =0. (5.159) 
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If y — Kk? + a?k? > 0, solution (5.157) can be written as 
ai(k, t) -_ ie ee mE +a_ Chere ce ne (5.160) 


The first term in the right-hand side of (5.160) corresponds to a wave moving to the right 


with phase velocity 
[> — 2 + a2k? 


Uph(k) = k ’ 


while the second term describes a wave moving to the left with the same velocity; both 
waves decay with the decay rate x. If y — K? +.a?k? < 0, both terms monotonically decay 
with time: 


a(k,t) = as (k)ethe— (evn? yah? Dt + a_(k)eibe- (n+ ya RE 


Note that functions (5.157) satisfy Equation (5.151) but do not satisfy conditions (5.153)- 
(5.154). 

Equation (5.151) is linear; therefore any linear combinations of solutions (5.155) with 
different & are also solutions of that equation (this is the superposition principle). Because k 
is changed continuously, the most general expression for the linear superposition of spatially 
periodic waves (5.155) is the integral 


u(a,t) = is ti(k, te ike dR (5.161) 


~o6 20 


(the factor 1/27 is introduced for convenience). Thus, the general solution of Equation 
(5.151) can be written as 


i (h 7 dk 
u(a,t) =} Ja, (ejesehe—w (8) + ake hee) ae (5.162) 


—oo 


where a;(k) and a_(k) are arbitrary functions of k. 

Formula (5.161) shows that a(k,t) is just the Fourier ian ore oO the solution u(z, t) 
(see Appendix A). If a(k, ¢) is absolutely integrable, i.e. ee |u(k, t)| # is finite, then u(x, t) 
satisfies condition (5.154) (see Appendix A). 

Let us determine the coefficients ai(k) that allow us to satisfy the initial conditions 
(5.153). Apply the Fourier transform to both sides of (5.153): 


a(k,0) =G(k), t&(k, 0) = W(k), (5.163) 
where - a - dk 
ab)=f~ e@e™F, dH=f voer™e. (5.164) 


Substituting (5.157) into (5.163), we find 


hence 


_(k) = ra ear (5.165) 


Formulas (5.162), (5.164)-(5.165) describe the solution of problem (5.151)-(5.154). Note that 
the solution u(z,t) is real, if a. (k) = a.(—k). 


lk) + eh (k) at w (k)B(k) — i(k) 
) 
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We emphasize that wave equation (5.150) provides a unique example where the phase 
velocity Upn(k) = a does not depend on k, hence all the waves with different k move (to 
the left and to the right) with the same velocity. Therefore, their superposition (5.162) 
consists of two waves moving to the left and to the right without changing their shapes. 
In any other cases, different constituents of (5.162) move with different velocities and/or 
decay with different rates; therefore their superposition changes its shape with time. That 
phenomenon is called dispersion of waves. 


5.12.2 Propagation of a Wave Train 


To better understand the evolution of dispersive waves, let us consider some simple 
examples. 


Example 5.11 First, consider a wave moving rightwards with a definite wavenumber ko 
u(x, t; ky) = a4 etbhor—w+ (Foyt) (5.166) 
which is perfectly periodic in space and time, 
u(a + 21/ko, t;ko) = u(a,t;ko), ul(a,t+ 20/w4t; ko) = u(z,t). 
Note that this solution is complex; the real solution can be constructed as 


u(z, t) = u(x, t; ko) + u (x, t; ko) 
= 2la,| cos(ko — Rew (ko)t + arga, ett (Fo)t, (5.167) 


where 
arga, = tan~'(Ima,/Rea,). 


The Fourier transform of (5.167) is 


ai(k,t;ko) = / u(x, the" dx 


= 2na46(k — ko)e~ +0)! 4 Ima* 6(k + koe Hot, (5.168) 
If w4 (ko) is real 
u(x,t) = 2|a,| cos(kox — iw4(ko)t + arga+) (5.169) 


describes a monochromatic traveling wave, periodic in time and space, which moves with 
velocity Upn(ko) = w+(ko)/ko without changing its shape. Otherwise, it simultaneously 
grows or decreases exponentially in time, depending on the sign of Imw4 (ko). 


Example 5.12 Let us consider a particular solution which is the superposition of two 
monochromatic waves (5.169) with different wave numbers and equal amplitudes, 


u(a,t) = 2acos(kyx — iw4(k1)t) + 2acos(kax — iw+(k2)t) 
= 4a cos (* ah, os 
2 2 
x cos (Ea a eet, . 


5.170 
5 5 (5.170) 
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Let ky and ko be close: ky = kg + Ak, ko = ky — Ak, 0 < Ak < ko; then the solution can 
be written as 


u(z,t) = 4acos [ak (« es Ac as) 


2Ak 


cosy (2 Heb + B+ Ha — 80), 


This modulated wave is a product of a rapidly oscillating carrier wave with the spatial 
period | = 22/ko, which moves with the velocity 


w+ (ko + Ak) + w4(ko — Ak) _ w+(ko) 
a Upn(ko), 
eo keo 


and the long-periodic envelope function with the spatial period L = 27/Ak >> I, which 
moves with the velocity 
w+(ko t Ak) w+ (ko Ak) xy dw. 
2Ak dk 


The latter expression, 


is called group velocity. Note that 
L- Ak = 2n = O(1) 


when Ak is small. 

Of course, solutions (5.167) and (5.170) are not physically feasible: the wave can actually 
occupy only a finite part of the space of a certain length Ax. As mentioned in Appendix A, 
the corresponding characteristic interval Ak is connected with Az by the relation AxAk ~ 1 
which in quantum mechanics is called the uncertainty relation. 


Let us consider a nearly periodic wave train moving rightwards with the Fourier trans- 
form concentrated in a narrow interval of the width Ak < 1 around the mean value kp. 
For sake of simplicity, assume that wo(k) is real (e.g., & = 0 in Equation (5.151)). The real 
solution can be written as 


es k; 
u(2, t) =| ay (kyeteer OIE 4 C.C., (5.171) 


—oo T 


where c.c. means the expression which is a complex conjugate to the written one. 
Define g = k — ko, a+(ko + g) = f(g) and present solution (5.171) as 


u(a, 0) _ ee f{qheiar ites ota) boy} + C.c. 
$6 1 
Let us expand w+(ko + q) into the Taylor series: 


1 
w+(ko + q) — w+(ko) © w'.(ko)g + gw (ko) a” +..., 


hence 


u(x, t) = etlhor—w+ (hol T(x, t) + c.c., 
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I(x, t) © | Flqheia ee’ (609 ein’ ho) ae A (5.172) 


20 


Because the main contribution into the integral is given by the interval of |¢| < Ak, one 
can omit the term with w‘/(ko), ift < [w'/] ~* (Ak)~?. In that case, 


u(a, t) x eltoeeade J Figiets ten + cc. 
= ebkole— (w+ (ko)/ko)#] #(g — wy! (kg)t) + c.c. 


Thus, the solution is a product of a rapidly oscillating carrier wave moving with the phase 
velocity Upn(ko) = w4(ko)/ko and the slowly changing (with the characteristic spatial scale 
1/Ak > 1) envelope moving with the group velocity Ugr (ko) = w!, (ko). For dispersive waves 
(w4(ko) 4 ak) these two velocities do not coincide. 

At large t, the term with w‘/(ko) in (5.172) cannot be ignored. Let us calculate I(«, t) 
in the point « = w!, (ko)t moving with the group velocity of the wave: 


id a - Ie, dq 
T= —iw'| (ko)q7t ; 
: . f(ge = 


In order to calculate the integral, let us carry out formally the change of variables, 


2 


1 741 Guill (Kot 


(the justification of this transformation can be done using the complex analysis). Thus, 


2 2 
——— —* oT. 
_ tw! aan tard i(: a) : 7 


Because only the region z = ) gives an essential contribution into the integral, we can 


replace f (: woe with os Using the relation 


/ ce? dz =n, 


we get 
2riw (ko )t 


We come to the conclusion that in the case of the dispersion (wi (ko) # 0), the intensity 
of the wave decreases with time. We shall return to this phenomenon in Chapter 10 when 
considering the properties of the Schrodinger equation. 


5.13 Wave Propagation on an Inclined Bottom: Tsunami Effect 


In the previous sections of this chapter we considered equations with constant coefficients. 
It may happen however that the wave velocity depends on the coordinate. For instance, the 


94 Partial Differential Equations: Analytical Methods and Applications 


velocity a of a long gravity wave in a liquid layer is determined by the relation a? = gh, 
where g is the gravity acceleration and h is the layer depth. When the depth x is not 
constant, h = h(x), « > 0, the wave velocity a(x) = \/gh(a) is not constant as well. Using 
equations of fluid dynamics, one can derive the following modification of the wave equation, 


OPti 0 | 5c 9 
Fen [COZ] Pw) = ante, (5.173) 
where u(x,t) is the deviation of the liquid surface. 
Let us consider a solution of (5.173) corresponding to a wave with frequency w, 


u(x,t) = v(z)e™*® +..c.. (5.174) 


For v(x) we obtain the ordinary differential equation (check this result as a Reading Exer- 
cise): 
Py  h(x)dv | 
dx? ° h(x) dx ' gh(x) 
Let us consider a gravity wave near the coast. Assume that the bottom slope is constant, 
i.e., the depth is changed linearly, 


v=0. (5.175) 


h(t) =azx, x >0. 


Then we obtain, 


=0, #>0. 5.176 
dx? x dx i goa. ng ( ) 


Substituting 
d dsd 1 od 1d 


de deds 2/Ieds 4sds’ 
in (5.176) we obtain the Bessel equation: 


£ = 28", 


2 1 8 2 
EP Ee i cep OO oe (5.177) 
ds? s ds ga 


The appropriate bounded solution of (5.177) is 
w(s) = cJo(qs), 


where c is a complex constant, i.e., 


aa 2w dwt * —twt 1 
u(x,t) = Jo (v2) (ce + c*e ie z>0. (5.178) 

One can see that the wave amplitude grows significantly towards the coast, i.e., with 
the decrease of x. That phenomenon, called tsunami effect, can be explained qualitatively 
in the following way. The wavelength of the wave, A(x) = 27a(x)/w, decreases when the 
wave moves towards the coast, i.e., the wave is compressed in the horizontal direction. The 
conservation of the water volume leads to the growth of the wave in the vertical direction. 

Actually, everybody has observed that phenomenon when being on a beach: near the 
coast, the waves are higher than far in the sea. In the case of long waves created far in the 
ocean by an earthquake, that effect can lead to a catastrophic tsunami. 
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Problems 


Write an analytical solution, representing the motion of a string (a rod, etc.). Solve these 
problems analytically which means the following: formulate the equation and initial and 
boundary conditions, obtain the eigenvalues and eigenfunctions, write the formulas for coef- 
ficients of the series expansion and the expression for the solution of the problem. 

The reader can also obtain the graphs of eigenfunctions and illustrate the spatial-time- 
dependent solution u(x,t) with Maple, Mathematica or software from books [7, 8]. 

When you choose the parameters of the problem and coefficients of the functions (ini- 
tial and boundary conditions, and external forces) do not forget that the amplitudes of 
oscillations should remain small. All the parameters and the variables (time, coordinates, 
deflection u(a,t)), are considered to be dimensionless. 


Infinite strings 
In problems 1 through 4 an infinite stretched string is excited by the initial deflection 
u(x, 0) = v(x) with no initial velocities. 

Find the vibrations of the string. 


A 
a aa gE 


2. p(x) = Ae~ Be”, 


A(?—27), we [-l,], 
= ‘ « ¢[-L]]. 
Asin™, «a € [-l,]], 
a ‘4 : 2 é[-ll). 


In problems 5 through 8 an infinite stretched string is initially at rest. Assume at time t = 0 
the initial distribution of velocities is given by uz(xz,0) = v(a). 
Find the vibrations of the string. 


A 
5. w(x) = a 


6. W(x) = Axe 2”, 


7. vle)= Hi = const, x € [—l,]], 


0, 2 ¢@[-11]. 
x, x € [-1,]], 
= ee) 0, «¢[-L]. 


9. Let an infinite string be at rest prior to t = 0. At time t = 0 it is excited by a 
sharp blow from a hammer that transmits an impulse J at point x = x9 to the 
string. 

Find the vibrations of the string. 
10. Consider an infinite thin wire with resistance R, capacitance C;, inductance L and 
leakage G distributed along its length. Find the electrical current oscillations in 
a circuit if GZ = CR. For the following initial voltage and current in the wire 
2 


V(z,0) =fi(z) =e", i(z,0) = fo(x) =e. 


find electrical voltage oscillations in the wire. 
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Loaded infinite string 


Find the solutions of the following initial value problems. 


11. Ue — Use = cosx, u(x,0)=cosxz, u(x,0) = 1. 

12. Ue —Ucr = 2sint, u(x,0)=cosz, uz(x,0) = 1. 

13. Wit — Ure = 2+cost, u(x,0)=sinx—1, u(x,0) = cosa. 

14. We — Ure = — tanh? (2/V2) cost, u(x,0) = tanh(a/V/2), u(x, 0) = 0. 

15. We — Uce = H(x) — H(a — 1), where H() is the Heaviside function; 
u(x, 0) = u,(x,0) = 0. 


Transverse oscillations in finite strings 


Problems 16 through 39 refer to uniform finite strings with the ends at « = 0 and x = I. 
In problems 16 through 20 the initial shape of a string with fixed ends is u(x,0) = y(a), 
the initial speed is u;(z,0) = (a). External forces and dissipation are absent. Find the 
vibrations of the string. 


16. p(z) = Ax (1- =), w(x) =0 
17. v(x) = Asin, w(x) =0 
18. y(x)=0, w(x) = vo = const. 


20. v(x) = Ax (1 - =) » (x) = +l — 2). 


21. A string with fixed ends is displaced at point x = xp by a small distance h from 
equilibrium and released at ¢ = 0 without initial speed. No external forces or 
dissipation act. Describe the string oscillations. Find the location of x9 so that 
the following overtones are absent: a) 3°; b) 5°"; c) 7%. 


22. A string with fixed ends is displaced at point x = xo by a small distance h from 
the x axis and released at t = 0 without initial speed. Find the vibrations of the 
string if it vibrates in the constant gravitational field g, and the resistance of a 
medium is proportional to speed. 


In problems 23 through 27 the end at x = 0 of a string is fixed while the end at x = 1 
is attached to a mass less ring that can slide along a frictionless rod perpendicular to the 
x axis such that the tangent line to the string is always horizontal. The initial shape and 
speed of the string are u(xz,0) = v(x) and w:(7,0) = w(x). No external forces act except 
that the surrounding medium has a resistance with coefficient «. Find string oscillations. 


23. (2) = A, w(2) = 0. 
24. v(x) = Asin es y(a) = 0. 
25. y(x)=0, (x) = vo = const. 


26. v(x) =0, W(x) = Ax (1 - 7) : 
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27. v(x) = Ax (1 - =), (x) = vo cos 


28. The ends of a string are rigidly fixed. The string is excited by the sharp blow 
of a hammer, supplying an impulse J at point x9. No external forces act, but 
the surrounding medium supplies a resistance with coefficient «. Find the string 
oscillations. 


In problems 29 through 32 the ends of a string are rigidly fixed. An external force F(t) 
begins to acts at point xo at time t = 0. Find the string oscillations in a medium with 
resistance coefficient «. The zero initial conditions are zero. 


29. F(t) = Fosinwt. 
30. F(t) = Fo cosut. 
31. F(t) = Foe~“* sinwt. 


32. F(t) = Foe~“* coswt. 


In problems 33 through 36 the ends of a string are rigidly fixed. The initial conditions 
are zero with no resistance. Starting at time t = 0 a uniformly distributed force with linear 
density f(x,t) acts on the string. Find oscillations of the string. 


33. f(x) = Ax(a/l— 1) 
34. f(x,t) = Are **. 
35. f(x,t) = Ax(ax/l — 1) sinwt. 


36. f(x,t) = Ax(ax/l — 1) coswt. 
In problems 37 through 39 the left end, x = 0, of a string is driven according to u(0,t) = 
gi(t), the right end, x = 1, is fixed. Initially the string is at rest. 

Find oscillations of the string when there are no external forces and the resistance of a 
medium is zero. Find the solution in the case of resonance. 

37. gi(t) = Asinwt. 

38. gi(t) = A(1 — coswt). 

39. gi(t) = A(sinwt + coswt). 


Longitudinal oscillations in rods 


In problems 40 through 42 starting at t = 0 the end of a rod at x = 0 is moving horizontally 
according to u(0,¢) = g(t) and an external force F = F(t) is applied to the end at x = | along 
the axis. Assume zero initial conditions and an embedding medium which has a resistance 
proportional to speed. Describe the oscillations u(a,t) of the rod. 
Hint: The equation and the boundary conditions are: 
Ure + 2Kuy — A7Uge = 0, 
u(z, 0) = 0, ut (zx, 0) = 0, 
u(0,t)=g(t), Uell,t) = F(t)/EBA. 
40. F(t) = Fo(1—coswt), g(t) = go. 
41. F(t)=Fo, g(t) = gosinut. 
42. F(t) = Foe~“*sinwt, g(t) = gosinuwt. 
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Electrical oscillations in circuits 


In problems 43 through 47 a conductor of length / is perfectly insulated (G = 0) and R, L 
and C' are known. Current at t = 0 is absent and the voltage is V(z,t)|,_, = V(x). The 
end at « = 0 is insulated and the end at x =/ is grounded. Find the current i(z,t) in the 
wire. 


43. V(x) =Vosin oe 


44. V(x) =Vo (1 — cos =) 
45. V(x) = Voa(l— 2). 
Vo 
(@— 1/2? +A’ 
47. V(x) = Voexp [—A(x — 1/2)?] . 


46. V(x) = 


In problems 48 through 50 initially the current and voltage in an insulated (G = 0) 
conductor are zero. The left end at « = 0 is insulated; the right end at x = / is attached to 
a source of emf E(t) at t = 0. The parameters R, ZL, G and C are known. Find the voltage 
V(a, t) in the wire. 

48. E(t) = Eosinwt. 
49. E(t) = Eo(1 — coswt). 
50. E(t) = Eo(sinwt + coswt). 


Dispersive waves 


51. The evolution of the complex wavefunction u(x,t) of a quantum particle is gov- 
erned by the (non-dimensional) Schrédinger equation 


, 1 
itp = —Z Use, -—o<x“2<oo, t>0. 


(a) find the dispersion relation, phase and group velocities of waves; 
(b) find the exact solution of the equation with initial condition u(a,0) = d(x); 
(c) find the exact solution of the equation with initial condition 


u(x,0) = exp(—2? + ikoz). 


52. The evolution of small-amplitude long water waves is governed by the linear 
Korteweg-de Vries equation 


Ut + Ugee = 0, -—co<a<oco, t>Q0. 


(a) find the dispersion relation, phase and group velocities of waves; 
(b) find the exact solution of the equation with initial condition u(x,0) = d(2). 


Hint: use the Airy function described in Appendix B. 


6 


One-Dimensional Parabolic Equations 


In this chapter we consider a general class of equations known as parabolic equations, and 
their solutions. We start in Section 6.1 with two physical examples: heat conduction and 
diffusion. General properties of parabolic equations and their solutions are discussed in 
subsequent sections. 


es 
6.1 Heat Conduction and Diffusion: Boundary Value Problems 
6.1.1 Heat Conduction 


Heat may be defined as the flow of energy through a body due to a difference in tempera- 
ture. This is a kinetic process at the molecular level and it involves energy transfer due to 
molecular collisions. We introduce the equations which model heat transfer in solids where 
there is no macroscopic mass transfer. 

Heat flow through a solid due to a temperature change is assumed to obey the linear 
heat flow equation established by Fourier: 


= —KVT. (6.1) 


Here @ is the heat flux (or current density) which is the heat (or energy) that flows through 
a unit cross-sectional surface area of the body per unit time. The quantity VT is the 
temperature gradient (the difference in temperature along a line parallel to the flux) and 
the coefficient « is called the thermal conductivity. 

Functions g and T are also connected by the continuity equation: 


OT 
pea, + div ¢=0, (6.2) 


where p is the mass density of medium and c is its heat capacity. 
Equation (6.2) may be stated as: 


The amount of heat (or energy) obtained by a unit volume of a body during some unit 
time interval equals the negative of the divergence of the current density. 


Using the relation 
div g = div [-K VT] = —« V°T, 


Equations (6.1) and (6.2) lead to the heat conduction equation given by 


oT 
in xV°T. (6.3) 


The coefficient x = «/cp is called the thermal diffusivity. 
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In a steady state — for instance with the help of some external heat source — the tem- 
perature in the solid becomes time independent and the heat equation reduces to Laplace’s 
equation given by 

Vr 0. (6.4) 


If Q is the rate at which heat is added (or removed) per unit time and unit volume, the 
heat conduction equation becomes 
Ole Q 


— =,\V’T+—. 6.5 
BE ae (6.5) 


6.1.2 Diffusion Equation 


Diffusion is a mixing process which occurs when one substance is introduced into a second 
substance. The introduced quantity, by means of molecular or atomic transport, spreads 
from locations where its concentration is higher to locations where the concentration is 
lower. Examples include the diffusion of perfume molecules into a room when the bottle is 
opened and the diffusion of neutrons in a nuclear reactor. Given sufficient time, diffusion will 
lead to an equalizing of the concentration of the introduced substance. We may imagine 
situations, however, where equilibrium is not reached. This could occur, for example, by 
continually adding more of the introduced substance at one location and/or removing it at 
another location. 

For low concentration gradients, diffusion obeys Fick’s law in which the current den- 
sity of each component of a mixture is proportional to the concentration gradient of this 
component: 

I=—-DVe. (6.6) 


Here I is the current density, and D is the diffusion coefficient. The case I = const. corre- 
sponds to steady-state diffusion where a substance is introduced and removed at the same 
rate. 

Let us derive an equation that describes changes of concentration of the introduced 
substance. The continuity equation 


de 


Ot 


is a statement of conservation of mass: 


+ div =0 (6.7) 


Any increase in the amount of molecules in some volume must equal the amount of 
molecules entering through the surface enclosing this volume. 


Substituting I from Equation (6.6) we obtain the diffusion equation 


Oc 

= DV e. 6.8 

At (6.8) 
If the introduced substance is being created (or destroyed) — for example in chemical 

reactions — we may describe this action by some function f of time and coordinates on the 

right side of the continuity equation. The diffusion equation then takes the form 


— = DVc+ f. (6.9) 
If we now compare Equations (6.8) and (6.9) to Equations (6.3) and (6.5) we see they 


are identical parabolic equations: (6.3) and (6.8) are homogeneous and (6.5) and (6.9) are 
nonhomogeneous. 
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6.1.3. One-dimensional Parabolic Equations and Initial and Boundary 
Conditions 


We start by considering the boundary value problem on the bounded interval [0,/] for the 
one-dimensional heat conduction equation (we use “heat terminology” just for convenience) 
in its most general form 


yu+ f(a, t) . (6.10) 


The term linear in u in the heat equation can appear ([7]) if one considers the possibility 
of heat exchange with the environment in the case when the lateral surface of the body is 
not insulated. In the diffusion equation such a term appears if the diffusing substance is 
unstable in the sense that particles may disappear (such as an unstable gas or a gas being 
absorbed) or multiply (as with neutron diffusion). If the rates of these processes at each 
point in space are proportional to the concentration, the process is described by 


© pyiese (6.11) 
ot 
where D > 0, £ is the coefficient of disintegration (3 < 0) or multiplication (6 > 0). 

The term with u, can appear, for instance, if one considers the possibility of a diffusing 
substance participating in the motion of the material in which it is diffusing (which can be 
a fluid or gas). Suppose the fluid and diffusing substance flow along the z-axis with velocity 
v. Selecting the element (x, « + Az) and considering the amount of substance which flows 
through cross-sections at « and « + Ax due to diffusion as well as fluid motion we arrive 
to an equation that includes the first derivative of c with respect to x in addition to the 
second derivative: 


Oc O7c Oc 
f= age 7 YD (6.12) 


Knowledge of the initial temperature distribution means that, at time t = 0, the initial 
condition is 


u(z,0)= (a), O<a<l, (6.13) 


where (x) is a given function. 


Boundary conditions can be specified in several ways. 


1. Dirichlet’s condition 


The temperature at the end « = a (here a = 0 or J) of the bar changes by a 
specified law given by 


u(a,t) = g(t), (6.14) 
where g(t) is a known function of time ¢. In particular, g is constant if the end of 
the bar is maintained at a steady temperature. 

2. Neumann’s condition 


The heat current is given at the end x = a of the bar in which case 


__, ou 
nar a 
This may be written as 
Ou 
ice = g(t A 
S| = al (6.15) 
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where g(t) is a known function. 


If one of the ends of the bar is insulated, then the boundary condition at this end 


takes the form 
Ou 


eS) a a 
ies (6.16) 


a 
3. Mixed condition 


In this case the ends of the bar are exchanging heat with the environment which 
has a temperature, 6. Actual heat exchange in real physical situations is very 
complicated but we may simplify the problem by assuming that it obeys Newton’s 
law, gq = H(u— 9), where 4 is the coefficient of heat exchange. 

Thus, in the case of free heat exchange, the boundary conditions at the 7 = a 
end of the rod have the form 


au 
Ox” 


= g(t) (6.17) 


with given function g(t) and h = const. 


It may also be the case that the external environments at the ends of the bar are 
different. In this case boundary conditions at the ends become 


mSAtSY| = Hi [ulpag ~ 81, 

ax 

F x=0 (6.18) 
U 

KALA a = Ag [Ul p= _ 02 ’ 


where the temperatures of the environment at the left and right ends, 0, and 
82, are considered to be known functions of time. In the simplest case they are 
constants. 


In general, the boundary conditions are 


) 
P,[u] = a5 +Biul = g(t), 

_—? (6.19) 
P2[ul — 255 ae Bou oa = ga(t). 


At the end « = 0 when qa, = 0 we have Dirichlet’s condition, when 6, = 0 we have 
Neumann’s condition, and when both constants a, and (6 are not zero we have the 
mixed condition (clearly the constants a, and /, cannot be zero simultaneously). 
The same holds at the end x = |. As we have discussed in Chapter 4, physical 
limitations most often lead to the restrictions a,/3, < 0 and a2/82 > 0 for the 
signs of the coefficients in boundary condition (6.19). 


Now let us show how Equation (6.10) with the help of a proper substitution can be 
reduced to the equation without the term with Ou/Oz. 
Substituting 
u(x,t) = e"*v(a,t), 


where pp = —£/ (2a) into Equation (6.10) yields the equation 


Ov Oru. ~ 
=a 54 — vt Fla,2), 
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where 
2 ~ 


11 & Hen-empe) 


The initial condition for the function v(z,t) has the form 
v(x, 0) = (x) 


with ~(x) = e-“*p(x). Boundary conditions for the function v(x, t) are as follows: 


du _ 
Pils ars + Bw = g(t), Poly] =a2— + fv) = Galt), 
x 2=0 wi 
where 7 Rn 
B= Bitp-o, Bo=Botp-a2, g(t) =e - go(t) 


(check these results as Homework). Keeping in mind this result, in future calculations we 
will consider a parabolic equation without the term with 0u/0z. 

We have focused here on the heat conduction equation because the associated terminol- 
ogy is more concrete and intuitively fruitful than that for diffusion. But because the diffusion 
and heat conduction equations have identical forms, the solutions to diffusion problems can 
be obtained by a trivial replacement of D and c by x and T. The boundary condition in 
Equation (6.14) corresponds to the concentration maintained at the ends, condition (6.15) 
corresponds to an impenetrable end, and condition (6.17) corresponds to a semi-permeable 
end (when diffusion through this end is similar to that described by Newton’s law for heat 
exchange). An analogue from chemistry is the case of a reaction on the boundary of a body 
when the speed of reaction, i.e. the speed of creation or absorption of one of the chemical 
components, is proportional to the concentration of this component. 

Let us briefly notice the uniqueness of the solution of the heat conduction equation under 
the conditions in Equations (6.12), (6.13) and (6.19) and the continuous dependence of this 
solution on the right-hand terms of the boundary and initial conditions. This material and 
the important principle of the maximum we discuss in Section 6.7. 


6.2. The Fourier Method for Homogeneous Equations 


Let us first find the solution of the homogeneous equation 


Ou 4 0*u 
ae Cage ce 0<2<l, t>0, (6.20) 
which satisfies the initial condition 
ula, tio = 9a) (6.21) 
and has homogeneous boundary conditions 
) ) 
Pi[u] = a + fu] =0, Pp[u] = 02 + fou] = 0. (6.22) 


Notice that the linear parabolic equation (6.20) has no solutions in the form of propagating 
waves, f(a + at), like hyperbolic equations have. 
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The Fourier method of separation of variables supposes that a solution of Equation 
(6.20) can be found as a product of two functions, one depending only on 2, the second 
depending only on t: 

u(a,t) = X(a) T(t). (6.23) 


Substituting Equation (6.23) into Equation (6.20) we obtain 
X (x) (T'(t) + yT(t)] -— a? X" (ax) T(t) = 0. 
The variables can be separated and denoting a separation constant as —A, we obtain 


T'(t) +P) _ X"(@) 


PTW) = Xle) ~ dy (6.24) 


Thus Equation (6.24) gives two ordinary linear homogeneous differential equations, a first 
order equation for function T(t): 


T’(t) + (aA +7) T(t) =0 (6.25) 
and a second order equation for function X (x): 
X" (xz) +r X(x) = 0. (6.26) 


To find the allowed values of X we apply the boundary conditions. Homogenous bound- 
ary condition (6.22) imposed on u(a,t), yields homogeneous boundary conditions on the 
function X(x) given by 


a,x’ + (i X|,—0 => 0, aX’ + BoX|.—1 =0. (6.27) 


Thus, we obtain the Sturm-Liouville boundary problem for eigenvalues, A, and the corre- 
sponding eigenfunctions, X (a). As we know from Chapter 4, there exist infinite sets of the 
real non-negative discrete spectrum of eigenvalues {,,,} and corresponding set of eigenfunc- 
tions {X,,(x)} (clearly 4 = 0 is also possible if 6; = 62 = 0). 

As we obtained in Chapter 4, the eigenvalues of the Sturm-Liouville problem stated in 
Equations (6.26) and (6.27) are 


An = Ey (6.28) 


where fi, is nth non-negative root of the equation 


(a1 B2 = a2 3; )lp 


; 6.29 
W?a1a2 + 178; Bo oe) 


tan pb = 


The corresponding eigenfunctions can be written as 


1 : 
Xn(x) = Vain + Ae [er Vn cos J rn& = By sin Vrn2| f (6.30) 


Now consider Equation (6.25). It is a linear first order differential equation and the 
general solution with A = X, is 


T,,(t) = Che @ Ant Mt, (6.31) 


where C,, is an arbitrary constant. Non-negative values of A, are required so that the 
solution cannot grow to infinity with time. Now we have that each function 


tin, (2, t) = Tr (t)Xn(v) = Cpe 4X, (a) 
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is a solution of Equation (6.20) satisfying boundary conditions (6.22). To satisfy the initial 
conditions (6.21), we compose the series 


u(x,t) = S- Cre An tMEX, (ar). (6.32) 


n=1 


If this series converges uniformly as well as the series obtained by differentiating twice by 
x and once by t, the sum gives a solution to Equation (6.20) and satisfies the boundary 
conditions (6.22). The initial condition in Equation (6.21) gives 


upg = (2) = 5) Ce Xe (2), (6.33) 
k=1 


where we have expanded the function v(x) in a series of the eigenfunctions of the boundary 
value problem given by Equations (6.26) and (6.27). 

Assuming uniform convergence of the series (6.32) we can find the coefficients C),. Mul- 
tiplying both sides of Equation (6.33) by X,(x), integrating from 0 to / and imposing the 
orthogonality condition of the functions X,,(x), we obtain 


1 


Ch = Tar To 
|| Xn? 


l 
i p(a)Xy(x)da. (6.34) 
) 
If the series (6.32) and the series obtained from it by differentiating by t and twice differ- 
entiating by x are uniformly convergent then by substituting these values of coefficients, 
Cr, into the series (6.32) we obtain the solution of the problem stated in Equations (6.20) 
through (6.22). 

Equation (6.32) gives a solution for free heat exchange (heat exchange without sources of 
heat within the body). It can be considered as the decomposition of an unknown function, 
u(a,t), into a Fourier series over an orthogonal set of functions {X,,(x)}. 

Let us substitute (6.34) into (6.32). Changing the order of summation and integration 
(that is allowed due the uniform convergence), we obtain: 


I 
u(e,t) = f g(x.8, Oe, (6.35) 
0 
where = 
g(a, €t) = 0 — gern), (6.36) 


Note that u(z,0) = v(x), therefore, g(x, €,0) in (6.35) should be equal to 6(a— €). That 
means that 


|Xnll? 


n=1 
Actually, this completeness relation is correct for an arbitrary complete set of eigenfunctions 
of a Sturm-Liouville problem (see Chapter 4). 


Example 6.1 Let zero temperature be maintained on both the ends, x = 0 and x = l, 
of a uniform isotropic bar of length / with a heat-insulated lateral surface. Initially the 
temperature distribution inside the bar is given by 


u(x, 0) = (2) = 


106 Partial Differential Equations: Analytical Methods and Applications 


where up = const. There are no sources of heat inside the bar. Find the temperature 
distribution for the interior of the bar for time t > 0. 


Solution. The problem is described by the equation 


Ou 207 u 


— =a > bk. 
DE a a2? O0<a4< 


with initial and boundary conditions (in this Example they are consistent) 
u(z,0) = (2), u(0,t) = ull, t) = 0. 


The boundary conditions of the problem are Dirichlet homogeneous boundary conditions, 
therefore eigenvalues and eigenfunctions of problem are 


; i 
A= (“)", X,(x) = sin, Xnll? = 5, n=1,2,3,.... 


Equation (6.34) gives: 


nem 2 
0, n = 2k, 


= 4uo k 


ae i 4 
C.=7f p(x) sin pe a 
L Jo l 
oo Bee: ee 


Hence the distribution of temperature inside the bar for some moment is described by the 
series _ 
4 —1)* a? (2k=1)? x? 2k—-1 
u(z,t) = a (=1) e © ~ *sin Sine ne 
nm? £~ (2k—1)? l 


Figure 6.1 shows the spatial-time-dependent solution u(z,t). This solution was obtained 
for the case when 1 = 10, up = 5 and a? = 0.25. All parameters are dimensionless. The 
dark gray line represents the initial temperature, black line is temperature at time t = 100. 
The gray lines in between show the temperature evolution within the period of time from 
0 until 100, step At = 2. The series for the solution converges rather rapidly because of the 
exponential factor. 


— P(x) 
fr. — u(x,100) 


FIGURE 6.1 
Solution u(#,t) for Example 6.1. 
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Clearly the approach to equilibrium (the time for temperature fluctuations to decay) is 
governed by the factor exp[—(a?A,, + )t]. 

As a Reading Exercise, choose values of parameters in real physical units and estimate 
how much time it takes to reach equilibrium for different materials and for samples of 
different size. Make sure that the answers are physically reasonable. 


Example 6.2 Consider the case when the ends, x = 0 and x = I, of a bar are ther- 
mally insulated from the environment. The lateral surface is also insulated. In this case the 
derivatives of temperature with respect to x on the ends of the bar equal zero. Initially the 
temperature is distributed as in the previous example: 

x i 


yuo for 0<a< 3? 


l 


where uo = const . Sources of heat are absent. Find the temperature distribution inside the 
bar for t > 0. 


Solution. We are to solve the equation 


du Pu 
at =a On2” 0<2 < l 
with initial and boundary conditions 
Ou Ou 
= —— = —(i,t) =0. 
u(a,0) =e), S¥(0,t)= 0) 


Notice that the initial and boundary conditions in this case are not consistent (they are 
contradictory); in such situations we can only obtain a generalized solution. The boundary 
conditions of the problem are Neumann homogeneous boundary conditions. The eigenvalues 
and eigenfunctions are (see Chapter 4): 


NT 


2 —_ 
m= (FY, Kale) =cos 7, KIP=fto Sg 


12, n>, Ma Ob 


l 


Having applied Equation (6.34), we obtain 


1/2 l 
UO uo 
= — dx + l—a)dx) = — 
Co 2 / xdx [ x) | at 


k =1,2,3,... 


Thus the only nonzero C;, are those for which n = 2k with k = 2m+1,m=0,1,2,..., ie. 
n = 4m + 2; so we have 


C _ 2uo 
Am+2 — (2m a 1)21? : 
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u 
g(x) 
2.5 ~~» =— u(x, 50) 
jp AN 
2 A \ 
J - 
1.5 iZ \ 
L£ \ 
xX 
2 4 6 8 10 


FIGURE 6.2 
Solution, u(x,t), for Example 6.2. 


Finally, the temperature distribution inside the bar for some moment is expressed by 
the series 


Ug — 2uo 1 _ (Am+2)? 020?) (4m + 2)rx 
u(a,t) = s; on 12° 2 cos : 


At « =1/4 and x = 31/4 all cosine terms equal zero, hence at these points wu = uo/4 for 
any t > 0. It is also clear that 


1 
i u(x, t)dx = —uol. 
0 4 


Notice that this area (the definite integral) is proportional to the amount of energy (heat) in 
the bar. The insulated ends of the bar correspond to a graph of u(a,t) which has horizontal 
tangents at x = 0 and = 1. As t > oo the first term of the series dominates. From this 
and from physical considerations we conclude that u— uo/4 as t + oo. 

Figure 6.2 shows the space-time dependent solution u(x,t). This solution was obtained 
for the case when | = 10, ug = 5 and a? = 0.25. All parameters are dimensionless. The dark 
gray line represents the initial temperature; the black line is temperature at time t = 50. 
The gray lines in between show the temperature evolution within the period of time from 
0 until 50, step At = 2. 


Example 6.3 Consider the situation where heat flux is governed by Newton’s law of cooling 
and a constant temperature environment occurs at each end of a uniform isotropic bar of 
length / with insulated lateral surface. The initial temperature of the bar is equal: ug = 
const. Internal sources of heat in the bar are absent. Find the temperature distribution 
inside the bar for t > 0. 


Solution. We need to solve the equation 


Ou 2 07u 
—=a~,, 0 l, t>0 
Ot a Ba?’ <a<, > 
for the initial condition 


u(x, 0) = uo 
and boundary conditions 


Ou Ou 


One-Dimensional Parabolic Equations 109 


FIGURE 6.3 
Graphical solution of the eigenvalue equation for Example 6.3. 


Obviously, as in the previous example, we can only obtain a generalized solution. 
The boundary conditions of the problem are mixed homogeneous boundary conditions, 
so eigenvalues are 


2 
Av = (@) a ee 


where Ly, is the nth root of the equation tan py = eae Figure 6.3 shows curves of the 


two functions, y = tan and y = rae plotted on the same set of axes. The eigenvalues 
are the squares of the values of yw at the intersection points of these curves divided by 
length J. 

Each eigenvalue corresponds to an eigenfunction 


1 . 
Xn (x) = ne [ Vn cos J rn& + Asin V>ne| 


with the norm ||X,,||? = 4 + xchat: 
Figure 6.4 shows the first four eigenfunctions of the given boundary value problem. 


FIGURE 6.4 
Eigenfunctions X;(a) through X4(a) for Example 6.3. 
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FIGURE 6.5 
Solution u(#,t) for Example 6.3. 


Applying Equation (6.34) we obtain 


1 
CC, = rare —= [Vn cos VAna + hsin ne] dx 
n 0 n 


_ QuoV An + h? a h i 
= TO, +h?) + 2h sin V Anl — a (cos V Anl :)| . 


Hence the temperature distribution inside the bar for some moment of time is expressed by 
the series 


V/Xn C08 VXn& + Asin V>n2| : 


ee 1 
u(x, t) = dre Te 


Figure 6.5 shows the spatial time-dependent solution u(x,t) for Example 6.3. This solution 
was obtained for the case when | = 10, wo = 5 and a? = 0.25. All parameters are dimen- 
sionless. The dark gray line represents the initial temperature; the black line is temperature 
at time t = 100, step At = 2. 

In this example the boundary and initial conditions do not match each other; as a result 
at t = 0 the temperature, u(z,0), given by the solution in the form of an eigenfunction 
expansion does not converge uniformly. The convergence is poor at points close to the 
ends of the rod and the solution appears to have unphysical oscillations of temperature 
initially. Increasing the number of terms in the series smoothes these oscillations at all 
points except the ends — this is the Gibbs phenomenon which is discussed in Appendix A. 
These oscillations do not occur physically and, in fact, they disappear from the solution 
for any finite time t > 0 in which case u(az,t) converges rapidly to a physically reasonable 
result. 

Next, let us give an example of the solution of a BVP with Laplace transform. 


Example 6.4 The heat propagation in a semi-infinite rod is governed by the heat equation, 
Ut = a Ure, xz>0, t>0. 


Initially, the temperature of the rod was u,. At t = 0, the temperature at the left end 
suddenly becomes equal to ug # u;. Thus, the initial condition is u(z,0) = uz, the boundary 
conditions are u(0,t) = ug, |u(oo,t)| < oo. Find u(z, t) for t > 0. 
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Applying the Laplace transform (Appendix A) to the equation we obtain 
pii(x, p) = a? tigg (x, p). 
This ordinary differential equation with boundary conditions 
a(0, p) = u2/p, |&(0o, p)| < 00 


has the solution 
Uw ug — U 
u(az,p) = — + 2 *e-*vP/4, 
Pp Pp 


The inverse Laplace transform gives (see the Table of LT in Appendix A). 


u(a,t) = uy + (ug — uy )erfe ( 


met) 


6.3. Nonhomogeneous Equations 


First, let us consider an example of a nonhomogeneous equation with a simple right side: 


Uy — 07U pg = COS 3 t>0, (6.38) 
u(xz,0) =0, uz(a,0) = 0, (6.39) 
il) Swae=0.. 730. (6.40) 


Similarly to the example considered in Chapter 5, Section 5.8, we apply the Laplace 
transform to Equation (6.38) while taking into account the initial conditions (6.39): 


1 Tx 
pi(x,p) — a dze(x,p) = — cos 73 
Pp 


or 
1 
tex (XL, p) — F a(z,p) = ——,; cos lao (6.41) 
a pa l 
The solution of (6.41) satisfying the boundary conditions 
a(0,p) = a(1,p) = 0, (6.42) 
is ‘ 
(a, p) 1 . Tx (=) E D | cos 
a(x,p) = in = : 
_ pip + (ra/l)?] l Ta p pt (ra/l)?| l 


Taking the inverse Laplace transform (see the table in Appendix A), we obtain 


a a 


Now consider the general form of the nonhomogeneous linear equation 


Ou Oru 
OE =a a5 — ut f(z, t), (6.43) 
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where f(x,t) is a known function, with initial condition 
u(z,t)|,-9 = 92) (6.44) 
and homogeneous boundary conditions 
Py[u] = oyuez + Biu|,29 = 9,  Pe[u] = aque + Boul,_, = 90. (6.45) 
To start, let us express the function u(x,t) as the sum of two functions: 
u(a,t) = u(#,t) + ua(a,t), 


where u,(z,t) satisfies the homogeneous equation with the given boundary conditions and 
the initial condition: 


Out 907 ur 
dt (Oa 
u1(2,t)|,-9 = Y(2), 
P,[ui] = oi, + Biti|,-9 =9, Polui] = aew, + Gou|,—, = 0. 


The function u2(x,t) satisfies the nonhomogeneous equation with zero boundary and initial 
conditions: 


Ot =a Ox2 yu2 f(a, Y), (6.46) 
U2(Z,t)|,-9 = 9, (6.47) 
P, [ug] = aju2, + B1U2|,—0 = 0, P2[u2] = aque, + B2U2|4—1 =0. (6.48) 


The methods for finding u;(x,t) have been discussed in the previous section; therefore 
here we concentrate our attention on finding the solutions u(x,t). As for the case of free 
heat exchange inside the bar let us expand function u2(x,t) as a series 


u2(#,t) = S> Th(t)Xn(x), (6.49) 


where X,,(x) are eigenfunctions of the corresponding homogeneous boundary value problem 
and T,,(t) are unknown functions of ¢. 

Boundary conditions in Equation (6.48) for ug(x,t) are valid for any choice of functions 
T(t) (when the series converge uniformly) because they are valid for the functions X,,(x). 
Substituting the series (6.49) into Equation (6.46) we obtain 


S> [DA(t) + (@7 An +7) Tn(t)] Xn(a) = f(a, 1). (6.50) 


Using the completeness property we can expand the functionf(z,t), as function of z, 
into a Fourier series of the functions X,,(#) on the interval (0,/) such that 


fet) = >> fpOXn(). (6.51) 
n=1 
Using the orthogonality property of the functions X,,(a) we find that 


1 I 
fr(t) = ra f(a, t)Xy(x)dx. (6.52) 
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Comparing the two expansions in Equations (6.50) and (6.51) for the same function f(z, t) 
we obtain a differential equation for the functions T,, (t): 


Ty (t) + (a7An +7) Tn(t) = f(t). (6.53) 


In order that u2(x,t) given by Equation (6.49) satisfies the initial condition (6.47) it is 
necessary that the functions T,,(t) obey the condition 


Tn (0) = 0. (6.54) 


The solution to the ordinary differential equation of the first order, Equation (6.53), with 
initial condition (6.54) can be represented in the integral form 


w= fin fn(T)eW FMWD ddr, (6.55) 


or 
o=f fn(T)Yn(t—7)dr, where Y,(t—7) = eo (@Anty)(t-7) 


Thus, the solution of the nonhomogeneous heat conduction problem for a bar with 
boundary conditions equal to zero has the form 


u(a,t) = u1(2,t) + uo(a, t) = [nt t) + Cpe @ m+") X,, (2x), (6.56) 


where functions T,,(t) are defined by Equation (6.55) and coefficients C,, have been found 
earlier when we considered the homogeneous heat equation. 


Example 6.5 A point-like heat source with power Q = const is located at xo (0 < xo < 1) 
in a uniform isotropic bar with insulated lateral surfaces. The initial temperature of the bar 
is zero. Temperatures at the ends of the bar are maintained at zero. Find the temperature 
inside the bar for t > 0. 


Solution. The boundary value problem modeling heat propagation for this example is 


Oi OHO) 
Ot” Oa?” a to); 


u(z,0)=0, u(0,t) = u(l,t) = 0, 


where 6(x — x) is the delta function. 
The boundary conditions are Dirichlet homogeneous boundary conditions, so the eigen- 
values and eigenfunctions of problem are 


nx l 


nT \ 2 . 
m= (SF), Xn(z)=sin =, GIP = 5 


(n = 1,2,3,...). 


In the case of homogeneous initial conditions, y(z) = 0, we have C,, = 0 and the solution 
u(a,t) is defined by the series 


nx 
=> Tp (€) sin —— 
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A » A(X) 
=— u(x,100) 


FIGURE 6.6 
Solution u(#,t) for Example 6.5. 


where f,, and T,, are defined by Equations (6.52) and (6.56): 


rae i 9 
fr(t) = : 6 (x — a) sin ant de = a sin © dx, 
l Jo cp l Icp l 
2Q1 — n2a272t/I? . NTO 
Tn(t) = Saas ( =e / ) sin. 


Substituting the expression for T;,(¢) into the general formulas we obtain the solution of the 
problem: 


] sin a 


90) 1 (1 a a sin oO gin OE 

Figure 6.6 shows the spatial-time-dependent solution u(x,t) for Example 4. This solution 
was obtained for the case when | = 10, Q/cp = 5, x9 = 4 and a? = 0.25. All parameters are 
dimensionless. The dark gray line represents the initial temperature; black line is tempera- 
ture at time ¢t = 100. The gray lines in between show the temperature evolution within the 
period of time from 0 until 100, step At = 2. 


6.4 Green’s Function and Duhamel’s Principle 


In the present section, we consider the relation between the solution of the homogeneous 
equation with nonzero initial condition, u;(a,t), and that of the nonhomogeneous equation 
with zero initial condition, u(x, t). 

In Section 6.2. we have found that uw (a,¢) can be presented in the form 


q 
ui (2,t) = i ola, €, t)p(e)ae, (6.57) 
where 7 
g(x, €,t) = 5° are (8) .-@ ante, (6.58) 


n=1 
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Let us obtain a similar formula for u2(x,t). Substituting (6.52) and (6.55) into (6.49), 
we find (a uniform convergence is assumed): 


oe | pe | : aes) APS) tothe HEay (6.59) 
ont n 
Define f(€,7) = 0, if 7 < 0. Then expression (6.59) can be rewritten as 
Ug(a,t) = [. dt i d€G(x,€,t — 7) f(E,7), (6.60) 
where Green’s function 
G(a,€,t-—7) = H(t—7)g(a,€,t — 7) (6.61) 


(H(t — Tr) is the Heaviside step function). Thus, we see that the same function g appears in 
expressions (6.57) and (6.60), but (6.60) contains an additional integration in time. That 
circumstance allows us to find the relation between the solution of the nonhomogeneous 
problem (6.46)-(6.48) with zero initial condition and that of a homogeneous problem with 
an appropriate initial condition. That relation is determined below. 

Let us define the following homogeneous problem for a function vu(z, t; 7), which depends 
on the parameter T: 


v1(2,t;T) = a? vee (x,t;7) — yu(2,t;T); O<a<l, t>7; (6.62) 


v(a,7;7T) = f(a,T), O< a<l; Pylv] =0, Polv] =0. (6.63) 
By the change of variables s = t —T, (x, 8;7) = v(a,t;7), we obtain the standard problem 
Us =A" %ez; O<a<l,s>0; 


0(2,0;7) = f(a,7)), O<a<l; P,[o] =0, Polo] =0. 


Its solution, according to (6.35), is 


l 
Blasit) = f oeré.s)flEr)ds, 8> 0, 

hence F 
o(a,tir) = f g(a, €,t—T)f(€,7)d&, t>r. 


Let us show that the solution of the nonhomogeneous problem (6.46)-(6.48) can be found 
as 


us(e.t) = f v(a, t;7)dr. (6.64) 


Indeed, w2(x,t) satisfies the initial condition (6.42) and the boundary conditions (6.48). 
Substituting (6.64) into (6.46), we find: 


t 
u22(x,t) = v(a, t;t) +f uz(a, t; 7) dr, 
0 


t 
usaen(1,t) = f Vax (x, t; 7) dT, 
0 
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hence 
u2t(x,t) — a?U2,00(x,t) + yur 


t 
= v(a,t; t) +f [ve (a, t; T) — a7 Vga (a, t;T) + yu(2, t; T)| dr = f(a,t). 
0 


Relation (6.64) is called Duhamel’s principle. 

Note that the dimension of the space does not influence the proof presented above. Hence, 
Duhamel’s principle is valid also for parabolic problems in higher dimensions considered in 
Chapter 9. 


Example 6.6 Using Duhamel’s principle, find the solution of the following BVP for a 
nonhomogeneous heat equation: 


U = A Une +tsin2xz, 0<a<7, t>0; 
u(z,0)=0, O<a<7; 
u(0,t) = u(7,t) =0, t>0. 
First, let us formulate problem (6.62)-(6.63) for function u(x, t; 7): 
vi(2,t; 7) = a7 Ug2(2,t;7), O< a <a, t>7; 
v(@,7;T) =Tsin2e, O<a<7; 
v(0,t;7) = v(a,t;7) =0, t>r. 


The latter problem can be solved by separation of variables (see Section 6.2). Because 
X(xz) = sin2z is an eigenfunction satisfying (6.26), (6.27) for 4 = 4, only one term in 
expansion (6.32) is different from zero. The corresponding function T(t), which satisfies 
equation 

T.(t;7) + 4e?T(t;7) =0, t>7 


with initial condition 


T(nit) =". 
is 5 
T(ty7) = rete", 
thus . 
v(x, t;7) = re *® 7) sin Qa. 


Substituting u(x,t;7) into formula (6.64), we find 
t 2 2 2 
u(a,t) =|} re 4@ (#7) sin(2a)dr = e~ ** ‘sin(2e) [ re"? dr 
0 ) 


4a*t —1+e~4*"*) sin(2z). 


aay ( 


Note also that a similar relation exists for hyperbolic problems. For instance, let us 
consider the nonhomogeneous wave equation with homogeneous initial conditions 


ure (2, t) = a Upe(z,t) + f(a, t), 0<2<l, t > 0; 


u(z,0) =0, u(z,0)=0, O< a<l; u(0,t) =ull,t) =0, t>0. 
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Define function v(a,t;7), t > 7 > 0, which solves the problem 


Vie(Z,t;T) = a2 ¥en (2,t;T), O< a <l,t>7; 
v(z,7;7) =0; (2,737) =f(a,7), OS esl. 
v(z,7;7T) =0; u4(@,7;7) = f(a,7), OS a <l. 


v(0,t;7) =v(l,t;7), 7 >t. 
One can show that 


u(x,t) = [ e@uner. 


Example 6.7 Using Duhamel’s principle, find the solution of the following BVP for a 
nonhomogeneous wave equation: 


Ut = 07 Ug, + sin 32, O0<a<n7, t>0; 
u(z,0)=0, O<a<a; 


u(0,t) = u(7,t) =0, t>0. 


Duhamel’s principle allows us to reformulate the problem using a homogeneous wave equa- 
tion: 


Vie(2,t;T) = a7 Ugg (2, tT), O<a<7, t>7; 
v(@,7;T) =0; uy (z,7;7) =sin3rz, O<a<7; 


v(0,t;7) = v(a,t;7) =0, t>r. 


That problem can be solved by the method of separation of variables (see Section 5.6). 
Because function X (a) = sin 3z is an eigenfunction of problem (5.57)-(5.58) with boundary 
conditions X (0) = X (7) = 0, corresponding to A = 9, only one term is nonzero in expansion 
(5.77). The corresponding function T(t) satisfies equation 


Tie(t; 7) + 9a?T(t; 7) = 0 
with initial condition T,(7;7) = 1, hence 
1 
T(t;7) = a sin(3at) 
and 
ee F 
u(a,t;7) = a sin(3at) sin(32). 


Thus, 


u(a,t) = | u(x,t; T)dr = = [1 — cos(3at)] sin(3z). 
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6.5 The Fourier Method for Nonhomogeneous Equations with 
Nonhomogeneous Boundary Conditions 


Now consider the general boundary problem for heat conduction, Equation (6.43), given by 


Ou O7u 
an wos tet Fat) 


with nonhomogeneous initial (Equation (6.44)) and boundary conditions 


u(z, tly = 92), 


Pi[u] = aque + Piul,-9 = g(t), Plu] = aque + Boul,_) = ga(t). (6.65) 
We cannot apply the Fourier method directly to obtain a solution of the problem because 
the boundary conditions are nonhomogeneous. However, the problem can easily be reduced 
to a problem with boundary conditions equal to zero in the following way. 
Let us search for the solution of the problem in the form 


u(a,t) = v(a,t) + w(a,t), 


where v(x, t) is a new unknown function, and the function w(z, t) is chosen so that it satisfies 
the given nonhomogeneous boundary conditions 


Pi[w] = awe + fiv|z-9 = M(t), — Pa[w] = a2we + Bow|,_, = 92(t). 


For the function u(x,t) we obtain the following boundary value problem: 


Pi[v] = ave + fir|zeg = 9, Polv] = ave + Bov|,_, = 0, 
where 


x dw  ,0?w 


P(x) = v(x) — w(z, 0). 
The solution of such a problem with homogeneous boundary conditions has been considered 
in the previous section. 

The ausiliary function w(a,t) is ambiguously defined. The simplest way to proceed is 
to use polynomials and construct it in the form 


w(x, t) = Pr(a)gi(t) + Po(x)go(¢), 


where P,(x) and P2(xz) are polynomials of the 1% or 2"¢ order. Coefficients of these poly- 
nomials will be chosen so that the function w(x, t) satisfies the given boundary conditions. 
We have the following possibilities. 


Case I. If 8; and in Equation (6.65) are not zero simultaneously we may seek the 
function w(x, t) in the form 


w(x, t) = (y1 + 612) 91 (t) + (y2 + 52%) 92(t). 
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Substituting this into boundary conditions (6.65), and taking into account that the derived 
system of equations must be valid for arbitrary t, we obtain coefficients y,, 61, y2 and dz as 


— ag + Poly i= — Bo 

Bi Bale alr Baz _ Boay ; By Bale Tr By a2 _ Boay : 
= —ay = Br 

Bi Bale Tr By a2 = Boa” Bi Bale Tr Bya2 = Boa 


Reading Exercise: We leave it to the reader to obtain the results above. 


ra t) = lt) the auxiliary function has the form 


Case IT. If 8; = 62 = 0, that is ea ,t) = go(t 


a 


w(a,t) = [2 > -gi(t) + - - go(t). 


Reading Exercise: Verify the statement above. 
It is easily checked that, defined in such a way, the auxiliary functions w(z,t) satisfy the 
boundary conditions in Equation (6.65). 


Reading Exercise: Prove the statement above. 


Combining the different kinds of boundary conditions listed above, we obtain nine dif- 
ferent auxiliary functions which are listed in Appendix C part 2. 

In the following examples we consider problems which involve the nonhomogeneous heat 
conduction equation with nonhomogeneous boundary conditions. 


Example 6.8 Let the pressure and temperature of air in a cylinder be equal to the atmo- 
spheric pressure. One end of the cylinder at « = 0 is opened at the instant t = 0, and the 
other, at « = /, remains closed. The concentration of some gas in the external environment 
is constant (uo = const). Find the concentration of gas in the cylinder for t > 0 if at the 
instant t = 0 the gas begins to diffuse into the cylinder through the opened end. 


Solution. This problem can be represented by the equation 


Ou 2 0*u 2 
ee “ope @ 
under conditions 9 
u(z,0)=0, u(0,t) = uo, DSS (l.t) =0, 


where D is the diffusion coefficient. 
Clearly the eigenvalues and eigenfunctions of the problem are (see Chapter 4): 


(Qn —1)r]? . (Qn—1)rx 5 ft 
Xn | 21 : n(Z) sin 21 7 || nll De n ? 3, 


and the solution will be of the form 
u(a,t) = v(x, t) + w(a,t). 


In general, for a specific problem an auxiliary function is easily obtained from general 
formulas for w(a,t) found in Appendix C part 2. We may often guess what the function 
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— 9(x) 
10 — u(x,20) 


FIGURE 6.7 
Solution u(#,t) for Example 6.8. 


must look like based on the physical observation that we are searching for a terminal or 
steady state solution. In the present case 


w(x, t) = uo. 


We also have 


F(z,t)=0, P(x) = —uo. 
Applying formula (6.34), we obtain 


Quo f' . (Qn—1)rx Aug 
C, =-—— dx = : 
l Jo a 21 ° (2n — 1)r 


Substituting the expression for C;, into the general formula, we obtain the final solution: 


a a2 (2n-1)2 4? on — 1 
u(@.t) = w(e,t) + > ye SP tig Cn 


n=1 


Aug Ca 1 2@n-?e? » | (2n— 1) 
= ug y e a sin ———_——_.. 
T 2n—1 
n=1 


2l 


Figure 6.7 shows the spatial-time-dependent solution u(a,t). This solution was obtained for 
the case when | = 10, up = 10 and a? = D = 1. All parameters are dimensionless. The 
dark gray line represents the initial temperature and the black line is temperature at time 
t = 20, step dt = 2. 


Example 6.9 Find the temperature change in a homogeneous isotropic bar of length / 
(0 < a < 1) with a heat-insulated lateral surface during free heat exchange if the initial 
temperature is given by 


a2 


u(z,0) = p(x) = Wore 


The left end of the bar at x = 0 is insulated and at the right end temperature is held 
constant: 


u(l,t) = uo, where wo =const > 0. 
Solution. The problem is described by the equation 


du _ pd 
at” Ox 
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with the conditions 
u(z,0) = g(a) = uz" /??, 
Ou 


Bu (02) =0, u(l,t) = uo. 


The solution of the problem will be of the form 


u(a,t) = v(#,t) + w(a,t). 


The auxiliary function can be easily obtained from the general formulas above (do this as 
a Reading Exercise; the answers are found in Appendix C part 2) and we find 


w(x, t) = uo. 


This function corresponds to the steady-state regime as t + oo. The eigenvalues and eigen- 
functions are easy to obtain (you can also find them in Appendix C part 1) and we leave it 
to the reader as a Reading Exercise to check that they are: 


(2n —1)r]? (2n — 1)ra » t 
mW - ey Xn = nr) ne Xn ee = Tye Opes a). 
A | 7 (x) = cos a1 \|X,]| : (n = 1,2,3,...) 


Following the same logic as in previous problems, for the function u(x,t) we obtain the 
conditions 


f(z,t) = 0, 


: io x? 
P(z) = oF — Yo = Uo (F-1) . 
We apply Equation (6.34) to obtain 


oa i Ohl 
Ch = a P(x) cos pes Lae 
, 21 


a7 x? (2n —1)rx 32u9 
a es | = 1)". 
i | “ (5 ) OF nee 


With these coefficients we obtain the solution of the problem: 


32ug a (-1)"  _ @n-1)?0? x? 2n—1)rx 
u(x,t) = uo — a S- oe 1 cos Cn re 
=1 


Figure 6.8 shows the spatial-time-dependent solution u(x,t) for Example 6.9. This solution 
was obtained for the case when | = 10, uw) = 5 and a? = 0.25. All parameters are dimension- 
less. The dark gray line represents the initial temperature and the black line is temperature 
at time t = 250, step At = 2. 


Example 6.10 Let the pressure and temperature of air in a cylinder length / (0 < a < l) 
be equal to the atmospheric pressure. One end of the cylinder at x = 0 is opened at the 
instant t = 0, and the other, at « = J, remains closed. The concentration of some gas in 
the external environment is constant (ug = const). Find the concentration of gas in the 
cylinder for t > 0 if at the instant t = 0 the gas begins to diffuse into the cylinder through 
the opened end. 
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u g(x) 
A — 1u(x,250) 


FIGURE 6.8 
Solution u(z,t) for Example 6.9. 


Solution. This problem can be represented by the equation 


Ou 2 O*u 5 
Ot =a Del? a = D, 
under conditions 3 
u(z,0)=0, u(0,t) = uo, Ds>(l. t) =0, 


where D is the diffusion coefficient. 
Clearly the eigenvalues and eigenfunctions of the problem are (see Appendix C part 1): 


_— [Qn-1)r _, (Qn-1)re a4 7 
An = at ’ Xn(x) = sin-——>-—, |Xn]| a 1 eel es ee 
and the solution will be of the form 

u(a,t) = v(a,t) + w(a,t). 


In general, for a specific problem an auxiliary function is easily obtained from general 
formulas for w(a,t) found in Appendix C part 2. We may often guess what the function 
must look like based on the physical observation that we are searching for a terminal or 
steady state solution. In the present case 


w(x, t) = uo. 


We also have 


f(z,t)=0, G(x) = —uo. 
Applying formula (6.34), we obtain 


L Jo ica 21 ~ (2n —1)r° 
Substituting the expression for C;, into the general formula, we obtain the final solution: 


a®(2n=1)?n? 4 | (Qn — 1)ra 
ar sin ————— 


u(a,t) = w(a,t) + s Cre 7 


n=1 


Aug Sa 1 Pan)? , | (Qn —1)02 
ug — — 2, nn 1° ar? sin 7 : 
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u 


FIGURE 6.9 
Solution u(#,t) for Example 6.10. 


Figure 6.9 shows the spatial-time-dependent solution u(x,t) for Example 6.10 for J = 10, 
ug = 10 and a2? = D = 1. 


Example 6.11 The initial temperature of a homogeneous isotropic bar of length | (0 < 
x <l) is 
u(z,0) = uo = const. 

There exists a steady heat flux from the environment into the ends of the bar which is given 
by 

Ou a Ou q2 

—(0,t) = =-—, ~—(,t)= =—. 

sn (0,1) = 1 (L)=@=2 
Convective heat transfer occurs with the environment through the lateral surface. Find the 
temperature u(x,t) of the bar for t > 0. 


Solution. The problem is described by the equation 


Ou > O7u 9 #K h 
—=055- WU, w= =— 
Ot an2 cp’ q cp 


with initial and boundary conditions 
u(x,0) = p(x) = uo, 


Ou Ou 


5g (ort) = Q1, Ox (i, t) = Qo. 


The boundary conditions of the problem are Neumann boundary conditions and the eigen- 
values and eigenfunctions are, respectively, 


nT \ 2 = NTx 2 Jf 4, n=0, 
m= (TF) Xole)=oos"T, GIP ={ to, noo 


The auxiliary function is (see Appendix C part 2): 
x x a 
w(a,t) = («- =r) Qi + a @? = 2Qi + oI (Qo= i). 


We leave it to the reader as a Reading Exercise to obtain this auxiliary function and the 
eigenvalues and eigenfunctions. 
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A(x) 
35-4 —_= u(x, 150) 


FIGURE 6.10 
Solution u(a#,t) for Example 6.11. 


The solution is 


u(x, t) = w(2,t) +) [Ta() + On = et" cos A 


n=0 


To obtain the coefficients we find first 


7 2 2 ao 
f(a,t) = 7 (Gs = Oi) —7 (« =) Qi t+ 502| ; 


x 


2 
Bla) = wo (« a) a 2: 


Applying Equations (6.34), (6.52) and (6.55), we obtain 


U 2 2 1 
Co = | c (« si) Q1 Fi a dz = uo — g (201 + Q2), 
I 2 l 
Ch = if, E — Qix + (Qi — Q2) | cos de = — [Q1 — (-1)"Qp], 
l 2 _ 
folt) => f #(e)ae=2— 2) _ A020, + a9), 
t 2 _ 
Tat) = fF folr) ee? ar = = [2 2) _ (20, + 5)] 4-79). 
For n > 0, 
1 
fa(t) = 2 [£°(@,1) 008 <= de = ae [21 — (-1)"Qz], 
Talt) = fP falr) eS a 


0 
2ly 


= r n . (a? dn +7) 
- nen (a7An +7) [21 ( 4) Q2] (1 C ey ®) : 


Figure 6.10 shows the spatial-time-dependent solution u(x,t). This solution was obtained 
for the case when | = 10, y = 0.02, ug = 10, Q1 = —5, Qo = 10 and a? = 0.25. All 
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parameters are dimensionless. The dark gray line represents the initial temperature and the 
black line is temperature at time t = 150, step At = 2. 


Example 6.12 Find the temperature distribution inside a thin homogeneous isotropic bar 
of length | (0 < 2 < 1) with insulated lateral surface if the initial temperature is zero. The 
temperature is maintained at zero on the right end of the bar (x = 1), and on the left it 
changes as governed by 

u(0, t) = up cos wt, 
where up, w are known constants. There are no sources or absorbers of heat inside the bar. 


Solution. The temperature is given by a solution of the equation 


du 4 0?u 

at" aa2 
with conditions 

u(z,0) = 0, 


u(0,t) = up coswt, u(l,t) = 0. 
For these Dirichlet boundary conditions the eigenvalues and eigenfunctions of the problem 


are 
NTL l 


i= eng Xp(a)=sin==, Xa’? =5 (n=1,2,8,.-.). 
The solution will be of the form 
u(a,t) = v(a,t) + w(a,t). 
The auxiliary function follows from the general case (also see Appendix C part 2): 
w(a,t) = (1 - =) Uo COs wt. 
Then 


f(a, t) = ugw (1 - 7) sinwt and ¢(x) = —wuo (1 - >) : 


Applying Equations (6.34), (6.52) and (6.55), we obtain 


a 7 9 
c.=7f A(x) sin dx = ~~. 

PP 9 

Frid) = T f(z) sin de = — sin wt, 
2 2ugw 25 

T,(t) = fn(t) e © ANT) dp — / sinwr e7 % %*(t-7) dr 

0 nt 0 

2upw 


2 : — arnt 
= —__ — }a*d,, sinwt — wcoswt + we aie 
nm(a*r2 + w?) ie 


Substituting the expressions for C,, and T,,(t) into the general formulas, we obtain the 
solution: 


NTL 


1 ) Ug COS Wt-+ S- [7a(¢) + Che~ ae sin ea 
n=1 


u(a,t) = (1- : 


x 2uo 1 
1- =) t4 
i Ug COS W = 2d n(atr2 + w?) 


_ 2 nna 
x Ja? rnw sinwt — w? coswt +a7rA,e7 * 4 


sin ——. 
l 
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— 9(x) 
== u(x,15) 


FIGURE 6.11 
Solution u(#,t) for Example 6.12. 


Figure 6.11 shows the spatial-time-dependent solution u(x,t). This solution was obtained 
for the case when | = 10, w = 0.5, ug = 5 and a? = 4. All parameters are dimensionless. 
The dark gray line represents the initial temperature and the black line is temperature at 
time t = 15, step At = 2. 


Reading Exercise: Check that for t > oo the solution obtained above is a sum of purely 
periodic harmonics and can be presented in the form 


2ug a 1 
u(a,t) = (1 - *) Ug COS Wt + — S- 7, sin dn -sin(wt — 6,,) + sin — 
n=1 


where the phase shifts are given by 6, = tan~+(w/a?An). 


6.6 Large Time Behavior of Solutions 


Next, we consider frequently encountered physical situations where knowledge of initial 
conditions is not important. It is seen from the previous examples that the influence of the 
initial conditions decreases with time for cases where heat propagates through a body. If 
the moment of interest is long enough after the initial time, the temperature of a bar, for 
example, is for all purposes defined by the boundary conditions since the effects of the initial 
conditions have had time to decay. In this case we may suppose that after a long enough 
time the initial condition vanishes. This situation also frequently applies when boundary 
conditions change periodically, for example in the previous Example 6.12. In these cases we 
may assume that after a large interval of time the temperature of a body varies periodically 
with the same frequency as the boundary condition. After this time the initial temperature 
can always be assumed to be equal to zero (even if it is not). In problems like Example 6.12 
we can specify this time — as can be seen from the solution temperature does not depend 
on the initial condition when t > (l/a)?. 

Another situation when initial conditions are not important occurs when the equation 
contains periodically changing terms so that the solution varies with the same frequency 
after a long enough time. The example below presents such a situation. 
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Example 6.13 Consider the motion of fluid between two parallel plates, located at x = 0 
and x = H, under a periodically changing pressure gradient parallel to the y-axis. Clearly 
this is a one-dimensional problem; the function for which we are searching is the y- 
component of the fluid speed, u(a,t). Since we are searching for a steady-state regime we 
assume the solution does not depend on the initial condition and formally we set u(x, 0) = 0. 


Solution. This problem is described by the equation that follows from the Navier-Stokes 
equation for fluid motion given by 


Ou 2 07u 
OL =a Age + bcos wt, (6.66) 


where a? = v is the coefficient of kinematic viscosity. The boundary conditions 
u(0,t) = u(H, t) =0 
correspond to zero velocity at the plates and the initial condition is 
u(a,0) = 0. 


The eigenvalues and eigenfunctions of the problem we have seen a number of times 
before and are 


2 Al 
m=(S), Xn(e)=sin =, [Xa =>, 2=1,2,3,.... 


The coefficient, C,, = 0, since y(a) = 0. Applying Equations (6.52) and (6.55) we obtain 


na 


2b {1 — (—1)” : a2n2-n2 2bH? [1 — (—1)” 
T(t) = 2b IL ae | coswr ea? (Ndr = | (=1)"] 


nt nm [atntdt + w2 H4) 


9 fH 2b t 
falt) = =a bcoswt - sin de — L(t)", 


a2zn2 72 
. = t 
x [a?n?n? coswt + wH? sinwt — a?n?n7e H2 


Obviously from above we see that Toz(t) = 0. Also 


on? coswt + wH? sinwt = V/a4ntn4 + w? H4sin(wt + ,), 


where 6, = arctan 2" . Hence, the solution of the problem has the form 


n= AbH? . 1 sin(wt + 02,1) 
a: 2k—1 | \/a4(2k — 1)404 + w?H4 


k=1 

—a?(2k — 1)?n? — Parr? |. (2k —-1)re 

€ H sin ——__——_.. 
[a*(2k — 1)474 + w? 4] 


Figure 6.12 shows the spatial-time-dependent solution u(x,t). This solution was obtained 
for the case when H = 10, w = 0.5, b = 5 and a? = vy = 1. All parameters are dimensionless. 
The dark gray line represents the initial temperature and the black line is velocity at time 
t = 30, step At = 2. 

Clearly as t > co (more accurately, when t > H?/a?) we have 


4bH? = sin(wt + 0241) _ (2k —1)r2x 


sin 
m fay (2k -1)/a4(2k — 1)4nt +? HA H 


u(x,t) 
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—= 9x) 
— u(x, 30) 


FIGURE 6.12 
Solution u(«#,t) for Example 6.13. 


We can also see that u(0,t) = u(H,t) = 0 as it should be. Also u(a,t) takes its maximum 
value at « = H/2. 

Notice that the initial conditions and the solution formally disagree but in this periodic 
problem the role of the initial condition becomes negligible for times t >> H? i a 

In this and similar problems it is easy to obtain an asymptotic solution in a closed form 
(not as the series). From the physical point of view it follows that such a solution is periodic 
with frequency w because in systems with dissipation (described by parabolic equations) 
the internal oscillations decay exponentially with time (which is exactly the opposite of the 
case of hyperbolic equations). This allows us to search for a solution in the form 


u(x,t) = X (a) exp(iwt). (6.67) 


Notice that we cannot look for a time dependence for the solution in the form of an external 
force coswt only - the reason is that the derivative in time mix the sin and cos functions 
and we have to take into account both of them. Another way is to use an exponential form 
(6.67). 

Substituting Equation (6.67) into Equation (6.66) we obtain the ordinary differential 
equation 


iw b 
First, we solve the homogeneous equation, 
ie aX =i, (6.69) 


The characteristic equation for this linear equation has two roots: 


ae = 2 VP 1+ 9) (6.70) 


a 


Thus, a general solution to the homogeneous Equation (6.69) is 


X (x) = Crexplq(1 + 2)a] + Coexp[—q(14+i)z], q=-4/=. (6.71) 
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A particular solution of the nonhomogeneous Equation (6.68) is (—ib/w), in which case 
we may write a solution of this equation which satisfies zero boundary conditions as 


ie2-" (: 2) pein (6.72) 


W COS A> 


From this we have 
u(a,t) = Re X coswt — Im X sinwt. (6.73) 


X(a) is complex and the system response will be, as follows from the previous formula, 
shifted in phase relative to the external influence. 
To obtain a final form we use the identity 


cos z = cos (x + iy) = cosxcosiy + sinxsiniy = cosxcoshy + isin x sinh y (6.74) 


to yield the result for Re X and Im X that, with Equation (6.73), gives the final answer for 
the steady state solution: 


ReX = b sin gx sinh q (a — H) — sing (a — A) sinh qx 


7) cos gH + cosh gH : (6.75) 
b cos gx cosh q (a — H) + cos q(x — H) cosh qx 
Im X = 1 : 
Ww cos gH + cosh qH 
ee 
6.7 Maximum Principle 
Let us consider the homogeneous heat equation 
Ou 2 O7u 
— =a —,, 0 lL 0<t<T 6.76 
RE =o Agu? O<2<i, O<t< (6.76) 
with the initial condition 
u(z,t)|:-0 = p(x), O<aK<l (6.77) 
and Dirichlet boundary conditions 
Pi[u] = ulzso = mt), Pe[u] = uleai = go(t), OS CST. (6.78) 


The initial-boundary value problem (6.76)-(6.78) describes the temperature field in a rod 
heated or cooled at the ends, when there are no sources of heating or cooling inside the rod. 

Let Mj, be the maximum initial temperature, M; = max, v(x), M2 be the maximum 
temperature ever imposed on the rod’s ends, 


Mp2 = max [max;g1(t), maxzg2(t)] , 


and M is the largest number among M; and M2, M = max(M;,, M2). It is intuitively clear 
that the temperature inside the rod can never exceed WM. Indeed, when the temperature does 
not exceed M in the beginning, the ends of the rod are never heated to the temperature 
higher than M, and there is no internal heating, there is no reason for the temperature 
inside the rod to exceed M somewhere. Thus, the maximum of function u(x, t) in the whole 
region 0<a<J/,0<t< T is reached either at the initial time instant t = 0, or at the ends 
xz = 0 or x = l, ie., on the boundary y shown in bold in Figure 6.13. The maximum 
cannot be reached in an internal point « = xo at a certain time instant t = to, neither for 
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FIGURE 6.13 
Boundary ¥ is shown in bold. 


0 < t) < T, nor at t = T. This property of the solution is called the maximum principle. 
Though this property looks rather obvious, its mathematical proof is a bit tricky, and we 
present it below. 

First, let us prove the maximum principle for a function v(,¢) satisfying the inequality 
Ut — G7 Ure = f (x,t) < 0, ie., in the case of internal cooling. Assume that the maximum 
of v is reached in a certain point (a9,to), where 0 < 29 < 1,0 < to < T. According to the 
properties of a maximum, v, = 0 and vz, < 0 in that point, hence, v; — a?vyz > 0, ie., we 
get a contradiction. If we assume that the maximum of v(z,t) in the whole region 0 < a < l, 
0<t<T is reached at t = T in a certain point x0, 0 < x < I, then it should be uy > 0, 
otherwise u will take higher values at t < 7. Still, uzg < 0 at x = xo, hence we get again 
a contradiction: v; — a?vzz > 0. Thus, we have proved the maximum principle for function 
v(a, t). 

Let us prove now the maximum principle for function u(x,t) satisfying (6.76)-(6.78). 
Let M be the maximum of u on the boundary ¥ indicated in Figure 6.13. Define function 
v(a,t) = u(x,t) + ex”, where € > 0. Then vy — a?ug¢ = —2a7e < 0. Applying the maximum 
principle to function v(a,t), we obtain the following sequence of inequalities: 


u(x,t) = (x,t) — ex? < v(2,t) < o(2,d)|,<Mt+el?, O<2<l, 0O<t<T. 


In the limit « > 0, we find that u(x,t) < M forO<a2<l1,0<t<Ty,ie., u(z,t) satisfies 
the maximum principle. 

A similar property is correct for the minimum of function wu: it is reached at y. That is 
just the maximum principle for function —u(a,t), which is the solution of the heat equation 
with function —y(x) in the initial condition and functions —g)(t), —g2(t) in boundary 
conditions. 

Note that the maximum/minimum principle guarantees the well-posedness of problem 
(6.76)-(6.78). Indeed, assume that we have two solutions wu; and uz of the homogeneous heat 
equation for slightly different initial and boundary conditions, and apply the maximum and 
minimum principles to function w = u, — ug which is also a solution of the homogeneous 
heat equation. We find that the absolute value of the difference between solutions in the 
whole definition region of the problem cannot exceed its maximum on y. Thus, the solution 
depends continuously on the initial and boundary conditions. If both functions u; and ug 
satisfy the same initial and boundary conditions, then their difference w = u; — ug is equal 
to zero on y. Because of the maximum/minimum principle, w = 0 everywhere, ie., the 
solution of (6.76)-(6.78) is unique. The conditions of the existence of a classical solution 
were discussed in Section 6.2. 
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6.8 The Heat Equation in an Infinite Region 


Let us consider the Cauchy problem for the homogeneous heat equation in the infinite 
region: 


Out 2 Ou? 
a t ; 
a" Dg? 0, w<a<w, t>0, (6.79) 
ur(2,t)|i-o = (4), cO<4< oO. (6.80) 
It is assumed that at infinity 
jim u(x,t) =0, t>0. (6.81) 


We can solve the initial value problem (6.79)-(6.81) by means of the Fourier transform, as 
was done in Section 5.11.1 in the case of a hyperbolic equation. It would be more instructive, 
however, to obtain the same result taking a limit | — oo in the problem in a finite region. 
That is done below. 

First, let us consider the Cauchy problem in a symmetric finite region —1/2 < x < 1/2 
with homogeneous Dirichlet boundary conditions 


l l 
U1 (-) = Ui (5-4) = 0, t> 0. 


The solution can be written in the form 
i 


ui(a,t;l)= | g(x, €,t,De(E)d€, (6.82) 
0 
= Xn x; Xn E31 —a? 
g(e €t30) = J ATED (oat (6.83) 
n=1 Le 
where 
nt l 2 I _ (nt - 
Xn (a3) = sin (<+5) , XalP=5, dn = (+) fe ee 


(see (6.57), (6.58)). Note that for even n = 2m, m = 1,2,..., 


_ 2mn7r l : 2m m 2 2INML 
sin | ats = sin et mn = (-1)"sin 7 


and for odd n = 2m+1,m=0,1,..., 


nour € | ;)| S25 ao (m+5) | = Ayo SEE 


thus, the kernel (6.83) 


g(x, €, t; 1) = Ga( 2,60) + Ate ts 


where 


I= Imma \" . 2nnxe , A@ZrE 
gs(a,€,t31) = 7S) exp -( i ) | sin —— sin ——, (6.84) 
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co 2 
gel, €,t; 1) = : S- exp - [oes tee | COS int Lyne COS Cui DS (6.85) 
m=0 


l l l 


In order to find the limit of (6.84) at | — oo, let us define 


then e 
1 ein? 7 ly 
gs(x,€,t;1) = = d° a Mm" sin mx SiN NmEAN. 
m= 


In the limit Aj > 0 we obtain 


1 Co 
gs(z,€,t) = lim g,(a, €,t;1) = -{ e@* sin na sin nédn. 
loo T Jo 


Similarly, we can obtain 


1 Co 
Gol test) = Nim go(a38 0): = -{ et cos nx cos nédn. 
loo T Jo 


Thus, 
g(x, §,t) = lim g(x, €,t51) = go(x,&,t) + ge(x,&, t) 
1 22 D2. 
-{ e ** cosn(x — €)dn. (6.86) 
0 


Tv 


I 


To calculate this integral, let us present it as 


1 2. DD: 1 ae 2,2 . 
t)= — Hone = ae a’ t+in(e—§) gf 
g(a, €,t) i hee cos n(a — €)dn sRe fe n 


= ~ i exp (-0 hi? _ tes) ‘]) dn 


Define (o—8) 
(ae — 
sau! | at , 
then Pe 
1 4 s co 5 e7 a—€ 4a‘t 
ae ge ie! a = dc =—_—_ _———, 6.87 
g(x, &,t) ae oe ¢ a (6.87) 


Finally, the solution of the problem (6.79)-(6.80) is 


ux (0,t) = i * g(a, €,t)elédé, 


—oo 


where g(z,&,t) is determined by formula (6.87). 


Similarly to (6.60), (6.61), the solution of the nonhomogeneous heat equation with zero 
initial conditions, 


2 
Sie _ 92M = F(a,0), oo <a <co, t>0; (6.88) 
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ua(a,t)|20 = 0, 00 < & < 00; jim ug(a,t)=0, t>0, (6.89) 
can be found as a a 
ux(est)= fdr f dgG(a, 61-167) (6.90) 
where Green’s function 
_ — teas) (ee)? 
Ga.Et—7) = H(t —T)g(z, €,t) _ 2Qa,/n(t — T) exp | 4da?(t — 7) 2 (6.91) 


The solution of the nonhomogeneous heat equation with non-zero initial condition can 
be found as u(x,t) = ui (ax, t) + ue(a, t). 


Example 6.14 Using the expression for Green’s function (6.91), solve the following BVP 
for a nonhomogeneous heat equation: 


ly — O°tigg = 6(@), —co<a<oo, t>0, 


u(z,0) =0, -co<a<o; jim u(z,t) =0, t>0. 


Substituting f(€,7) = 6(€)H(r) into Equation (6.90), we find: 


wlast)= [ar OD [acoso | EES] Ho 


1 if 1 ao 
= exp |——.——__ |. 
2a/7m Jo Vt—T da? (t — 7) 
To calculate that integral, it is convenient first to apply the following change of the inte- 


gration variable: 
1 1 
> FSt 
b= y 


(,t)=— [- -3/2 a 
WH Falah! | OP ao?” 


Using tables of integrals, or Mathematica one finds: 


Then 


u(x,t) = ve exp . le| erfc le| ; 
, an/r dat 4a? 2ay/t 


Problems 


Problems 1 through 30 involve the temperature distribution inside a homogeneous isotropic 
rod (or bar) of length l. Solve these problems analytically which means the following: formu- 
late the equation and initial and boundary conditions, obtain the eigenvalues and eigenfunc- 
tions, write the formulas for coefficients of the series expansion and the expression for the 
solution of the problem. You can obtain the pictures of several eigenfunctions and screen- 
shots of the solution and of the auxiliary functions with Maple, Mathematica or software 
from books [7, 8]. 

In problems 1 through 9 we consider rods which are thermally insulated over their lateral 
surfaces. In the initial time, ¢ = 0, the temperature distribution is given by u(x,0) = y(a), 
0 <a <l. There are no heat sources or absorbers inside the rod. 
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1. The ends of the rod are kept at zero temperature. The initial temperature of the 
rod is given as 


yilft)=1, go(t)=2, s(x) =a — 2). 


2. The left end of the rod is kept at zero temperature and the right end is thermally 

insulated from the environment. The initial temperature of the rod is 
x 
gilt) =2", ya(e)=2, ya(2)=2(I-5). 

3. The left end of the rod is thermally insulated and the right end is kept at zero 

temperature. The initial temperature of the rod is 
gi(t)=2, g2(z)=1, 93(x) =P? — 2”. 

4. Both ends of the rod are thermally insulated. The initial temperature of the rod 

is 


gi(z)=2, Ya(z)=P—2*, ya(x) = 2? (1 = =) 


5. The left end of the rod is kept at zero temperature and the right end is subject 
to convective heat transfer with the environment. The initial temperature of the 
rod is z 

gilt) =1, yalz)=2, ya(x) = 2 (1-5). 


6. The left end of the rod is subject to convective heat transfer with the environment, 
which has zero temperature, and the right end is kept at zero temperature. The 
initial temperature of the rod is 

1 
1—2x)+ =. 

(1-2) +5 

7. The left end of the rod is thermally insulated and the right end is subject to 


convective heat transfer with the environment which has constant temperature 
of zero. The initial temperature of the rod is 


pile) =1, yalx) = 2, pala)= (1-2), 


gi(z)=1, go(z)=l-—2, s(x) = 


wls 


8. The left end of the rod is subject to convective heat transfer with the environment 
(whose temperature is zero) and the right end is thermally insulated. The initial 
temperature of the rod is 


(x —1)° 


gi(a4)=1, go(a)=2, 3(4) =1- 5 


9. Both ends of the rod are subject to convective heat transfer with the environment, 
which has a temperature of zero. The initial temperature of the rod is 


aile)=1, gale) =a, pala)= (1-2), 


In problems 10 through 18 we consider rods whose lateral surfaces are subject to 
heat transfer according to Newton’s law. In problems 10 through 14 the environ- 
ment has constant temperature, which of course can be taken as zero. The initial 
temperature of the rod is given as u(x,0) = y(a). Again there are no heat sources 
or absorbers inside the rod. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


The ends of the rod are kept at a constant temperature, the left end has tem- 
perature u(0,¢) = u, and the right end has temperature u(l,t) = u2. The initial 
temperature of the rod is 


The left end of the rod is kept at a constant temperature u(0,t) = ui, and a 
constant heat flow is supplied to the right end of the rod. The initial temperature 
of the rod is 


A constant heat flow is supplied to the left end of the rod from outside and the 
right end of the rod is kept at a constant temperature u(l,t) = ug. The initial 
temperature of the rod is 


yi(z)=2, yo(x)=1, 93(4) =P? —2?. 


Constant heat flows are supplied to both ends of the rod. The initial temperature 
of the rod is 


pil) =2, gala) =P—2%, yal) =a? (1-=). 


The left end of the rod is kept at a constant temperature u(0,t) = ui and the 
right end is subject to convective heat transfer with the environment, which has 
a constant temperature of uo. The initial temperature of the rod is 


The left end of the rod is subject to convective heat transfer with an environment 
which has a constant temperature of ug, the right end is kept at the constant 
temperature u(l,t) = ug. The initial temperature of the rod is 


yi(a)=1, gola)=l—2, s(x) = (1-22) + 5. 


wl 


A constant heat flow is supplied to the left end of the rod from outside and the 
right end of the rod is subject to convective heat transfer with an environment 
of constant temperature, uo. The initial temperature of the rod is 


vile)=1, gol(2)=2, ala) = (1-5). 


The left end of the rod is subject to convective heat transfer with an environment 
of constant temperature up, and a constant heat flow is supplied to the right end 
of the rod. The initial temperature of the rod is 


(w— 1)° 


gi(a4)=1, go(a)=2, v3(4) =1- P 
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18. 


19. 


20. 


21. 


22: 


23. 


24. 
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Both ends of the rod are subject to convective heat transfer with an environment 
of constant temperature ug. The initial temperature of the rod is 


3 
x 
gi(f~)=1, gelt)=2, 93(z) = (1 =; _ : 
Problems 19 through 21 consider rods whose lateral surfaces are subjected to 
heat transfer according to Newton’s law and the environment has a constant 
temperature @. One internal source of heat acts at the point xg inside the rod 
and the power of this source is Q. 


The ends of the rod are kept at constant temperatures — the left end has a 
temperature u(0,¢) = wu; and the right end has a temperature u(l,t) = ug. The 
initial temperature of the rod is 


vi(z)=2", vo(t)=2, vs(z)=2 (i - =| , 


Constant heat flows, q, and qz2, are supplied to both ends of the rod from outside. 
The initial temperature of the rod is 


g(a) =2, gol) =P—2?, ga(x) =2 (1-2), 


At both ends of the rod a convective heat transfer occurs with the environment 
which has a constant temperature of 6. The initial temperature of the rod is 


ax 


vile) =1, gz) =2, ala) = (1-5). 


In problems 22 through 24 we consider rods whose lateral surfaces are subjected 
to heat transfer according to Newton’s law and the environment has a constant 
temperature 9. Internal heat sources and absorbers are active in the rod and their 
intensity (per unit mass of the rod) is given by f(x,t). The initial temperature 
of the rod is zero, u(x, 0) = 0. 


The ends of the rod are kept at constant temperatures — the left end has temper- 
ature u(0,¢) = u; and the right end has temperature u(l,t) = ug. The intensities 
of heat sources and absorbers are 


fi(a,t) = Asinwt, fo(a, t) 
f3(a,t) = Acosut, fa(a, t) 
fs(x,t) = Asinwtcoswt, fe(x,t) 


Ae~™ sin wt, 
Ae—™ cos wt, 
Ae~“ (sinwt + cos wt). 


I 


I 


The constant heat flows, g; and qe, are supplied to both ends of the rod from 
outside. The intensities of heat sources and absorbers are 


fi(z,t) = Asinut, fo(a,t) = Ae~ sinwt, 
f3(x,t) = Acosuwt, fa(x,t) = Ae~™ coswt, 
fs(x,t) = Asinwtcoswt, fe(x,t) = Ae~*'(sinwt + coswt). 


I 


Both ends of the rod are subjected to convective heat transfer with the environ- 
ment at constant temperature 6. The intensities of heat sources and absorbers 
are 

fi(a,t) = Asinut, fo(a,t) = Ae~ sin wt, 

f3(a,t) = Acosut, fa(a, t) = Ae~ cos wt, 

fs(z,t) = Asinwtcoswt, fe(x,t) = Ae~*'(sinwt + coswt). 
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In problems 25 through 30 we consider rods with thermally insulated lateral 
surfaces. The initial temperature of the rod is zero u(x,0) = 0. Generation (or 
absorption) of heat by internal sources is absent. Find the temperature change 
inside the rod for the following cases: 


25. The left end of the rod is kept at the constant temperature u(0,t) = u; and the 
temperature of the right end changes according to go(t) = Acoswt. 


26. The temperature of the left end changes as gi(t) = Acoswt and the right end of 
the rod is kept at the constant temperature u(1,t) = us. 


27. The left end of the rod is kept at the constant temperature u(0,t) = ui, and the 
heat flow go(t) = Asinwt is supplied to the right end of the rod from outside. 


28. The heat flow gi(t) = Acoswt is supplied to the left end of the rod from outside 
while the right end of the rod is kept at the constant temperature u(I,t) = ua. 


29. The left end of the rod is kept at the constant temperature u(0,t) = u; and the 
right end is subjected to a convective heat transfer with the environment which 
has a temperature that varies as Uma(t) = Asinwt. 


30. The left end of the rod is subjected to a convective heat transfer with the envi- 
ronment which has a temperature that varies as Uma(t) = Acoswt and the right 
end is kept at the constant temperature u(l,t) = uo. 


In problems 31 through 32 find Green’s functions for the following problems: 
31. uj, —@7 ug, = F(z,t), u(0,t) =ue(L,t) =0,t>0; u(z,0)=0. 
32. uz, —Q7uge = F(a,t), O< e<co, u(0,t)=0,t>0; u(z,0)=0, 2 >0. 
33. Show that Duhamel’s principle is valid for the heat equation in an infinite region. 


34. Show that the maximum principle holds for equation w+ vug = a?Ugz, where 
v = const. 


35. The following boundary value problem is given: 
Ut = Ure (heat equation),0O<a<7,0<t<T;u(0,t) =u(z,t) =0,0<t<T; 
u(z,0) =sin?2, O<a2<r. 


Without solving that problem, show that 0 < u(x,t) < e~'sinz in the region 
O<a<7,0<t<T. 


7 


Elliptic Equations 


7.1 Elliptic Differential Equations and Related Physical Problems 


When studying different stationary (time-independent) processes, very often we meet the 
Laplace equation 
Vu = 0. (7.1) 


The nonhomogeneous equation 
V-u=—f (7.2) 


with a given function f of the coordinates is called the Poisson equation. 
Laplace and Poisson partial differential equations are of Elliptic type. 


The Laplace operator (Laplacian) in Cartesian coordinates is 


y= + +=. (7.3) 
In spherical coordinates, r, 6, y, related with Cartesian coordinates as (see Figure 7.1) 
x=rsinécosy, y=rsindsiny, z=rcosé, 


the Laplacian is 


2 10/.20\, 1 Of. ,0 1 a 
¥ ~ 2 ar \" ar)” 72 sind 06 ae ¥ gutp ope 


2_ 10 /,28)_ a 20 
where V7. = 52 5; (rv or) = ae ap 


In cylindrical coordinates r, y, z, related with Cartesian coordinates as 


1 
= Vow (7.4) 


L=rcosy, y=rsny, z=zZ, 


the Laplacian is 


10 fs) 1 0? O? 
in r Or (3) a r? Op? © Oz?" one) 


For the particular case of cylindrical coordinates, a polar coordinate system r, y with no 


dependence on z, we have 
x=rcosy, y=rsing 


vaio (ro). ae (7.6) 


and the Laplacian is 


~ > Or \" ar r2 Op?” 


Consider several physical problems. 
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FIGURE 7.1 
Spherical coordinates. 


1. Ifa temperature distribution created by external heating does not change with 
time, OT /Ot = 0, the homogeneous heat equation (7.2), Chapter 6, reduces to 
the Laplace equation, 

Ver= (7.7) 
If a medium contains a heat source or heat absorber, Q, and the temperature is 
time independent, the heat conduction equation (7.7), Chapter 6, becomes 
vra= 2 (7.8) 
pcx 
which is a particular example of the Poisson equation (7.2). 


2. The diffusion equation (6.9), Chapter 6, for stationary diffusion, 0c/dt = 0, 
becomes 
V*c=—f/D, (7.9) 
where c is the concentration of a material diffusing through a medium, D is the 
diffusion coefficient and f is a source or sink of the diffusing material. This is also 
the Poisson equation (or Laplace equation when f = 0). 


3. The electrostatic potential due to a point charge q is 


p=-, (7.10) 


r 


where r is the distance from the charge to the point where the electric field is 
measured. 


For continuous charge distribution with charge density p, the potential y is related to 
p as: 
V°~ = —4np. (7.11) 
Equation (7.11) is the Poisson equation for an electrostatic potential. In regions that do 
not contain electric charges, for instance at points outside of a charged body, p = 0 and the 
potential which the body creates obeys the Laplace equation 


V?y =0. (7.12) 


Reading exercise: Prove that the scalar potential (7.10) satisfies the Laplace equation for 
any r > 0. 
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7.2 Harmonic Functions 
Let us consider the two-dimensional Laplace equation, 
Ou Oru _ 


jak t Bye = ° (7.13) 


in the entire x, y-plane. 

In Section 3.2.2, we have obtained the general solution of elliptic equation (3.38) with 
constant coefficients. The Laplace equation is its particular case with a = c = 1, b = 0. 
Formula (3.42) gives the general solution of the Laplace equation: 


u(z,y) = Fy(y +ix) + F_(y— iz), (7.14) 


where functions F, and F_ are continuously differentiable twice. Define the complex vari- 
ables 


z=at+iy, 2=2-iy, (7.15) 
then 
u(@,y) = Fy(iz*) + F_(-iz). (7.16) 
Define G(z) = F_(-iz) and Go(z*) = Fy (iz*), then 
u(x, y) = Gi(z) + Go(z"*). (7.17) 


Functions G; and G2 should be twice differentiable. It is proved in the theory of functions 
of complex variables that a differentiable function of a complex variable z is actually dif- 
ferentiable infinitely many times; such a function is called an analytical function. Thus, we 
come to the conclusion that the arbitrary solution of the Laplace equation is a sum of two 
functions, an analytical function of z and a function which is a complex conjugate to an 
analytical function of z. 

Solution (7.17) is real if G2(z*) = (Gi(z))*, ie., u(@, y) = Gi(z) +(Gi(z))*. A particular 
real solution of the Laplace equation is called the harmonic function. For any non-constant 
analytical function G(z), we can obtain two harmonic functions taking its real part, 


1 * 
u(x, y) = ReG(z) = 5 [G(z) + (G(z))"], 
and its imaginary part, 
iL * 
ua(a,y) = ImG(z) = 5- [G(z) — (G(2))". 
For instance, the analytical function G(z) = e* generates two harmonic functions, 


ui(x,y) = ReG(z) = e* cosy and u2(x,y) = ImG(z) = e* siny. 
If G(z) is a polynomial of z, then functions ui(%,y) and ug(x,y) are harmonic polyno- 
mials. For instance, the analytical functions 


G(z) = 2? = (a + iy)? = 2? — y? + ivy 
give two harmonic polynomials, 
ui(z,y) = ReG(z) =a? —y? and ue(z,y) = ImG(z) = 2zy. 


A real constant function is both analytical and harmonic. 
According to the superposition principle, any linear combination of harmonic functions 
is also a harmonic function. 
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7.3 Boundary Conditions 


As in the case of hyperbolic and parabolic equations, a unique solution of an elliptic equa- 
tion can be obtained when some additional conditions are imposed. Note that because the 
problems described by elliptic equations do not contain time, they do not need initial con- 
ditions. Physically it is also clear that the Laplace and Poisson equations by themselves 
are not sufficient to determine, for example, the temperature in all points of a body, or the 
electric potential outside the conductor. 


7.3.1 Example of an Ill-posed Problem 


In order to understand the difference between elliptic boundary value problems and appro- 
priate problems for other types of PDEs, let us consider the Laplace equation in an infinite 
stripe: 

Ure +Uyy =0, -oo<e%<oo, O<y< Ym. (7.18) 


In the case of a hyperbolic equation, 
Uyy — Ure = 0, -—COO<U< ow, O<Yy<Ym. (7.19) 
(variable y plays role of time) we have seen that conditions 
u(x, ¥)ly=0 = P(t),  Uy(#,¥)ly=o = Y(@), —00 <a <0 (7.20) 


with sufficiently smooth functions y(#) and 7(x) determine a unique classical solution 
which depends continuously on these functions, i.e., the Cauchy problem (7.19), (7.20) for 
hyperbolic equation is well-posed. 

In the case of an elliptic equation, the situation is different. Though solution of problem 
(7.18), (7.20) exists, and it is unique, it does not depend continuously on the boundary 
functions y(a) and ~(x). That means that arbitrary small errors in measured boundary 
functions lead to significant errors in the solution. Hence, the problem is ill-posed. 

As an example, let us find the solutions uy, (a, y) of problem (7.18), (7.20) for the following 
sequence of boundary conditions: 


1 
pn(x)=0, vn(x) = . sinnz, -—o<a<oo, n=1,2,... (7.21) 


Obviously, 


and the solution corresponding to the boundary conditions y(«) = ¢(x) = 0 is just u(x, y) = 
0. To find uy, (x, y), we can apply the method of separation of variables. One can guess that 
the solution of (7.18), (7.20), (7.21) has the structure 


Un(2,Y) = Yn(y) sinna. (7.22) 
Substituting (7.22) into (7.18), (7.20), we obtain the ordinary differential equation, 
w= n?Yn(y) =0, 0<y<Ym (7.23) 


with initial conditions i 


Elliptic Equations 143 


Solving (7.23), (7.24), we find 
eek 
Yn(y) = 72 sinh ny, 


hence, we obtain a unique classical solution, 
Ls : 
Un(x,y) = —ysinhnysinnz, O<y< Ym. 
n 


For any y > 0, the limit lim u,,(x,y) does not exist, because the expression sinh ny/n? 
noo 


tends to infinity, instead of tending to zero. Thus, time small-scale oscillations in the bound- 
ary conditions create a catastrophic change of the solution. That means that the problem 
is ill-posed, and it cannot be applied to any real physical problem. 

What boundary conditions for the Laplace and Poisson equations would create well- 
posed boundary value problems? 


7.3.2 Well-posed Boundary Value Problems 


In the present subsection, we give several examples of well-posed elliptic boundary value 
problems. From physical reasoning it is clear that, for instance, if the temperature distribu- 
tion on the surface of a body is known, the solution of such a boundary value problem which 
consists of the Laplace or Poisson equation together with a boundary condition should exist 
and be unique. 

Boundary conditions can be set in several ways and in fact in our discussion above 
of various physical problems we have already met several kinds of boundary conditions. 
Below we categorize three primary kinds of boundary conditions which correspond to the 
three different heat regimes on the surface (here we use temperature terminology but the 
arguments apply equally to other physical systems). 

Consider some volume V bounded by a surface S. The boundary value problem for a 
stationary distribution of temperature, u(x, y, z), inside the body is stated in the following 
way: 

Find the function u(x, y,z) inside the volume V satisfying the equation 


Vu = =f lasy; z) 
and satisfying one of the following kinds of boundary conditions: 


1. w= fi; on § (boundary value problem of the 1** kind) 
2. a = fz on S (boundary value problem of the 2°¢ kind) 
3. 4 +h(u— fz) =0 on S (h > 0) (boundary value problem of the 3¢ kind), 


where fi, fo, fs, h are known functions and Ou/On is the derivative in the direction of the 
outward normal to the surface, S. 


We may use the above formulation in two distinct ways. If we want to find the temper- 
ature, inside the volume V for the bounded region we have what is referred as an interior 
boundary value problem. If instead we need to find the temperature outside of a heater, or 
the electrostatic potential for an unbounded region outside the charged volume V, we have 
an exterior boundary value problem. 

The physical sense of each of these boundary conditions is clear. The first boundary 
value problem when the surface temperature is prescribed is called Dirichlet’s problem. The 
second boundary value problem when the flux across the surface is prescribed is called 
Neumann’s problem. The third boundary value problem is called the mixed problem. This 
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boundary condition corresponds to the well known Newton’s law of cooling, which governs 
the heat flux from the surface into the ambient medium. 

Obviously, a stationary temperature distribution is possible only if the net heat flow 
across the boundary is equal to zero. From here it follows that for the interior Neumann’s 
problem the function fz should obey the additional requirement: 


A fodS = 0. (7.25) 


In a similar way a boundary value problem can be formulated for the two-dimensional 
case when an area is bounded by a closed contour L. In this case the requirement that the 
net heat flow through the boundary for the interior problem is equal to zero becomes 


f fad =0. (7.26) 
L 


Let us demonstrate the solution of a boundary value problem for a one-dimensional case. 
When the function u(x) depends only on one variable, the Laplace equation becomes an 
ordinary differential equation and the solution is trivial. 


Example 7.1 Solve the one-dimensional Laplace equation in Cartesian coordinates, 
d?u/dx? = 0, and apply Dirichlet boundary conditions to find a simple solution. 


Solution. Integrating the equation gives u = ax + b. Dirichlet’s problem with boundary 
conditions u(x = 0) = uw, and u(a# = 1) = uz gives the solution as u(x) = (ug — uy) a/I 4+ ur. 


Reading exercise: In Cartesian coordinates obtain a solution of the one-dimensional Neu- 
mann’s problem for the Laplace equation. 


Reading exercise: Solve Dirichlet’s problem in the case of axial symmetry with boundary 
conditions u(r = a) = u1, u(r = b) = ug. The result will give a solution to the problem of 
a stationary distribution of heat between two cylinders with common axis when cylinders’ 
surfaces are kept at constant temperatures. The same solution also gives the electric poten- 
tial between two equipotential cylindrical surfaces. (The solution is a harmonic function 
between the surfaces with the axis r = 0 excluded.) 


Hint: Use the Laplace operator in cylindrical coordinates when there is no dependence 
on y and z. 


Reading exercise: Solve Dirichlet’s problem in the case of spherical symmetry with boundary 
conditions u(r = a) = uy, u(r = b) = ug. The result will give a solution to the problem of a 
static distribution of heat between two spheres with a common center when the surfaces are 
kept at constant temperatures. It also gives the electric potential between two equipotential 
spherical surfaces. As in the previous case, the solution is a harmonic function between the 
surfaces and the center at r = 0 is excluded. 


Hint: Use the Laplace operator in spherical coordinates for the case of no dependence 
on y and @. 


7.3.3 Maximum Principle and its Consequences 


In this and the following sections, except 7.10, 7.11 and 7.15, we consider two-dimensional 
problems. 
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Let us prove the well-posedness of the Dirichlet problem. For that goal, we will use the 
maximum principle for the Laplace equation. 


Theorem 1 [f the function u is harmonic in some domain D bounded by the curve S, it 
reaches its maximum (minimum) value at the boundary. 


The physical reasoning for that principle is clear: there is no reason for maximum sta- 
tionary temperature to be inside the bulk if there are no internal sources of heat. The proof, 
which is similar to the proof of the maximum principle for the heat equation (see Chapter 
6), is presented below. 

First, let us consider a function v(a, y) satisfying the equation 


V70 =—-f > 0, (727) 


which corresponds to the internal cooling. If its maximum is reached in an internal point 
(x0, yo), then vrx(xo, Yo) < 0, vyy(r0, yo) < 0, thus V2v < 0, which contradicts to (7.27). 
Thus, the maximum principle is valid for v(z, y). 

For the harmonic function u, which satisfies the Laplace equation V7u = 0, define 
v(a,y) = u(x,y) + e(a? + y?), where « > 0. Assume that M = maxg u(z,y) and define 
R=maxp(x?+y’). Because V7v = 4e > 0, the maximum of v is reached on the boundary 
S, hence in any point (2, y), 


u(x, y) < maxs u(z,y) < M+eR. 
Then in any point 
u(x, y) = v(x,y) — e(x? +y*) < v(x, y) < maxs v(x, y) < M+R. 
Taking the limit « - 0, we get 
u(a,y) < M = maxgs u(z,y), 
i.e., the maximum of the harmonic function wu is reached at the boundary. 


The proof for minimum is similar. 
The maximum/minimum principle has important consequences. 


1. The solution of the Dirichlet problem depends continuously on the boundary 
conditions. 


Indeed, if 
V7u. =0 in D, um =f; on S 


and 
V2u. =0 in D, u2= fe on S, 


then the difference w = u; — ug satisfies the problem 
V?-w=0 in D, w=f,— fz on S. 
Applying the maximum/minimum principle to w, we find 


|uy — Ug| = |w| < maxs|fi — fal. 
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2. The solution of the Dirichlet problem is unique. 


If u; and uz are solutions of the same Dirichlet problem, then for w = uz — ua, 
V7w=0 in D, w=0 on S. 

Applying the maximum/minimum principle to w, we find that Ju; — ua] = 0 

everywhere, i.e., Uy = Ug. 


In the consequent sections, we present examples showing that the classical solu- 
tion of the Dirichlet problem exists for a continuous boundary function. In that 
case, the Dirichlet problem is well-posed. 


7.4 Laplace Equation in Polar Coordinates 


In Sections 7.4—7.9 we consider two-dimensional problems which have a symmetry allowing 
the use of polar coordinates. Solutions to corresponding problems contain simple trigono- 
metric functions of the polar angle as well as power and logarithmic functions of the radius. 
In polar coordinates, (r,y), the Laplacian has the form 
o 10a to 


1 
v2 =v? v2 
~ Or?" Or ar Ope” va Ve a) 


We begin by solving the Laplace equation V?u = 0 using the Fourier method of separa- 
tion of variables. First, we represent u(r, y) in the form 


u(r, y) = R(r)®(y). (7.29) 

Substituting Equation (7.29) into V?u = 0 and separating the variables we have 
r2V,R _ V2® = 
R o 


Because the first term does not depend on the angular variable y and the second does not 
depend on r, each term must equal a constant which we denoted as X. From here we obtain 
two separate equations for R(r) and ®(y): 


®” +S =0, (7.30) 


r?R" +rR' —-rAR=0. (7.31) 
Clearly, the periodic solution of Equation (7.31), 
O(y + 27) = Dy), (7.32) 


exists only for positive integer values of A(this problem was considered in detail in Chapter 4 
(Example 4.4)) The periodicity condition leads to a discrete spectrum of eigenvalues: 


An =n?, n=0,1,2,...; 


thus, the eigenfunctions are: 


cos ny, 
P= ne)— { sin ns 
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Negative values of n correspond to the same eigenfunctions and therefore need not be 
included in the list of eigenvalues. 
The equation for R(r) 
r?R’ +rR —n?R=0 (7.33) 


is known as the Euler equation. The general solution to this equation is 
R=R,(r) = Cir" + Cor™, n#0, 
Ro(r) = Cy, + Colnr, n=0. (7.34) 


Combining the above results for ®,(y~) and R,(r) we obtain the following particular and 
general solutions of the Laplace equation: 
a) Under the condition that the solution be finite at r = 0 we have 


unirig)arn | ene} n=0,1,... 


sin ny 


We can write a general solution for the Laplace problem for an interior boundary value 
problem, 0 <r <1, via the expansion with these particular solutions u,,(r, y) as 


co 
u(r, p) = > r” (A, cosny + B, sin ny). 
n=0 


The term with n = 0 is more conveniently written as Ag/2, thus we have 


A Co 
u(r, ~) = > + S- r” (Ap cosny + By sin ny) . (7.35) 
n=1 


b) For the case that the solution is finite at r > oo we have 
Un(r ae Roane n=0,1 
n o) Y > pn sin ny d a o) » Ne a 


These functions may be used as solutions to the Laplace problem for regions outside of 
a circle. The general solution of the Laplace equation for such an exterior boundary value 
problem, r > 1, limited (i.e. bounded) at infinity, can be written as 


Ay wil 
u(r, ~) = a + Sy a (A, cosnp + B, sinny). (7.36) 
n=1 


c) We also have a third set of solutions, 
1 
Un(r, ~) = 1, Inr, ol a m= 1,250. 
sin ny rr | sinny 


for the cases where the solution is unbounded as r — 0, as well as r 4 oo. This set 
of functions is used to solve the Laplace equation for regions which form a circular ring, 
ly = if < lp. 


7.5 Laplace Equation and Interior BVP for Circular Domain 


In this section we consider the first of the three cases presented in the previous section — 
solve the boundary value problem for a disk: 
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V-u=0 in O<r<l, (7.37) 
with boundary condition 
u(r, Ppa = FY). (7.38) 
Applying (7.38) to formula (7.35) we obtain 
“ in 
+S°1" (A, cosny + Bn sinny) = f(y). (7.39) 


n=1 


From this we see that /”.A,, and!" B,, are the Fourier coefficients of expansion of the function 
f(y) in the system (or basis) of trigonometric functions {cosny, sinny}. We may evaluate 
the coefficients using the formulas 
1 20 1 20 
A,l” = — fly) cosnygdy, B,I" = — f(y)sinngdp, n=0,1,2,.... (7.40) 
™ JO 7 JO 


Thus, the solution of the interior Dirichlet problem for the Laplace equation is 


ulr, - 2+ yt [An cosnyp + By sin ny] . (7.41) 


Example 7.2 Find the temperature distribution inside a circle if the boundary is kept at 
the temperature Tp = Cy + Co cosy + C3 sin 2y. 


Solution. It is obvious that for this particular case the series given by Equation (7.39) 
reduces to three nonzero terms: 


Ap =2C), 1A, =Co, [By =Cs3. 


In this case the solution given by Equation (7.41) is 
r r\2, 
P= + Co7 cosp + Cg (7) sin 2y. 


Similarly, we can obtain solutions of the second and third boundary value problems for 
the Laplace equation for a disk. We leave to the reader as Reading Exercises to check that 
the resulting formulas presented below are correct for the following two cases of Neumann 
and mixed boundary conditions. 

The Neumann problem for the Laplace equation with boundary condition 


Ou 
— = 7.42 
|, 720) (7.42) 
has the solution 
Poe ane [A, cosny + B, sinny] + C, (7.43) 


where C' is an arbitrary constant. We remind the reader that a solution of the interior 
Neumann problem can exist only under the condition 


20 
/ fdl = f(y)dy = 0. (7.44) 
Ci 0 
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We discussed the meaning of that condition in Section 7.3.2: if heating and cooling of 
the body through its boundary are not balanced, the temperature of the body cannot be 
time-independent. It grows if integral (7.44) is positive and decreased otherwise, hence the 
problem is described by the heat equation rather than the Laplace equation. 

Note that the average temperature of the body 


1 20 l 
— | ay f ru(r, y)dr =C 
ml? Jo 0 


is not determined by BVP (7.37), (7.42). Indeed, the boundary condition (7.42) does not 
provide any reference temperature for the body: a spatially homogeneous change of the 
body’s temperature does not violate that boundary condition. Thus, the solution is unique 
up to an arbitrary constant. 

The mixed problem for the Laplace equation with boundary condition 


a +hul =f (yp), h=const, (7.45) 
Or r=l 
has the solution 
(r, ¢) Ap a . [A, cosny + By si | (7.46) 
u(r = { Vi n n sin ny]. ‘ 
on & (thy mc " 


Clearly, in the case of homogeneous boundary conditions (f(y) = 0) all three problems have 
only trivial solutions (i.e. equal to zero, or for the Neumann problem, any constant). 

Coefficients in the expansions in Equations (7.41), (7.43) and (7.46) are determined using 
Equation (7.40). Let us briefly discuss the convergence of the series in these expansions. If 
the function f(y) defining the boundary condition can be integrated absolutely, its Fourier 
coefficients are bounded and, as can be seen from the structure of these series, they converge 
in any interior point of the circle (r < 1). The smoother the function f(y) is, the faster these 
series converge. The series can be differentiated term by term any number of times and the 
sums satisfy the Laplace equation, i.e. they are harmonic functions. The same can be said 
for the problems discussed in the following sections. 


Example 7.3 Letu(r, y)|,_, = sin(y/2) at 0 < y < 27. Find the temperature at several 
points P(r,y) (here r is in units of 1) of the circle: P\(0,y), P2(0.2,7/18), P3(0.3, 7/18). 
Evaluate the precision of the calculations. 


Solution. The coefficients in (7.39) are 


4 4 
sae. ES Fe =A) 


(for n= 1,2,...), and B, = 0. Thus, we have the expansion 


2 n 4 
u(r, p) = = ~ G) eae) cos ny. 


n=1 


At point P,(0,0), the temperature is u(0,0) = 2/7 and the error is zero because r = 0. 
At point P2(0.2,7/18), keeping six terms in the partial sum and rounding off the result 
with accuracy, €1 = 107+, we obtain u(0.2, 7/18) = 0.5496. Because the terms in the series 
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above monotonically decrease, the error when we keep six terms is less than or equal to the 
absolute value of the 7*” term in the series, 


o4* 4 1 
10) 7-4-7) 1-2 


The total error is ¢ + €, ¥ 1074. 
Similarly, u(0.3, 7/18) = 0.5031, e+ 1074 and e+e, = 2- 107%. 


ES 


Example 7.4 Let an infinite homogenous cylinder with a circular surface of radius a be 
kept at a constant temperature 


ox To, 0 < Y <7, 
utr; nat = mea T<yp<2r 


for any z. After a long period of time the temperature inside the cylinder will become 
constant, i.e. the system reaches equilibrium. Find the temperature distribution inside the 
cylinder when this occurs. 


Solution. This is the Dirichlet’s interior problem for a circle. The solution to this problem 
is given by the series (7.41); the coefficients (7.40) are 


AT 
mw (2k +1)’ 


An =0, Box =0, Borgi = 7s ee ee 


The coefficients decrease as 1/n, rather than 1/n? in Example 7.3, because of disconti- 
nuity in the boundary condition. 

The results of numerical summation of the series in Equation (7.41) with N terms are 
presented in Figure 7.2 using the dimensionless variables, length in units of the radius / and 
temperature in units of Tg. Because of the symmetry of the problem we have 


u(r, — p) = —u(r, 7 + 9) 
and we can search for the solution in the half-domain (y < 7). 


Figure 7.2 shows the temperature distribution on the boundary of the cylinder for dif- 
ferent values of N. As can be seen from the graphs, closer to the points y 4 0, 7 we need 
more terms to keep the same precision. It is clear that at the discontinuity points y = 0 
and y = 7 the series gives a value of zero for the temperature. 


1244 124" 124" 
0.8 08 08 
04 04 0.4 
: 05 \orn ° 0.5 yom ° 0.5 a= 
(a) (b) (c) 
FIGURE 7.2 


Temperature distribution on the circle boundary (r = 1) obtained with partial sums of the 
series in Equation (7.41) for the number of terms; (a) N = 20, (b) N = 50, and (c) N = 100. 
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7.6 Laplace Equation and Exterior BVP for Circular Domain 
In this section we consider the second of the three cases presented in Section 7.4. This 
problem is formulated as 

V7u=0 for r>1. 


With the boundary condition ul,._; = f(y) we directly obtain the solution of the Dirichlet 
problem as (7.36): 


yee iy a . 
u(r, e) = ae 2 (=) [A, cosny + B, sin ny] . (7.47) 
The Neumann problem with boundary condition 

Ou 
ees = 7.48 
|, =f (7.48) 

has the solution 

ater 

u(r, y) = — ——— [An cosnp + By sinny] + C, (7.49) 
nr 


n=1 


where C' is an arbitrary constant. We remind the reader again that the exterior Neumann 
problem for a plane has a solution only under the condition 


Qn 
i fa=[ f(@ap=o0 (7.50) 
Ch 0 


and its solution has an arbitrary additive constant. 
The mized problem, with a boundary condition 


Ou 
_—h = 1 
a | FW) (7.51) 
has the solution 
ee 3 ox [A + By sinny] (7.52) 
ulr, p) = oh om (n+ Ihyr® n COs nip n sin ny] . : 


Notice that different signs for h in Equation (7.51) as compared to Equation (7.45) are 
because of different directions of the vector normal to the boundary. For the interior problem 
this vector is directed outward; for the exterior problem it is inward. 

Coefficients A, and B,, in the series (7.47), (7.49) and (7.52) are the Fourier coefficients 
of function f(y) and are calculated with Equations (7.40). We leave to the reader as useful 
Reading Exercises to prove the results in Equations (7.47), (7.49) and (7.52). 


7.7 Poisson Equation: General Notes and a Simple Case 


Let us briefly discuss how to find a solution of a Poisson equation 


V-u=—f (7.53) 
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with the Dirichlet boundary condition: 


u(r, %)|,<1 = 9(¢). (7.54) 


Either the interior or exterior problem can be considered. Note that, contrary to the solu- 
tion of the Laplace equation, the solution of the Poisson equation is not zero even for 
homogeneous boundary conditions g(y) = 0. 

The way to solve the problem (7.53), (7.54) is to solve the nonhomogeneous equation 
(Poisson equation) without taking into consideration the boundary condition, and then 
to add a solution of the Laplace equation in a way that the sum satisfies the boundary 
condition. In other words, the function u is presented as the sum of two functions, u = 
Up + Uo, Where uy is a particular solution of the Poisson equation 


V°up = —f (7.55) 
and upg is a solution of the Laplace equation 
V7u9 = 0. (7.56) 


The function u should satisfy the necessary boundary condition from which follows the 
boundary condition for ug: 


uolT, Prat = GCP) — Up- (7.57) 
The boundary value problem defined by Equations (7.56) and (7.57) was considered in 
Sections 7.5 and 7.6, thus now we turn to the solution of Equation (7.55). The question is 
how to find a particular solution of the Poisson equation which is finite in the center (for 
the interior problem) or at infinity (for the exterior problem) irrespective of the boundary 
condition at r = 1. It should be emphasized that changing the type of boundary condition 
for the Poisson equation, (7.53), we need only to change the boundary condition for the 
Laplace Equation (7.56). 
Let us consider a particular case: very often the inhomogeneous term f(r,y) has the 
form 


f(r,¢) =r™ cos ny. (7.58) 


(or perhaps r™ sin ny). Here m is an arbitrary real number, n is an integer since the function 
f(r, vy) should be periodic in y, thus f(r, +27) = f(r, y). In this case a particular solution 
of the Poisson equation can be obtained using the method of undetermined coefficients. 
Note that m > —2 corresponds to an interior problem, while m < —2 to an exterior one. 
Indeed, the function f(r, y) can be infinite at r = 0 for the interior problem; we should only 
ensure that the integral 


| f(r, )| aS 
Ss 


remains finite (for example, in electrostatics it means that the full charge inside the domain 
is finite). With dS = rdrdy in polar coordinates, it is obvious that at m > —2 corresponds 
to a finite value of 


[ f(r, y)rdr. 


On the other hand, at m < —2 both f (r — oo, y) and the integral f;* f(r,p)rdr remain 
finite — this situation corresponds to an exterior problem. The value m = —2 can be used 
only for a boundary problem involving solutions inside an annulus (ring). 
In polar coordinates Equation (7.53) is 
Pu, 1dw, 1 Oe 


Or2 rr Or rr? AY? = —f(r,9) 
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and because of 
V2r™*? cosny = [(m +2)? — n?| r™ cos ny, 


the particular solution of equation 


V2u = —r™ cosnp 
is . 
r™T* cosny 
Up = — 7.59 
aes (7.59) 


A difficulty occurs if m+ 2 = +n in which case we cannot apply Equation (7.59). In this 
case we may seek the solution in the form 


and obtain for R(r) the equation 


2 
R"’ I 1 n = pen-2 
} = 
r 


2 


>) 


where the derivatives with respect to r are denoted by primes. The particular solution of 
this equation is 


zn |] 
ao 5 at n#£0 (7.60) 
and 
1 
= 5 "at n=0. (7.61) 


Recall that m > —2 corresponds to an interior problem, whereas n stays in the argument 
of cos ny, i.e. there is no need to consider negative values of n. The result is the solution in 
Equation (7.60) with the upper sign used for the interior problem, r < 1, and the lower sign 
for the exterior problem, r > J. The solution in Equation (7.61) with n = 0 is the particular 
solution for a boundary value problem inside an annulus. 


Example 7.5 Solve the boundary value problem for a disk given by 
Vu=—Azy, r<l, ul,_,=0. (7.62) 


Solution. The function, f, on the right side of the Poisson equation is f = Ary = 
Ar? sin2y/2, thus we have the situation described by Equation (7.58) with m = n = 2. 
Using the result of Equation (7.59) we obtain a particular solution of Equation (7.62) as 


Up(7, ~) = - Tal sin 2p (7.63) 


Taking the solution given by Equation (7.63) into account, the boundary value problem of 
Equations (7.56) and (7.57) takes the following form: 


Vu = 0, 


A 
r=l> uw=—-t)= aq! sin 2y. 


Since the boundary condition contains only one Fourier harmonic, we can conclude that 
uo(r, ~) = Cr? sin 29 with C = —Al?/24. Thus, the function u = up + uo that satisfies the 
given boundary condition is 
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7.8 Poisson Integral 


It is possible to present a solution of Dirichlet’s problem for the Laplace equation as an 
integral formula. Let us do this first for the interior problem for a circle. Substituting the 
formulas for Fourier coefficients in Equation (7.40) into Equation (7.41) and switching the 
order of summation and integration, we obtain 


Qn le) r\n 
u(r, ~) = “| f(¢) 15 +4 y: (7) [cos n¢ cos np + snnosinnelt do 


T 
n=1 
pee 1 ory? 
=-[ £ 13 oe (7) cosn(¢— a} dé. (7.64) 
Since t = r/I < 1, the expression in the parentheses can be transformed as follows 
1 
=o n = n | -in(y—9) 4 e—in(y-9) 
za5+ bo cosn(d — y) s+ sol ae ? 
i = 
ae [(¢ ie) (t -i(p *) 
5 a d e + | te 
Using 
Dea at Dee ee 
n=0 n=1 n=0 
we have 
1 te(¥-4) te-i(e-¢) 1 1—?# 
Z=- {1 + a : 
2 1—telv-?) — 1— te-i¥-9) 21 — 2tcos(p — ¢) + t? 


Therefore Equation (7.64) becomes 
1 20 [2 2 

IOs ; 3 
Qn r?2 — 2Ir cos(y — ) +1 


u(r, y) = dd. (7.65) 


This formula gives the solution to the first boundary value problem inside a circle and is 


called the Poisson integral. The expression 


[2 — Yr? 


r? — 2ir cos(y — @) + I? 


u(r, ,l,¢) = (7.66) 
is called the Poisson kernel. 

Expression (7.65) is not applicable at r = 1, but its limit as r > I for any fixed value 
of y is equal to f(y) because the series we used to obtain Equation (7.65) is a continuous 
function in the closed region r < J. Thus, the function defined by the formula 


1 27 2 a y2 
u(r, p) = ¢ Qn H@) r? — 2ircos(y — 6) + do, if r<l, 
f(y), roa 


is a harmonic function satisfying the Laplace equation V?u = 0 for r < J and continuous in 
the closed region r < l. 
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Similarly, we obtain the solution to the exterior boundary value problem for a circle as 


1 r? —[? . 
u(r, p) = al F(@) r? — 2ircos(y — 6) + De TE Realy (7.67) 
f(y), if r=l. 


Poisson integrals cannot be evaluated analytically for an arbitrary function f(y); how- 
ever they are often very useful in certain applications. In particular, they can be more useful 
for numerical calculations than the infinite series solution. 


Example 7.6 Consider a stationary membrane’s deflection from the equilibrium position. 
For the stationary case the membrane surface is described by the function u = u(x, y) which 
satisfies the equation 
Ou du 
Ox? - Oy? 
If the membrane contour projection onto the zy-plane is a circle of radius J, we can consider 
this problem as an interior Dirichlet’s problem for a circle. 
Let the equation of the contour be given by function u = f(y), where f is a z-coordinate 
of the contour at angle y. As an example, consider a film fixed on a firm frame that has a 
circular projection onto the zy-plane with radius / and center at point O. The equation of 
the film contour in polar coordinates is u = C'cos 2p (0 < » < 27), r =I. Find the shape, 
u(r, y), of the film. 


0. 


Solution. The solution is given by the Poisson integral: 

1 f? i? — 1? 
== C'cos 2¢ - 
u(r, y) " cone? r2 — 2ircos(¢ — y) +? 


dd. 
20 e 


To evaluate this integral we use the substitution ¢ — y = ¢. The limits of integration will 
not change because the integrand is periodic with period 27 (an integral in the limits from 
—y to 27 — ¢ is equal to the same integral in the limits from 0 to 27). Thus, we have 


C(? —r*) [ cos(2¢ + 2) dc 
Qn 9 2 —2ircos¢ +l? 


AP =1) ab [ cos 2¢d¢ nae [ sin 2¢d¢ 
Qn . 9 12 —2lrcos¢ +l? 9 72 —2lrcos¢ +l? 


u(r, p) = 


The second of these integrals is equal to zero as the integral of the odd function on the 
interval (0,27). So, for this case 


C(? —r?) a cos 2¢ 
oe _ om 2p f r? — 2Ilrcos¢ + I? dt. 


With the substitution tan (¢/2) = v finally we obtain 


C(I? — r?) Qnr? Cr? 


u(r, p) = an cos mace er = Fa 60S 2y. 


The function C (r/l)” cos 2y is harmonic and takes the values C'cos2y on the contour of 
the circle. It has a shape of a saddle, shown in Figure 7.3. 


Reading Exercise. Solve this problem using the method of Section 7.6. 
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- 


FIGURE 7.3 
Shape of the film in Example 7.6. 


7.9 Application of Bessel Functions For the Solution of Poisson 
Equations in a Circle 


In this section we will show how to solve Poisson equations for the general form of functions 
f(r, y), not necessarily r=" sin ny, like in Section 7.7. Such solutions can be obtained with 
Bessel functions. 

Let us consider the following interior boundary value problem for the Poisson equation: 


O7u = 10u 1 Ou = 


hs = < < ; 
VS Gat pap ag 1 es DST St: OSes Un, (7.68) 
Ou(r, 
oP) + Bur, g)| = al), (7.69) 
r=l 


u(r, y) =ulr, p+2mr), lal + |b] £0. 


To separate variables when a boundary condition is nonhomogeneous, we should split 
function u(r, y) into two functions: 


u(r, p) = v(r,¢) + w(r, 9), (7.70) 


where the introduced auxiliary function w(r, y) must satisfy the nonhomogeneous boundary 
condition (7.69) and leaves the boundary condition for the function u(r, y) homogeneous. 
The function w(r, y) satisfying the boundary condition (7.69) can be chosen in different 
ways; the only restriction is that it should be continuous and finite. Let us seek it in the 
form 
w(r,p) = (co + cir + car?) - g(y). 


Because Bate) 
w(r, c 
= ( ~ 4 2c2) I(¥); 
r Or r 
we have to put c; = 0 and as the result 
w(r, p) = (co + car) g(¢). (7.71) 


Case 1. For a= 0, 6 = 1 we have: 
a) Boundary condition w(r,¢)|,._; = g(y) with auxiliary function 


2 


w(r, 9) = aly). (7.72) 
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b) Boundary condition u(r, y)|,..; = go = const with auxiliary function 


w(r, ~) = go. (745) 
Case 2. For a = 1, 6 = 0 we have the boundary condition Qu (pr, y)|__) = g(y) with 
auxiliary function 
2 
@ 
w(r,9) = gly) +e, (7.74) 


where C is an arbitrary constant. 


Case 3. For a= 1, 8 =h > 0 we have the boundary condition Qu (r, yp) +hu(r, 9)|,—) = 
g(y) with auxiliary function 


re 


w(r,p) = a+ ny?” (7.75) 
It is easy to verify by direct substitution that the above expressions for w(r,y) satisfy 
boundary condition (7.69). 

Thus, the simple expressions for auxiliary functions w(r, vy) given by one of the Equations 
(7.72) through (7.75) allow us to reduce nonhomogeneous conditions given in Equation 
(7.69) to homogeneous. 

Let us consider now the solution of Poisson’s equation with homogeneous boundary 
condition. For function u(r, y) we have the BVP 


07u 100 1 Av _ 


r Or Te 2 Oy? —_ f(r, ~). (7.76) 


a—— + Bri(l, p)} =0 (7.77) 


with function flr, ~) 


f(r.) = Flr,e) + + 5: (7.78) 
Check the result (7.78) as a Reading Exercise. 


Let us show that the solution to the problem of Equations (7.76) and (7.77) can be 
obtained by expansion of function u(r, y) in a series by eigenfunctions of the Sturm-Liouville 
problem for the Laplace operator as 


coo 0 


0(059) = > D> [AnmVB (rs) + Bam Vi2}(r, 2)] , (7.79) 


n=0 m=0 


where V;(}) (r, ¢), a (r,y) are the eigenfunctions of the Laplacian satisfying the corre- 
sponding homogeneous boundary value problem. As shown in Appendix D part 1, the 
eigenfunctions of the Laplacian in polar coordinates for Dirichlet, Neumann and mixed 
interior problems can be expressed in terms of the Bessel functions 


rs po) 
VD) = Jn “ar cosny, V,2) = Jp aes sin ny. (7.80) 


Different types of boundary conditions lead to different eigenvalues ue ) 
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Because of orthogonality, the coefficients in Equation (7.79) can be obtained via the 
(unknown) function u(r, y) by multiplying (7.79) by dS = rdrdy and integrating over the 


disc’s area: 
27 
Ani = Torr | [ove ,y)rdrdy, 


20 
Pm = ar ff [ veewQer.erarde (7:81) 


To find a final form for these coefficients we first multiply Equation (7.76) by Vin (r, yp) 
and V,?) (r,y), and integrate over the circular domain: 


20 2 
| i V0 V(r, y)rdrdp = =) i fir) V, ,y)rdrdy, (7.82) 


20 27 
| i V0 V2) (r, »)rdrdy = -| i. f(r, 9) V,2 (r, p)rdrdy. (7.83) 


Now substitute Equation (7.79) into Equations (7.82) and (7.83). Because V,1,(r,) and 


V2.,(r,%) are the eigenfunctions of the Laplacian we have 


V2V,22) (7, p) = —AnmV,2:?) (rp), (7.84) 


where the eigenvalues Anm = te The left sides of Equations (7.82) and (7.83) 
become: 
= BV, V,”) drd 
4g (r,~) a wy" a (r, ~) Au y)r T Y. 
1=0 7=0 
(p) 


Due to the orthogonality relation for the functions Vim (r, y)(p = 1,2), the only term in the 
sums that differs from zero is 


—AnmA 


2 
V,) | es 


pl =O at AnmBnm | 


Comparing with the right sides in Equations (7.82) and (7.83) we obtain 
ini tae - Min Bar = Le AOD ex, 


where 
(p) 


nm — 


20 
f( r, pV ib (r, y)rdrdy. 7.85 
wenip ae oe 


From this the coefficients Anm, Bnm can be obtained. 

In the case of boundary conditions of the 1°* or 3’¢ type (Dirichlet’s condition or mixed 
condition) the eigenvalues Anm #~ 0 for all n, m= 0,1,2,... in this case the solution is 
defined uniquely and has the form 


2s — [1 2V29) + VQ 9)] (7.86) 


n=0 m=0 
In the case of boundary conditions of the 2”¢ type (Neumann’s condition) the eigen- 


value Apo = 0 (Yoo = ib Vie _ 0) and all other eigenvalues are nonzero. There are 


two options. 
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Qr I 
ww =| | f(r, 9) rdrdy = 0, 
0 0 


then the coefficient Apg is undefined. The other coefficients are defined uniquely. A solution 
to the given problem exists but is determined only up to an arbitrary additive constant. 
The solution in this case is 


If 


= YE [/QVMee) + AVLe.y)] +eonst. (787 


n=0 m=0 
Qn Lo 
| [ flee) rarde #0, 
0 0 


then the solution to the given problem does not exist. 
Thus, the general solution of the Poisson problem in a circular domain with nonzero 
boundary condition has the form 


If 


u(r, p) = w(r, 9) + a 2) 


= w(r,y) + 3 > [ Anm V2 (r 0) + BamV,2(r,p)| , (7.88) 
n=0 m=0 
where 
_ fram 7 Qn 
i Xnml lV; =r Pi 7,9) Vim(r, yr drdy, (7.89) 
fF) Qn 
wo nig £ [i mln pr drdip (7.90) 


with V,(?) (r, py) defined by Equation (7.80) and the auxiliary function w(r, y) (7.71). Notice, 
that the norms are different for different types of the BVP. The expressions for them are 
given in Appendix D part 1. 


Example 7.7 Find a stationary temperature distribution in a thin circular plate of radius 
l if a boundary of the plate is kept at zero temperature and the plate contains a distributed 
source of heat with 


Q(r, v) = 7? cos 2y. 
Solution. The BVP is formulated as the Poisson equation 


2 1 a 2 
a7 on — r°cos2p  (0<r<l,0<¢< 2n) 
ir rOr  r2 0p 


with zero boundary condition 
u(l, y,t) =0. 


This is the Dirichlet BVP and the eigenvalues uy are DOsiuIve roots of equation 
2 2 
Jn(ur/t) = 0. From there, Aum = (ui? /2) and war] = = onrt abAC | 


2, if n=0, _. ; 
= { 1. Abn, (see Appendix D part 1). 
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The boundary condition is zero, so the solution u(r, y) is defined by the series (7.79) 


= 3 3 [ Anm V(r ,~) + Biv? Cr, y) , 


n=0 m=0 


Po phe i hes ee 


where Anm = 22 = (a Zz Pnm = VO (ui) 


Next find fo). fp. using formulas (7.85). Integrals in (7.85) contain 
- mT, if n=2 mu 
i: cos 2y cos ny dp = { wae ‘ cos 2y sin ny dp = 0, 


thus fl) =0 for n #2 and f?) = 0 for all values of n. 

Figure 7.5 shows the graph of function J2(u) and the respective table lists the roots of 
equation J2(j) = 0. 

To find fo, () Jet us use the recurrence formula for Bessel functions 


/ PE, ta\de = oP Ta), 


l (2) 4 
3 7, ( Hm _~" 7, 
fea| i +) r= eh (nf). 


which gives 


Thus 
1 27 I 2) 
1) = 7 | | r? cos 2y - cos 2y « Jo Pm. rdrdy 
2 | 0 Jo l 
2 217 
7 ae ee (ui?) ~ 3) aye” (« 2) 
wl |ag(n)[ Hm ui [a5 (a) 


Therefore, the solution of the problem u(r, y) is the series (see Figure 7.4): 


ee u 2 
u(r, y) = I? cos 2y >; 2m. Jo eas : 


The coefficients in FO? can be evaluated, for instance by using Maple, Mathematica or 
software from books |7, 8]). 


— TY 
7.10 Three-dimensional Laplace Equation for a Cylinder 


Up to now we did not discuss three-dimensional problems. In this section we will show that 
they can be solved in a way similar to two-dimensional ones. 
Let us separate the variables in the three-dimensional Laplace equation 


V7u=0 (7.91) 


inside a circular bounded cylinder, r<a,0<y<27,0<2z<l. 
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(a) 
FIGURE 7.4 
Surface plot (a) and lines of equal temperature (b) of the solution u(r, y) for Example 7.7. 
A 
0.5- = AG) 
4 
m Ln 
0 5.1356 
1 8.4173 
2 11.6198 
3 14.7959 
4 17.9598 
-0.5- 5 21.1169 
FIGURE 7.5 


Graph of function Jo() (a short notation for Jo(~r/l) and table for the roots of equation 
Jo(p) = 0. 


Let us represent the unknown function u in the following form: 
u(r, p,2z) =V(r, 9) 4 (2). (7.92) 


Substituting (7.92) into Equation (7.91), after the separation of variables, we get 


(7.93) 


La(aV\ 1 8V 182 _ 
Vr or \" Or Vr2 0y2— ZZ O22” 


where A > 0 is the separation constant which will be determined from the conditions of 
existence of a non-trivial solution of the problem. As a result, we obtain the equation for 


the function V(r, y) 
10 / OV 1 0V 
= ba 4 

re (or) tage OY ie 


and the equation for the function Z(z) 


Z" —r»Z=0 (7.95) 
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with a solution which can be written in the form 
Z(z) = dy cosh VAz + dz sinh Vz. (7.96) 


A separation of variables in Equation (7.94) 


V(r, ¢) = R(r) ®(y) (7.97) 
results in ia an 
Vy 
-= (ro~)+(a-4) R=0 7.98 
r Or (+ Or ) = ( r2 ( ) 
and 
&” + =0, (7.99) 
where v is a separation constant. From periodicity condition, ®(y) = ®(y + 277), we have 
v =n, where n = 0,1,2,..., and two sets of eigenfunctions ®,,(y): 
®,(y) =sinne and ®,(y) =cosny. (7.100) 


Equation (7.98) for the function R(r) is the Bessel equation which is bounded at r = 0; 
solutions are the Bessel functions 


R(r) = Jn (var) (7.101) 


This result explains our choice of the sign, 4 > 0 - only in this case the separation of 
variables leads to the Bessel function R(r). If A < 0, the solutions of Equation (7.98) for 
R(r) give the modified Bessel functions, I, (V—Ar). Also, when » < 0, the solutions of 
Equation (7.95) for function Z(z) are periodic functions, sin (—Az) and cos (V—Az), with 
the eigenvalues A = A,, determined by the boundary conditions at z = 0 and z = 1. The 
physics of the problems governs what sign of A has to be chosen: in one case we expect 
oscillatory behavior of function u(a#,y,z) in z, in the other the exponential behavior. In 
books [7,8] the reader can find a solution of Equation (7.93) for both signs of A. 

Consider the Dirichlet boundary value problem with zero boundary condition at the 
lateral surface 
=0 (7.102) 


and boundary conditions at the bottom and top surfaces 


uo =9(7,9), Wu =F (7,9), (7.103) 


where g(r, y) and F'(r, y) are given functions. 
Assume that an expected solution is not periodic in z, thus X > 0. The boundary 
condition at the lateral surface (7.102) results in R(a) = 0 which gives 


de (wir?) =i (7.104) 


where us = Via, m = 0,1,2... numerates the roots of this equation. 


2 
Therefore, Equation (7.94) gives the eigenvalues Anm = (usw? /a) for Dirichlet BVP; the 
corresponding eigenfunctions are 


6) st) 
VO = J,| = | cosny, V2) = J, |r | sinny. (7.105) 
a a 
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The norms in the case of Dirichlet BVP are 


where o,, = 2 forn=Oand o, =1 forn £0. 


(7.106) 


= 10m 


1 (10) 


“fe (uo)f am 


Using the above results, the solution of the first BVP for Equations (7.91) with zero 
boundary condition at the lateral surface can be represented as the series 


=S2¥ { farnmV{2(r. 9) + binmVS2(r,9)] cosh (Vom) 


n=0 m=0 
+ [a2nmViG2(r, 9) + banmVi2(r;,9)] sinh (V/Anmz) } (7.107) 
From the boundary condition at z = 0 we have 
YY [anmV QE, 9) + biomVi2(r, 0)] = 97,9), 
n=0 m=0 


where the coefficients Qn and by, may be determined by expanding the function g(r, y) 


in a Fourier series in the basis functions vv (r,y~) and v2) (r, y): 


20 
hap a af fo Dr, y)rdrdy, 
vill 


21 
tam = ——3 ‘a | 9 (7, 2) VG) (r, p)rdrdy. (7.108) 
ven oe? 


Analogously, we find the coefficients @anm and benm using the boundary condition at z = I: 


QT 
—— {i fr Wr, p)rarde, 
et 


* Tap i sf fx (2) (r, )rdrdy. (7.109) 


In a similar way the three-dimensional Laplace and Poisson equations can be solved in 
a cylindrical domain for other types of boundary conditions on the lateral surface. The only 
difference is that Equations (7.104) and (7.106) should be replaced by the proper ones for 
the corresponding types of the boundary conditions. 


Example 7.8 Find an expression for the potential of the electrostatic field inside a cylinder 
r<a,0<z<, the upper end and outside surfaces of which are grounded, and the lower 


end is held at potential Asin 2y. 


Solution. The problem is formulated as 


V7u=0ul|,_, =0ul,-9 =Asin2y, ul,_, =0. 
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Coefficients damn = bamn = 0. Clearly all ainm = 0 because of orthogonality of function 
sin 2y and functions cosny on [0,27]. Among coefficients bj, only coefficients bia 4 0 
are not zero: 


Qn py? A a (2) 
pers [2 (= ) sin 2y sin 2yrdrdp = z 5 | Ja (=>) rdr, 
Fat vamp 


and with (7.2.1) we have 
= anO@E 1. J (4=r) rdr — this integral can be calculated numerically. 


biam 


Thus, 
9° (2) os 
= sin2 ) diam _ n( Ds 
u(r, p, z) = sin2p 12mJ2 mas cosh ( pi“? z/a 


m=0 


7.11 Three-dimensional Laplace Equation for a Ball 
The next important example is the three-dimensional Laplace equation 
V7u=0 
in a ball of radius a. Using the spherical coordinates, we obtain the following equation for 
function u = u(r, 6,9), 


10 9 Ou 1 fa) au 1 uy 
2. 7 
Vu= ( 9) a pla BP (sino ) + ano ae 0, (7.110) 


r<a,0<0<7,0< 9 < 2a. We shall discuss only the Dirichlet boundary value problem, 
u(a,0,p) =F(0,~), 0O<0<a, O0<yK< 2r. (7.111) 


7.11.1 Axisymmetric Case 


Let us start with the case where the function in the boundary condition does not depend 
on the azimuthal angle y, 


u(a,0,p) =F(0), 0<0<7, (7.112) 
hence the solution also does not depend on y, 
u= u(r, 8). (7.113) 
Equation (7.110) is reduced to 


2 loa 20u 1 Oo Ou\ 
Ms 72 Or \" Or + 2 sind 00 sin O55 = an) 


As usual, we apply the method of separation of variables and find particular solutions in 
the form 


u(r, 0) = R(r)@(6). (7.115) 
Substituting (7.115) into (7.114), we get 


(r?R’(r)) @(0) + a) [sin 66! (6)] aie (7.116) 
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hence , 
(r?R'(r)) [sin 90'(6)| 
Rr) sin 00 (0) , ( ) 
where A is constant. 
It is convenient to introduce the variable x = cos 8, 
Oc 
dx —— sin @. dQ’ 
which allows us to rewrite the equation for 0(0) = X(x) as 
d dX 
1-2? + \X = beg <i, 7.118 
dx ( #*) = A %; ee ( ) 


Thus, function X (a) is determined by the Legendre equation. 


The properties of solutions of that equation are described in Appendix B. It is shown 
that the bounded solutions of that equation, the Legendre polynomials, X,(x) = P(x), 
exist only for A, = n(n +1), where n = 0,1,2,... 

The equation for R,,(r) 


[r? Ri (r)] —n(n+1)Rp =0 (7.119) 


has two particular solutions, 


nr 


r™ and r—"+)), 


The solution r~“+) has to be dropped because it is unbounded when r — 0. 
Finally, the bounded solution of Equation (7.114) can be presented in the form 


u(r, 0) = 3 An (=)" P,,(cos 6). (7.120) 


n=0 


The boundary condition (7.112) prescribes 


u(a,0) = S~ A,Pp(cos@) = F(8). (7.121) 
n=0 
Using the orthogonality property of the Legendre polynomials, 
1 
2 
Pr (a) Pr = ——dnn', 122 
J Pale) Polo)ae = 5-5 (7.122) 
we find that 5 if 
yo | F(0)P,(cos 6) sin 049. (7.123) 
0 


7.11.2 Non-axisymmetric Case 


Let is consider now the general case of (7.110)-(7.111). First, we search particular solutions 


in the form 
u(r, 6, p) = R(r)O(0)®(y). (7.124) 


Similarly to (7.117), we find 


(2R(r) singer) OM) _ 
R(r) sin 00 (4) sin? @ ®(y) aaa (7.125) 
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The second equality in (7.125) leads to relation 


, 


. (sin 80'(8)| &"(y) 
Asin? 6 + sin 8 as = =H, 
O(4) O(y) 
where py is a constant. 
Equation 
6” + wb =0 


is solved with periodic boundary condition ®(y + 27) = ®(y), hence 
tm =m’, m=0,1,2,... 
The eigenfunctions are 
Do = a0, Pm = Am cosmyp+bynsinmy, m0, 


where ag, @,, and b,, are arbitrary constants. 
The equation for 0(0) becomes 


, 


sin 0 [sin 00'(0)] + (Asin @ — m”) O(0) = 0. 
By means of the change of variables 
x=cosé, X(x) = 0(6), 


it is transformed to 


z[e-m]+(-78)-8 om 


Its bounded solutions are associate Legendre polynomials: 


Xmn(x) = P(x), An=n(n4+1); n=0,1,2,..., O<m<n 
(see Appendix B). Thus 
Omn(8) = P’"(cos 0). 
For R,(r) we obtain the same Equation (7.119) for any m, hence the bounded solution 
is Rp(r) =r”. 
Finally, we obtain 
co r n n 
6, = (<) Bee 7 Avi Bmn si . 
u(r, 0, y) S- ; a ”™ (cos 6) ( cos mp + sin my) 


n=0 m=0 


The coefficients Am, and By,» are found from the boundary condition (7.111), 


u(a,6,y) = S- ‘> P™ (cos 0) [Amn cosmyp + Bryn sin my]. 


n=0 m=0 


We leave the computation of coefficients Aj, and By», to the reader. When carrying 
out the computations, one has to use the known orthogonality properties of trigonomet- 
ric functions, orthogonality properties of associate Legendre polynomials (with the weight 
sin@), and the relation (see Appendix B). 


/ [P™(«)]? de = 7 ‘ [P” (cos 0)]? sin 0d9 = (7.127) 


-1 
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7.12 BVP for Laplace Equation in a Rectangular Domain 
Boundary value problems for the Laplace equation in a rectangular domain can be solved 


with the method of separation of variables. We begin with the Dirichlet problem defined by 


Vural Orel, Oey): (7.128) 
u(z, leo = My), Ue, Year, = 92(y), 


u(x, Y)ly-o = 93(x), u(x, y)ly—1, = 94(2). (7.129) 
Let us split the problem in Equations (7.128) through (7.129) into two parts, each of 


which has homogeneous (zero) boundary conditions in one variable. To proceed we introduce 


u(x, y) — ui (a, y) + U2 (x, Y), (7.130) 
where u;(z,y) and u2(z,y) are the solutions to the following problems on a rectangular 
boundary: 


V7u1 = 0, (7.131) 
ui (2; Y)|.=6 _ w(z,y)lo—i, = 0, (7.132) 
ur1(Z, ¥)|y=0 = 93(x), u(2,¥)|y=, = ga(x), (7.133) 
and 
V7u2 = 0, (7.134) 
u2(z,¥)|y=0 = ua(x, UN ie = 0, (7.135) 
U2(@,Wle-o = NY), Ua(2, ¥)le—1, = 92(Y). (7.136) 


First, we consider the problem for the function u(x, y) and search for the solution in the 
form 


ui(a,y) = X(a)¥(y). (7.137) 
Substituting Equation (7.137) into the Laplace equation and separating the variables yields 
ME y” 
2 ee a (7.138) 
X(x) Y(y) 


where we take \ > 0 for the further solution. 

From here we obtain equations for X(a#) and Y(y). With the homogeneous boundary 
conditions in Equation (7.132) we obtain the one-dimensional Sturm-Liouville problem for 
X (ax) given by 

X"+r4AX =0, 0<ae<k, 
X (0) =X (iz) =0. 
The solution to this problem is 


2 
MS ana es Sos = (=) ae a eee (7.139) 


With these eigenvalues, A,», we obtain an equation for Y(y) from Equation (7.138): 
Y” —donY =0, 0<y<ly. (7.140) 
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A general solution to this equation can be written as 
Y, = 0 exp ( Amt) + C® exp (- Nant) (7.141) 


Such a form of solution does not fit well the purposes of the further analysis. It is more 
suitable to take a fundamental system of solution {¥,) y+ of Equation (7.140) in the 
way that function y,) 
and another at y = ly: 


and ¥,?? satisfy the homogeneous boundary condition, one at y = 0 


YO) 20); YA) =o: 


It is convenient to choose the following conditions at two other boundaries: 


As a result the proper fundamental solutions of Equations (7.140) are: 


yi) = soB VXany sit CPE sinh V Aon (ly — y) 
sinh VAgrnly sinh VAgrnly 


It is easily verified that they both satisfy Equation (7.140) and are linearly independent; 
thus they can serve as a fundamental set of particular solutions for this equation. 

Using the above relations we may write a general solution of the Laplace equation 
satisfying the homogeneous boundary conditions at the boundaries x = 0 and x = lI, in 
Equation (7.132), as a series in the functions ye (y) and vy?) (y): 


(7.142) 


=D [An yD ( (y) + Br¥(y)| sin /Nen2. (7.143) 
The coefficients of this series are determined from the boundary conditions (7.133): 
-9 = SS By, sin VAanX = 93(£) 
n=1 


u1(a, Wly=t, = ye Ay sin VAnnt = ga(x). (7.144) 


We see from here that B, and A, are Fourier coefficients of functions g3(x) and g4(x) in 


the system of eigenfunctions {sin Neat 


ly 
Bn == [ ga(6)sin VNenka, 
x JO 
oY hts 
An = | ga(é) sin VNan€d€. (7.145) 


This completes the solution of the problem given in Equations (7.131) through (7.133). 

Obviously, the solution of the similar problem given in Equations (7.144) through (7.145) 
can be obtained from Equations (7.143) and (7.145) by replacing y for x, 1, for l; and g3(z), 
ga(x) for gi(y) and go(y). Carrying out this procedure yields 


uw=)>> [on XM (e) Dex?) (x)| sin /Nyn, (7.146) 


n=1 
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where 


7 : 2 
x(x) _ sinh \/AynX x2) ae sinh ,/Ayn (lz — ) oe (=) . (7.147) 
. pinlig/ Ayal ° sinh«/Ayale °°” 


and 
2 ly 2 ly 
C,= 7 / 92 (€)sin VTynédé, Dn = > | ane ele (7.148) 
y JO y JO 
Finally, the solution to the problem (7.128) and (7.129) has the form 


u(x, y) = ui (z,y) + u2(2,y), (7.149) 


where functions ui(#,y) and u2(#,y) are defined by formulas (7.143) and (7.146), respec- 
tively. 

In the same way can be solved a BVP for the Laplace equation in a rectangular domain 
with other types of boundary conditions. The only difference is that the other fundamental 
solutions should be used. Fundamental systems of solutions for different types of boundary 
conditions are collected in Appendix E part 1. 


Example 7.9 Find a steady state temperature distribution inside a rectangular material 
which has boundaries maintained under the following conditions: 


La 
ss 


i 


) 


y 


T(x,y)|,-9 = To + (13 — To) T(z, Y)le—1, = Ti + (T2 - T1) 


~ 


and 
xv 


lL,’ 
i.e. at the corners of the rectangle the temperatures are To, 71, T2, 73, and on the boundaries 
the temperatures are linear functions. 


ax 
T(x, y)|y-o = To + (Ti — To) i” LEM, S33 ee) 


Solution. Introduce the function u = T'— Jo so that we measure the temperature relative 
to Tp. Then g;(y) = (73 —T1)#, ete. and evaluating the integrals in Equations (7.145) and 
yu 


(7.148), we obtain 


2 A —1)” 
Ay = [73 — Tp) — (—1)" Ta], B,=-2 Yn, 1), 


2 - =1)” 
Cn = — [11 —To — (-1)" TM], Dn = eee (T3 —Tp). 
iWin) viet) 


These coefficients decay only as 1/n; thus the series in Equations (7.145) and (7.147) con- 
verge rather slowly. 


7.13 The Poisson Equation with Homogeneous Boundary 
Conditions 


Consider a boundary value problem for the Poisson equation 


ru Ou 
da2 + Bye ~ FY) (0<a<ly,0<y<ly) (7.150) 
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with homogeneous boundary conditions 


_ . Ou _ Ou - 
P,[u] = a5, + Bu = =0, Paluj= 027 + Bau Ln = 0, 
Ou Ou 
P3[u] = O35 + B3u =0, Paluj= Ma + Bau =0. (7.151) 
“ y=0 me yaly 


The solution to the problem (7.150), (7.151) can be expanded in a series by eigenfunctions 
of the Sturm-Liouville problem for the Laplace operator over a rectangular domain 


CoO. 0 


n=1m=1 


where Vim(x,y) are eigenfunctions of the respective Laplace boundary value problem and 


coefficients are 
1 
= eat), | u(x, y)Vnm(2, y)dxdy. (7.153) 
nm 0 


Let us multiply the Equation (7.150) by Viam(#,y) and integrate over the rectangle 
(0, 1,30, Lil: 


[ ih satg on oe] Yom (asupadedy = — f [ f(a,y)Vam(a,y)dedy. (7.154) 


Now substitute Equation (7.152) into Equation (7.154). Because Vrm(x,y) are the eigen- 
functions of the Laplacian we have 


V Van (a y) = —AnmVnm (a, y); (7.155) 


where the eigenvalues A, correspond to the boundary condition (7.151). The left sides of 
Equations (7.154) become: 


lo one) Ie. il, 
= S- S- asf | Ci : Vile Y)Vnm(a, y)dady. 


i=1 j=1 


Due to the orthogonality relation for the functions Vin(z,y), the only term in the sums 
that differs from zero is 


Comparing with the right side in Equation (7.154) we obtain 
AnnCnni = Fans WIWH 1s 2y 3h (7.156) 
where 
dni = aE | . i, , f(t, y)Vnm(a, y)daxdy. (7.157) 
nm 0 Jo 


From (7.156) and (7.157) the coefficients C;,, can be obtained. 

In the case of boundary conditions of the 1st or 3rd type (Dirichlet condition or mixed 
condition) eigenvalues Anm #~ 0 for all n, m = 1,2,3, ..., thus Cam = fnm/Anm and the 
solution (7.152) is defined uniquely: 


=.) fom Vam(, Y): (7.158) 


n=1lm=1 


Elliptic Equations 171 


In the case of boundary conditions of the 2nd type (Newmann conditions) eigenvalue 
Xoo = 0 (Von = 1) and all other eigenvalues are nonzero. Then there are two options. 


If ; 
ae i / Haaidedo= 
0 0 


then coefficient Coo is uncertain, and the other coefficients are defined uniquely. The solution 
to the given problem exists but is determined only up to an arbitrary additive constant. 


The solution is 
loc) Co 


eet = oe 


Anm 


Viam(2, y) + const. (7.159) 


If 
be ply 
= »y)dxd 0, 
se [Of tenacdy 4 


then the solution to the given problem does not exist. 


The solution of the Poisson equations with nonhomogeneous boundary conditions needs 
to introduce auxiliary functions to switch to homogeneous boundary conditions. It can 
be done similarly to the cases we already considered several times, but for a rectangular 
domain a determination of an auxiliary function needs more technical steps. That is why 
this problem is placed into Appendix C part 2. 


7.14 Green’s Function for Poisson Equations 
7.14.1 Homogeneous Boundary Conditions 


In the present subsection, we apply Green’s function approach for finding the solution of 
the Poisson equation 
Ou Ou 
Ox? us Oy? 
defined in a certain region D, with some homogeneous boundary conditions imposed on 
the boundary L of that region. Our goal is to find the kernel G(x, y;€,7) of the integral 
transformation 


=—f(x,y) (7.160) 


u(y) = If, G(x, y:é.n) FE natn (7.161) 


that transforms the right-hand side of Equation (7.160) (heat source or charge density) into 
the solution of the boundary value problem (temperature or potential field). Recall that 
formerly we obtained such integral transformations for the wave equation (Section 5.5.2) 
and the heat equation (Section 6.4). For that goal, it is necessary to solve the Poisson 
equation with the source localized in the definite point in the region D, i.e., 


OG(a,g£,9) , 0°Ga,y; 6,0) 
Ox? Oy? 


= 6(a — €)d(y — n) (7.162) 


with the same homogeneous boundary conditions at the boundary DL. Due to the superpo- 
sition principle, for an arbitrary right-hand side, f(x,y), the solution will be determined by 
integral formula (7.161). 

Let us consider some basic examples. 
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Example 7.10 First, let us find the solution of the Poisson equation (7.162) in the whole 
plane -co << a<w,-w<y<ow. 

Of course, any harmonic function can be added to that solution. However, we are inter- 
ested in the particular solution which corresponds to the action of the localized source rather 
than external heating. Therefore, we impose the condition of zero flux on infinity: 


OG(x,y3€,n)  OG(x,y; €,n) 


Doin 39 
— = . wl 
x Dy 0 as a +y" > 0 (7.163) 


Because the right-hand side of Equation (7.127) depends only on differences 
X=2- E, Y= ¥Y— 1), 


it is natural to expect that the solution of the problem (7.162), (7.163) also depends only 
on those differences, 
G(x, y3€,7) =T(X,Y), (7.164) 


hence 


PT(X,Y) , PL(X,Y) 
ax? ay? 


=0(X)d(Y), -wo<X<w, -w<Y<om. (7.165) 


Moreover, because the point heat source is localized at the origin X = Y = 0, the 
problem is rotationally invariant; hence we expect that the temperature field depends only 


on the radial coordinate: 
T=T(R), R=VX?4+Y?. (7.166) 


Except for the point R = 0, function I'(R) satisfies the Laplace equation, 


hence 
T(R) =a nR+c. 


The constant cz is arbitrary, and it is not related to the point source. Later on, we choose 
Cg = 0. The constant c; has to be found using the full Poisson equation (7.165). 
Let us integrate both sides of (7.165) over the disk D of radius Ro. Recall the formula 


of vector analysis, 
// V -vdady = ¢ v-nds, (7.167) 
D L 


where v is a vector field, Z is the boundary of D, n is the outward normal vector to L, 
and the line integral over DL is taken counterclockwise. Using this formula, we obtain in the 
left-hand side of the equation: 


av C1 
Al dady = // V -VI'dady = ¢ —ds = — -27Rog = 201, 
I, D Lak Ro ig : 


while the right-hand side is equal to 1. Hence, cy = 1/27. 


Solution 
1 


Pe &y—n) = sR = Zine 8? + (yn)? (7.168) 


is called the fundamental solution of the Poisson equation. 
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We can use the obtained solution in order to transform the boundary value problem 
(7.162) for the Poisson equation to a certain boundary value problem for the Laplace equa- 
tion. For instance, let us consider Equation (7.162) in D with a homogeneous Dirichlet 
boundary condition, 


G(z,ys&.n) =0, (2,y) € L. (7.169) 
Let us present the solution in the form 
G(x, y3€,n) =T(e-€,y—) + v(z,y; €, 0). (7.170) 


Then function v(2, y;€,17) satisfies the Laplace equation 


Pou(z,y3€,n) v(x, yn) 
Ox? Oy? 


=0, (a,y)ED (7.171) 


with the nonhomogeneous Dirichlet boundary condition 


u(x, y; €,7) = T(#—€,y— 4), (x,y) é L. (7.172) 


Example 7.11 Let us find Green’s function for the Poisson equation in the half-plane 
y > 0 with the homogeneous Dirichlet boundary condition, 


G(x, 0;£,7) = 0. 


Using transformation (7.170), we obtain the Laplace equation (7.171) in the region y > 0 
with the nonhomogeneous Dirichlet boundary condition, 


v(x, 0,€,7) = -I'(2 — €,—n) = Inf(w — €)? +77], —co<a<oo. (7.173) 


Thus, the addition vu(z, y; €,7) is produced in the region y > 0 by the boundary temperature 
distribution (7.173) at y = 0. 

The natural way to create such a temperature distribution is to extend the problem to 
the region of negative y and put a negative point heat source (“an image”) in the point 
x =, y=—n. Indeed, let us consider the problem 


Po(ax,y;€n) , u(x, y;€,n) 
Ox? Oy? 


= —6(« — £)4(y +n) (7.174) 


in the whole plane. Using the results of Example 7.10, we find that 


1 
gz, mle - 9° + y+n)’]. (7.175) 
Solution (7.175) satisfies condition (7.173) at y = 0. 

Substituting (7.175) into (7.170), we obtain Green’s function for the Dirichlet problem 
in a half-plane, 


v(x, y3€,n) = -T(x@-€,y+n) = 


(x — §)? + (y—n)* 
(o> €)? + (ya)? 


-wo <4<ow, y>0; -wK<E<ow, n>0. 


Example 7.12 Let us find now Green’s function for the Poisson equation in the half-plane 
y > 0 with the homogeneous Neumann boundary condition, 


OG 
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It is easy to guess that in this case we have to put the image of the same sign in the 
point (€,—7), ie., v(x, y;&,7) should satisfy the equation 


Pov(z,ysEn) _ Pu(x,y;€,n) 
Ox? Oy? 


= (a — €)5(y +n), 


thus 
v(z,y3€,n) =V(x@—- €,y +7). 
Indeed, Green’s function 
G(z,y;€,n) =T(z—€,y—n) +1 (2 -€,y +7) 


= In{ [(e— 6? + (y—n)] [e+ wv t-0)?]} 


is an even function of y, therefore it satisfies boundary condition (7.176). 


Example 7.13 Consider now Equation (7.162) in a disk x?+y? < 1 with the homogeneous 
Dirichlet boundary condition, 


G(x,y;§,n) =0 as a? +y? =1, 


According to formula (7.172), we have to find the solution of the Laplace equation that 
creates the distribution 


Rille-9?+-n7] (7.477) 


v(z,y3§,7) = -T(x-€,y—) = 


on the circle x? + y? = 1. Following the approach applied above, we search that solution in 
the form 


B(o,ys&n) = C— Illa - 8? + (y— AP), (7.178) 


where (€ ,%) are the coordinates of the “image”. Using the symmetry arguments, we can 
suggest that the image is located on the straight line that passes the points (0,0) and (€, 7), 
ie., it is in a certain point (E, ) = c(€,), where c is a constant to be found. 

Equating (7.177) and (7.178) on the circle 2? + y? = 1, 


CF tnl(a — of)? + (y- en)" = 


we obtain 
e471 (a — of)? + (y — en)"] = [(@ - 6) + Y — 0)" (7.179) 
Equation (7.179) is satisfied on the whole circle x? + y? = 1, if 


ee = 1, O11 + (62 +7°)] =1 +62 +77. (7.180) 


Solving (7.180), we find 


1 1 
Om aye Cae ne ty ). 
Thus, ; ‘ 
(2, ys 6m) =~ Wn(E? +9?) — Fin[lw - 8? + (y- A] 
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and 
1 (ety yay 
G(x, y3&,7) = In = : 7.181 
RO ae Galea ee = aay con 
where 
&# = 22 (7.182) 


= 24 72° 
In polar coordinates, 
x=rcosé, y=rsind, €=pcosy, n=psinyg, 
formulas (7.181), (7.182) can be written as 


1, r?+4+ 7 — 2rpcos(@— y) 
; = ] : 1 th Al 
G(r, 9; p,”) i A apa = Op pcos =e) O0<r<l, 0<y< (7.183) 


7.14.2 Nonhomogeneous Boundary Conditions 


Green’s function can be used also for solving the nonhomogeneous boundary value problem, 


u(x, y) > y(z,y), (x,y) e L, (7.185) 


where L is the boundary of region D. 

In order to obtain the generalization of formula (7.161) in the case of non-homogeneous 
boundary conditions, we have first to derive some relations. 

Let us integrate the obvious identity 


V-(fVg-9Vf) =fV?9-9V7f 


over the region D. Using formula (7.167), we obtain Green’s identity 


[ Gn-Vo-on- Vf)as = ff (fV79 —gV* f) dxdy. (7.186) 
L D 
Let us take now f = G(x, y;&1,m) and g = G(a, y; 2,2), where 


here (1,71) and (£2, 72) are two different points in D. Substituting f and g into Green’s 
identity, we find that Green’s function is symmetric, 


G(é1, m3 €2, 72) = G(E2, n2:&1,m). (7.189) 


Let us take now f = u(z,y) and g = G(x, y; €,7). Substituting into the Green’s identity, 
we obtain, 


| (un: VG — Gn- Vu) ds = // (uV?G — GV?u)dady. 
E D 


Taking into account (7.187), (7.188), we find that 


ul) = He G(x, 9; €,1)V? ule, y)dedy + | u(y) (10(2, y) - Ve (9; 0) ds, 
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where V, = (0/0x,0/0y). Let us interchange the notations of (%,y) and (£,7), and take 
into account the symmetry of Green’s function (7.189): 


u(e,y) = ff Glos ys& mAu(g naan +f u(gn) (n(f,7) - VeG(ax, y; €,1)) do, 


where Ve = (0/0€, 0/0n), and integration over do is performed along the region’s boundary 
in the plane (£,7). Using (7.184), (7.185), we obtain Green’s representation formula 


ule,y) =— | is Cle, Eni naedn 


+ f on) (n(&,7) - VeG(x, 45,0) do, (7.190) 


which provides the contributions of both the source and the boundary condition into the 
solution. 

Note that the Poisson integral formula (7.62) obtained in Section 7.8 is just a consequence 
of formula (7.190) with Green’s function given by (7.183). 


Example 7.14 Solve the following boundary value problem: 
V-u=—f(t,y), —oo<a2<o, y>0; 


u(z,y) = (x), -wo<4<o. 


Formerly, we have found Green’s function for the Poisson equation in the half-plane 
y > 0 (see Example 7.12): 


se lk (a — 
G(x, y,€,) 7. Ar In (x re £)2 le (y + n)2- 


The outward normal vector is (0, —1), therefore 


n(€,7)) ; VeG(z,¥,€,)|n—0 = 2G 81) 
7 neat 
Sail | y—n i ytn 
2n |(@—€2+(y—n)?  @-—£? + 4+) | ,=0 
a. y 
oe (e@— 6 +y¥? 
Thus, 
ee Se bs Tae Oey ey Sa) Po ass y(E) 
uow=—z fa f ann oe ga ents | &anpae 


7.15 Some Other Important Equations 


In the present section we consider some other important equations. 
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7.15.1 Helmholtz Equation 


The Laplace equation considered above can be obtained as a static limit of dynamic equa- 
tions which describe temporal evolution of physical fields, e.g., the wave equation 


aa aV7u, (7.191) 
or the heat equation 

O 

7 = Vu, (7.192) 


where u = u(x,t) is a function of two or three variables (x is (x,y) or (x,y, z)). Problems 
(7.191) and (7.192) will be considered in detail in Chapters 8 and 9. Here we note that 
instead of time-independent solutions of Equation (7.192) we can consider a monochromatic 
wave 


u(x,t) = U(x) cos(wt + C). (7.193) 


Solutions of this kind, which correspond to oscillations and waves with a definite frequency, 
appear in a natural way when the method of separation of variables is applied. Substituting 
(7.193) into (7.192), we find that U(x) satisfies the Helmholtz equation 


V7U + k°U =0, (7.194) 


where k = w/a (the physical meaning of k is the wavenumber). 

Note that the wave velocity a can depend on the coordinate x, when the wave propagates 
in a heterogeneous medium. For instance, the velocity of light in a medium depends on the 
local refraction index. In that case, the Helmholtz equation for a monochromatic wave is 


V2U + k?(x)U =0. (7.195) 


For solving the Helmholtz equation, we can apply approaches similar to those used for 
the Laplace equation. Let us consider some examples. 


Example 7.15 Find the general solution of the Helmholtz equation in a plane in polar 
coordinates, 


2 
aie 2 ye. 


ror \" Or r2 Op? 
Using the separation of variables, 
U(r, p) = R(r)®(¢), 
we obtain two ordinary differential equations, 


®" +6 =0 (7.196) 


and 


rR" +rR' + (k? —d) R=0. (7.197) 
Equation (7.196) along with periodic condition, ®(y+27) = ®(y), gives the eigenvalues 


Am =m, m=0,1,2,... (7.198) 


and the eigenfunctions 


B®) = Ao, Om(y) = Amcosmy+ Bm sinmy for m ¥ 0. (7.199) 
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Equation (7.197) is the Bessel equation, 


its solution is 


(see Appendix B). Thus, the general solution of the Helmholtz equation can be written as 


U(r, ~) = S\(Am cosmy + Bm sin my)(CmJm(kr) + DmNm(kr)). (7.200) 


n=0 


If the general solution is applied for a boundary value problem in a disk, so that the 
solution has to be regular in the point r = 0, thus D, = 0 for all n. We shall use the 
obtained solution in Chapter 8 when considering oscillations of a membrane. 

The solution of a three-dimensional Helmholtz equation in cylindrical coordinates, 


25 (2) Leer. OU 


+ k*U =0, 


r Or "Or r? Ov? _ O22 | 


can be obtained in a similar way using the separation of variables, 
U(r, z,p) = R(r)Z(z)®(y). 


For ®(y), we obtain the same equation (7.196) and the same set of eigenvalues (7.198) and 
eigenfunctions (7.199). Also, we obtain equation 


VALS 
ox! (7.201) 
for function Z(z) and equation 
1 2 m 
Rl + pea + (: +p a) R=0 (7.202) 


for R(r). We find that 
Z(z) = Eexp(./uz) + F exp(—\V/z). 


In an infinite space, yu is arbitrary; in the case of a boundary value problem, the set of 
allowed values of pu is discrete, 4 = fn, n = 0,1,2,... (see Section 7.10). In that case, we 


get 
Rmn = CrmnJm(r V en + k?) + DinnNm(r V en + k?) 


and 


U(r, z,~) = S- = (Ap, cosmyp + B,, sinmy) 


n=0 m=0 
x [Crom Fm (rv Bn + i?) + DinnNm (rv Bn + i) 
x [En exp (\/inz) + Fr exp (—V/iin2)] - 
Example 7.16 Let us consider the Helmholtz equation in spherical coordinates, 


10 ( OU 1 Of, ,0U i O71 9 
r Or (‘Z) ' r2sin 6 00 (smo) +555 wea 
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Similar to the case of the Laplace equation (see Section 7.11), the general solution can be 
obtained by separation of variables: 


U(r, 0,9) = R(r)O(@)®(¢). 


Like in the case of the Laplace equation, we find that functions ©,,,(y) are linear combina- 
tions of cosmy and sin my, and functions 


Omi(O) = P/”(cos 6). 
The functions ®,,(y) and ©,,:(@) can be combined into spherical harmonics 
V6.3) = Neg eos"? 1S 01, 20.d eS RS Pe 


where the coefficients N,,, are determined by the normalization condition (see 
Appendix B). 


QT Tw 
i dip | d8 sin BY (0, 9)*V2(8, 0) = 61,155 raxmas- 
0 0 


The parameter k? appears only in the equation for the radial function R(r), 


rR" + 2rR’ + [k?r? —U(l+1)] R=0. (7.203) 
Changing the variable, 
_ 4(r) 
R(r) (ier) i/2 


we obtain the Bessel equation, 


r?Z" + OrZ! + Z= 0. (7.204) 


2 
dl 
k2 2 i] fa 


Its solutions are Jj41/2(kr) and Nj41/2(kr). 
Using spherical Bessel and Neumann functions (see Appendix B), 


ite) =f Zdrpla)s mate) =f 2200) (7.2085) 


the general solution of the Helmholtz equation is 


lee) l 


U(r, 8,0) = SY) Do Aumi(kr) + Bimra(kr)] ¥"(8, 9). (7.206) 
1=0 m=-l 


A solution is regular in the point r = 0 if all By, = 0. 

Note that the wave velocity a can depend on the coordinate x, when the wave propagates 
in a heterogeneous medium. For instance, the velocity of light in a medium depends on the 
local refraction index. In that case, the Helmholtz equation for a monochromatic wave is 


VU + k?(x)U =0. (7.207) 
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7.15.2 Schrddinger Equation 


Let us consider a three-dimensional Helmholtz equation 
Uge + Uyy + Uzz + k7u =0, 


which describes the propagation of a monochromatic electromagnetic wave. Assume that 
the wave has a form of a beam which propagates mostly in the direction of the z-axis. 
Substituting 

u(x, y,z) = U(a,y,z)e"*, (7.208) 


we obtain the reduced wave equation for the envelope function U(x, y, z), 
Urry + Uyy + Uz, + 2ikU, = 0. (7.209) 


The physical field is the real part of (7.208). If the characteristic spatial scale of the beam 
is large compared to the wavelength \ = 27/k, then |U..| < |kU.|, hence the term U,, can 
be neglected. We arrive at the paraxial wave equation, 


Una + Uyy + 26kU, = 0. (7.210) 


Equation (7.210) can be also called the Schrédinger equation, because it is equivalent, 
up to rescaling of variables, to the equation governing the propagation of a free quantum 


particle, 


ow hi? 
ihe, = So (7.211) 


Here W is the wave function of the particle, h = h/27 is the reduced Planck constant, and 
m is the mass of the particle. 

Note that in the case of the light beam propagation, the longitudinal coordinate z plays 
the role of time. 


Example 7.17 As an example of the application of the paraxial wave/Schrédinger equa- 
tion, let us consider the diffraction of a Gaussian beam. 
Let us rewrite Equation (7.210) using cylindrical coordinates, 


1 1 ; 
Opry. + aur + 72 Vee + 2ikU, =0 
and consider an axially symmetric beam (U = U(r, z)) governed by equation 
1 
Urr + <Uy + 2kUz = 0. (7.212) 


Let us search for the particular solution of this equation in the form 
ikr? 
2q(z) J’ 


where A(z) and q(z) are complex functions that depend only on z. Substituting the ansatz 
(7.213) into (7.212), we find: 


D2. 
Qik (= ! =) eee (3 i) =. (7.214) 
qd 


U(r, z) = A(z) exp | (7.213) 


dz q dz 
Relation (7.214) is satisfied for any r, if 


dg, dA A 
Ge a (7.215) 
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-(2)}] 


i.e., at z = 0, the beam is characterized by a Gaussian distribution with the characteristic 
radius ro. Then 


Let us impose the initial condition 


U(r, 0) = Cexp 


A(0)=C, q(0) = —ikr2/2. 
Solving (7.215) in the direction of the beam propagation, z > 0, we find that 
C 


= —~ikr?/2 AA SS 
a(e) = —ikr8/2+ 2, Al) = Tae 


U(r, z) = 


C P r? 
x : 
1 + 2iz/kr2 r ré (1 + 2iz/kr2) 
Let us calculate the wave intensity 
C? 2Qr? 
I(r, z) =|U(r, 2)? = 
eee) 1+ 422/k2r4 oe | 1+ | 


One can see that the characteristic radius of the beam 7(z) grows with z as 


F(z) = rol + 42?/kr, 
while the maximum intensity of the beam I(0, z) decreases as 
Crs 
[r(z)?? 
We have seen that the Schrodinger equation is obtained from the Helmholtz equation in 
the paraxial approximation. Vice versa, we obtain the Helmholtz equation from the time- 


dependent Schrédinger equation (7.211) when considering a particle with a definite energy 
E, 


I(0,z) = 


h 
Indeed, substituting (7.216) into (7.211), we obtain Equation (7.194) with 


k? = 2mE/h’. 


U(x, t) = U(x) exp (-i¢:) (7.216) 


In quantum mechanics, equation 

VU +k*?U =0 
is called the time-independent Schrodinger equation. Thus, Example 16 of this section 
describes the motion of a free particle. The motion of a quantum particle with energy 
E in a certain external potential V(x) is governed by Equation (7.207) with 


k?(x) = 2m(E — V(x))/h?. 
If the potential is spherically symmetric, V = V(r), equation 
V2U +k (r)U =0 

can be solved by separation of variables. Acting as in Example 16, we obtain the same 
functions of angular variables Y;"(6,y). Only the equation for the radial function R(r) is 
modified, 

rR" + 2rR! + [k?(r)r? —1(l+1)] R=0. (7.217) 
Solutions of Equation (7.217) for typical potentials can be found in textbooks in quantum 
mechanics. For the one-electron atom the solution can be also found in books |7, 8]. 
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Problems 


Solve these problems analytically which means the following: formulate the equation and 
boundary conditions, obtain the eigenvalues and eigenfunctions, write the formulas for coef- 
ficients of the series expansion and the expression for the solution of the problem. You can 
obtain the pictures of several eigenfunctions and screenshots of the solution and of the 


auxiliary functions with Maple, Mathematica or software from [7, 8]. 


In problems 1 through 5 we consider rectangular plates (0 < # <1,, 0 < y < ly) which 
are thermally insulated over their lateral surfaces. There are no heat sources or absorbers 


inside the plates. Find the steady-state temperature distribution in the plates. 


1. 


The sides x = 0, y = 0 and y = I, have a fixed temperature of zero and the side 
a = 1, follows the temperature distribution u(I,, y) = sin?(ry/l,). 


The sides x = 0, x = 1, and y = 0 have a fixed temperature of zero and the side 
y =, follows the temperature distribution u(a,l,) = sin?(7a/I,). 


The sides « = 0 and y = 0 have a fixed temperature of zero, the side x = l, is 
thermally insulated, and the side y = L, follows the temperature distribution 


u(x, ly) = sin (57ax/I,) . 


The sides x = 0 and x = 1, have a fixed temperature of zero, and the sides y = 0 
and y = ly, follow the temperature distributions 


37x 
_—_ 


u(x, 0) = sin = and u(z,l,) = sin 
The sides y = 0 and y = I, have a fixed temperature of zero, and the constant 
heat flows 
ux(0,y) = Ua (le, y) = sin (37y/Ly) 


are supplied to the sides x = 0 and x = 1, of the plate from outside. 


In problems 6 through 10 we consider a rectangular plate (0< a2 <1,,0<y< 
ly) which is thermally insulated over its lateral surfaces. One internal source of 
heat Q = const. acts at the point (xo, yo) of the plate. Find the steady-state 
temperature distribution in the plate. 


The edges x = 0, y = 0 and y = L, of the plate are kept at zero temperature and 
the edge x = I, is subjected to convective heat transfer with the environment 
which has a temperature of zero. 


The edges x = 0 and y = 0 of the plate are kept at zero temperature, the edge 
y =1, is thermally insulated and the edge x = 1, is subjected to convective heat 
transfer with the environment which has a temperature of zero. 


The edges z = |, and y = lL, of the plate are kept at zero temperature, the edge 
x = 0 is thermally insulated and the edge y = 0 is subjected to convective heat 
transfer with the environment which has a temperature of zero. 


The edges y = 0 and y = l, are thermally insulated, the edge x = 0 is kept at 
zero temperature and the edge x = I, is subjected to convective heat transfer 
with the environment which has a temperature of zero. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 
17. 
18. 
19. 


The edges x = 0, = I, and y = ly are thermally insulated and the edge y = 0 
is subjected to convective heat transfer with the environment which has a tem- 
perature of zero. 


In problems 11 through 15 we consider a heat-conducting rectangular plate (0 < 
x <l,,0< y < 1,) thermally insulated over its lateral surfaces. Let heat be 
generated throughout the plate; the intensity of internal sources (per unit mass 
of the plate) is Q(a,y). Find the steady-state temperature distribution in the 
plate. 


Part of the plate bound (x = 0 and x = 1,) is thermally insulated, and the other 
part is subjected to convective heat transfer with a medium. The temperature of 
the medium is u,q = const. The intensity of internal sources (per unit mass of 
the plate) is 
Q(a,y) = Acos lc ed 
Ls ly 
Part of the plate bound (y = 0 and y =1,) is thermally insulated, and the other 
part is subjected to convective heat transfer with a medium. The temperature of 
the medium is u,q = const. The intensity of internal sources (per unit mass of 
the plate) is 
Ta T 
Q(x, y) = Acos — cos ae 
ly ly 
Sides x = 0 and x = 1, of the plate are thermally insulated, and sides y = 0 and 
y =, are held at fixed temperatures u(x, 0) = 0 and u(a,1,) = cos(57a/l,). The 
intensity of internal sources (per unit mass of the plate) is 


Q(x, y) = Axsin ae 
y 


Sides y = 0 and y = 1, of the plate are thermally insulated , and sides + = 0 and 
x =1, are held at fixed temperatures u(0,y) = 0 and u(lz, y) = cos(37y/Ly). 


Q(x, y) = Ax cos ae 
y 


Sides y = 0 and y = 1, of the plate are thermally insulated, side x = 0 is held at 
fixed temperature u = u, and side x = I, is subjected to convective heat transfer 
with a medium. The temperature of the medium is zero. The intensity of internal 
sources (per unit mass of the plate) is 


Q(x, y) = Ary. 


In problems 16 through 20 an infinitely long rectangular cylinder has its central 
axis along the z-axis and its cross-section is a rectangle with sides of length 7. 
The sides of the cylinder are kept at an electric potential described by functions 
u(z,y)|r given below. Find the electric potential within the cylinder. 


Ceti ey”, Uyoo =Z,  Ulyog = O- 
Ul emo a Y; ik es = ve Ul y=0 = Ul yon = 0. 
ee = 0, oe = oe uly=0 = 0, ul — 


ul =p = Ulpog = C08.2y; Uly—o = ti ype =0. 
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20. 


21. 
22. 
23. 


24. 
25. 
26. 


27. 
28. 
29. 


30. 
bl. 
32. 


33. 
34. 


35. 
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Ul,-0 = cos3y, ul,, =0, Ulyo = 27,  Ulyoe = 0. 

In problems 21 through 23 we consider a circular plate of radius | which is ther- 
mally insulated over its lateral surfaces. The circular periphery of the plate is 
kept at the temperature described by functions of the polar angle u(l, y) = g(y), 


given below. Find the steady-state temperature distribution in the plate. 


g(p) = cos 3p 
g(y) = cos $ + _£. 
g(v) = cos $ + sin $ 


In problems 24 and 26 a thin homogeneous circular plate of radius / is electrically 
insulated over its lateral surfaces. The boundary of the plate is kept at an electric 
potential described by functions of polar angle u(l,y) = g(y) given below. Find 
an electric potential in the plate. 


g(~) = sin 4y. 
g(v) = sin $ + 5. 
g(y) = 2cosy — 3siny. 


In problems 27 through 29 we consider a very long (infinite) cylinder of radius 
i. The constant heat flow Q(y) is supplied to the surface of the cylinder from 
outside. Find the steady-state temperature distribution in the cylinder. 


Q(y) = 3sing + 2sin? y. 

Q(v) = 4cos? y + 2siny. 

Q(y) = 5siny — cosy. 

In problems 30 through 32 we consider a very long (infinite) cylinder of radius 
i. At the surface of the cylinder there is a heat exchange with the medium. The 


temperature of the medium is uma(y). Find the steady-state temperature distri- 
bution in the cylinder. 


Uma(y) = sin y + cos 4y. 
Uma(v) = 1+ 4 cos? y. 
Uma(Y) = 2sin? y + 1. 


In problems 33 through 35 we consider a circular plate of radius | which is ther- 
mally insulated over its lateral surfaces. One constant internal source of heat acts 
at the point (ro, yo) of the plate. The value of this source is Q = const. Find the 
steady-state temperature distribution in the plate. 


The edge of the plate is kept at zero temperature. 


The edge of the plate is subjected to convective heat transfer with the environment 
which has a temperature of zero. 


The edge of the plate is subjected to convective heat transfer with the environment 
which has a temperature of umq = const. 
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36. 
37. 
38. 
39. 
40. 


Al. 


42. 


In problems 36 through 38 we consider a circular plate of radius / which is ther- 
mally insulated over its lateral surfaces. The contour of the plate is maintained 
at zero temperature. A uniformly distributed source of heat with power Q(r, y) 
is acting in the plate. Find the steady-state temperature distribution in the plate. 


Q(r, ¢) = rcos 2y. 

Q(r, y) =r? siny. 

Q(r, v) = r7(cos 3y + sin 3y). 

Find homogeneous harmonic polynomials of degree 3 and 4. 


Solve the following Dirichlet problem: 


V2u=0, O<r<a, 0<0<a, 0<y<2m; 0<a<zT; 
u(a,6,¢)=1, 0<0<a, 0< p< 2z; 
u(r,a,o) =0, O< r<a, O< p< 2n. 


Solve the following Dirichlet problem: 


V2utk*u=0, O<r<a, 0<0<7, 0<y<2Qn; 

u=cos’0, r=a, 0<0<_a2, 0<y<2rz. 
Hint: Use the transformation of the kind f(«) = «° v(x) to transform the obtained 
ODE to the Bessel equation. 


Derive Green’s function of the Dirichlet problem for the Poisson equation in the 
region 0<r<10<¢<zT. 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 
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Two-Dimensional Hyperbolic Equations 


In this chapter we consider physical problems related to two-dimensional flexible surfaces 
called membranes. A membrane may be defined as a thin film which bends but, in the 
present analysis, does not stretch. The boundary of the membrane may be fixed or free or 
have forces applied to it. We will also consider cases where the membrane interacts with 
the material in which it is embedded and is thus subject to external forces such as driving 
forces or friction. Examples of membranes include drum heads, flags, trampolines, biological 
barriers such as cellular membranes. The surface of liquids may be treated as membranes 
when covered by surfactant that makes it rigid. 

Our consideration of the membrane behavior will parallel our previous discussion of a 
vibrating string, but now we analyze the motion of a two-dimensional object oscillating in 
a third direction. First let us consider a membrane in equilibrium in the z-y plane limited 
by a smooth, closed boundary, J, under tension, T, which acts tangent to the surface of 
the membrane. In the following we will treat external forces acting on the membrane in a 
direction perpendicular to the z-y plane only, except at the boundary of the membrane. 
Under the action of such a force or in the case of an initial perturbation from equilibrium, 
points on the membrane move to a new position which we will describe by the distance 
from equilibrium, u = u(x, y) at location (x, y). The distance of the membrane surface from 
equilibrium may also vary in time so that the displacement u(x, y,t) is a function of time 
as well as location. 

We consider only cases where the curvature of the membrane is small; hence we can 
neglect powers of u and derivatives (squared and higher orders): u? © 0, u? ~ 0, etc. 

In Figure 8.1 a small section, a, of the membrane whose equilibrium position is limited 
by the closed curve | is shown. When the membrane is displaced from the equilibrium 
position this section is deformed to the area o’, limited by the closed curve lI’ as shown in 
Figure 8.1. The new area o’ at some instant of time is given by 


a= ff Viti +ujdedy ~ ff dxdy =o. 


From this result we see that, for small oscillations with low curvature, we may neglect 
changes of area of the membrane. As in the case of small string vibrations, we assume that 
the tension in the membrane does not vary with z or y. 


8.1 Derivation of the Equations of Motion 


To derive an equation of motion for the membrane let us consider its fragment, the deformed 
area o’ limited by the curve l’. The tension acting on this area is evenly distributed on the 
contour, /’ and is perpendicular to the contour and tangent to the surface of the deformed 
area. For a segment ds’ of the curve /’ the tension acting on the segment will be Tds’ (T is 
tension per unit length). Since motions of the membrane are constrained to be perpendicular 
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u 


FIGURE 8.1 

Small surface element of a membrane, o displaced from equilibrium into stretched element 
o’. The angle 6 is between the force of tension, T, which is tangent to the curved surface 
element, and the direction of the displacement, u. The vectors n and n’ are the normal 
vectors to the surfaces o and o’, respectively. 


to the xz-y plane we consider the component of the tension in the direction u (perpendicular 
to the x-y plane) which is Tds’ cos @ where 6 is the angle between T and the direction of the 
displacement u. For small oscillations of the membrane, cos @ is approximately equal to gu 
where n is the normal perpendicular to the curve J, the boundary of the original equilibunan 
area o. From this we have that the component of tension acting on element ds’ of contour 


I’ in the direction of displacement wu is 


rtay. 


We now integrate over the contour I’ to find the component of tension acting on area 
element o’ and perpendicular to the equilibrium surface as 
ras I 
py O 


For small oscillations of the membrane ds ~ ds’ (i.e. the boundary / does not deform much 
as the element o is stretched). Using Green’s formula we have, in rectangular coordinates, 


Tf as ff (ss + Fe) aay. (8.1) 


The above only includes forces due to the original tension on the membrane. If an additional 
external force per unit area F(x, y,t) (which may vary in time) acts parallel to the direction 
u(z,y,t), then the component in the wu direction of this force acting on area o’ of the 


membrane is given by 
// F(a, y, t)dady. (8.2) 


The two forces in Equations (8.1) and (8.2) cause an acceleration of the area element o’. 
If the mass per area of the membrane is given by the surface density, p(x, y), the right-hand 
side of Newton’s second law for the motion of this area element becomes 


Oru 
// p(t, y) a9 dedy. 
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Setting the forces acting on this element equal to the mass times acceleration of the area 
element we have 


OP u Ou Ou 
If. locas) 7 (3 xt) Fano) dady = 0. 


We began with an arbitrary surface element, 0, from which it follows that 


O7u Oui Ou 
p(x, y) Ot2 T & l =) _ Be cgse). (8.3) 


Equation (8.3) is the linear partial differential equation which describes small, trans- 
verse, forced oscillations of a membrane. 

In the case of a membrane of uniform mass density (9 = const) we may write this 
equation as 


Oru Ou Oru 
me 8 (Set FS) = sew. (8.4) 


where a = \/T/p, f(x,y,t) = F(x,y,t)/p. In cases where the external force is absent, 


ie. F(x,y,t) = 0, then from Equation (8.4) we obtain the homogeneous equation for free 
oscillations of a uniform membrane given by 


O7u Oui dru 


If, in addition to the internal tension, the membrane is subject to an external restoring 
force proportional to displacement, we may add a force F = —au per unit of area of the 
membrane, where a is the elasticity coefficient of the ambient material. For such a membrane 
embedded in an elastic or spongy environment, Equation (8.4) becomes 


Ou Oru Ou 
me 8 (Sat a) Hes seu (8.6) 


where y = a/p. 

If the membrane is embedded in a material which produces a drag on the motion of 
the membrane such as the case for biological membranes, which are normally immersed 
in a liquid environment, a friction term must be added to Equation (8.4). Friction forces 
are generally proportional to velocity and we have F = —ku; as the force per unit area 
of membrane where k is the coefficient of friction. The equation of oscillation in this case 
includes the time derivative of displacement, uz(2,y,t)and we have 


O7u Ou O7u 02x 
Ot? , Ot a (3 =) = f(x,y, t), (8.7) 


where 2k = k/p. 

All the equations from (8.4) through (8.7) are linear partial differential equations of 
hyperbolic type. In the following we solve the above equations for various cases and give 
examples. First, we consider the physical limitations presented by requirements at the 
boundaries of the membrane. 


8.1.1 Boundary and Initial Conditions 


The equations of motion (8.4), (8.5), (8.6) and (8.7) are not by themselves sufficient to 
entirely specify the motion of a membrane. Additional conditions need be specified: initial 
conditions and boundary conditions. 
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If the position and velocity of points on the membrane are known at some initial time, 
t = 0 and are given by the functions y(x,y) and w(a,y), respectively, we have the initial 
conditions 
Ou 
Ul,—6 > p(x, y), Oy, = W(a,y). (8.8) 
OF |x=6 
As in the case of the vibrating string we may be given, along with initial conditions, 
information about the behavior of the membrane at its edges at all times, t, in which case 
we have boundary conditions. In the following we outline several variants of conditions on 
the boundary, L, of the membrane. 


1. Ifthe edge of the membrane is rigidly fixed then we have as the boundary condi- 
tion 
uly, = 0, 


which is referred to as a fired edge boundary condition. 


2. Ifthe behavior over time of the displacement, u(x, y,t), of the boundary is given 
by some function g(t) then we have 


uly = g(t), 
which is called a driven edge boundary condition. 


3. In the case of a boundary which is free (for example the edges of a flag under 
small oscillations) so that the displacement is only in a direction perpendicular 
to the z-y plane we have free edge boundary conditions given by 


Ou 
an 0. 


L 


4. The edge may also be subject to a force with linear density, f; in the z-y plane 
which affects the tension at the boundary. In this case we have the stretched edge 


boundary condition, 
Ou 
Ape 
(“75 +) 


5. Ifthe force density, f;, in the stretched edge condition, Equation (8.9), is a spring- 
like force (for example the boundary of a trampoline fixed to its support with 
springs) we may write —ku for f,; and we have 


Ou 


6. If the edges to which a membrane is elastically attached are moving in some 
prescribed way, the right sides of Equations (8.9) and (8.10) will contain some 
function of time, g(t), describing the motion of the edges. In this case we have 
nonhomogeneous boundary conditions. 


=0. (8.9) 
L 


=0, where h=k/T. (8.10) 
L 


We may combine all of these conditions in a generic form given by 


a on + Bul = g(t). (8.11) 
ik L 


The Dirichlet boundary condition corresponds to a = 0, 8 = 1 in which case we have the 
driven edge situation. The Neumann boundary condition corresponds to a = 1, 6 = 0 
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and we have the stretched edge condition, or the free edge if g(t) = 0. Mixed boundary 
conditions, when both a 4 0 and 6 # 0, correspond to the two last cases; if g(t) = 0 we 
have homogeneous (g(t) 4 0 nonhomogeneous) mixed boundary conditions. Clearly, the 
types of boundary conditions can vary along the boundary, and we will consider such a 
situation in the following section. 


8.2 Oscillations of a Rectangular Membrane 


In this section we consider the Fourier method for a rectangular membrane limited by the 
straight lines x = 0, = 1,, y= 0 and y = 1, (Figure 8.2). 


FIGURE 8.2 
Rectangular membrane in its equilibrium position. 


We begin with the most general case of a membrane subject to friction forces, a restoring 
force and external forcing, f(x, y,t). From the previous discussion we see that the equation 
of motion for such a problem is given by 

Oru Ou (Ou du 
2k a” | 553 + Op + yu= f(z,y,t) (8.12) 


ae +o 
with generic boundary conditions given on the boundary of the rectangle as 


Py lu] = aque + Piulzg =9(y,t), Polu] = a2te + Boul,_), = g2(y,t), 


Ps[ul = azty + B3uly_o = 93(#,t), Palu] = aguy + Saul), = ga(2,t), (8.13) 


where gi(y,t),...,ga(#,t) are the given functions of time and respective variable, and ay, 
By, a2, B2, a3, 63, a4 and 64 are constants subject to the same restrictions from physical 
arguments which we saw in Chapter 4. We also consider initial conditions 
theo =olesy), 4h =wla,0), (8.14) 
t=0 
where y(z,y) and w(x,y)are given functions. The compatibility of initial and boundary 
conditions will be discussed in Subsection 8.2.3. 

As in the case for the movement of a string we will use the Fourier method and separation 
of variables to solve this equation. In a manner exactly parallel to the solution of a vibrating 
string, but instead for an object described initially by two spatial dimensions, we will obtain 
solutions in the form of a series of eigenfunctions of the corresponding Sturm-Liouville 
problem. 
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8.2.1 The Fourier Method for Homogeneous Equations with 
Homogeneous Boundary Conditions 


We start with the homogeneous equation (i.e. no external forcing) 


Oru Ou Ou Ou 
: (3 +5) +yu=0 (8.15) 


with homogeneous boundary conditions 


Py[u] = aiue + Piulz9 = 0, Plu] = agus + Boul,_), = 9, 


(8.16) 
P3[u] = aguy + B3ul,_9 =9, Palu] = aguy + Baul ya, =0, 


and initial conditions in Equation (8.14) given by 


Ou 


Ot Ss = W(x, y). 


tlio = p(x, Y), 


As we did before, assume that solutions can be written as the product of two functions, 
one a function of time and the second a function of x and y: 


u(a,y,t) = V(a,y)T (Ee). (8.17) 
Substituting Equation (8.17) into Equation (8.15), we get 
V(x, y)T" (t) + 26V (,y)T(t) — 0? [Venlae,¥) + Voy (os ITU) + Ve, wT) =0 
or, upon rearranging terms, 


T"(t) + 2KT(t) + 7TH) _ Veo(@, y) + Vyy(@s 9) 


aT (t) V(a,y) 


where we have used the shorthand notation for the derivatives in x and y and primes denote 
derivatives with respect to time. 

The left-hand side of the previous equality is a function of t only and the right-hand 
side only of « and y, which is only possible if both sides are equal to some constant value. 
Denoting this constant as —\ we have 


Pb) 267 (ty) +97) — Vou(e, y) + Vay (2,9) 


eT (t) Vague 


For the function T(t) we get the homogeneous linear differential equation of second order 
T(t) + 26T"(t) + (@?A + 7)T(t) = 0. (8.18) 
For the function V(x, y) we have the equation 
Vax (x,y) + Vyy (x, y) + AV(az, y) = 0 (8.19) 
with boundary conditions 


P,[V] 
P3(V] 


aiVe + Biv a6 = 0, P2[V] = agV;z, + BoV eat, = 0, 
a3Vy + B3V|y—0 = 0, P,[V] — a4Vy + BaV yi, = 0. 
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To solve Equation (8.19) for V(z,y) we again make the assumption that the variables are 
independent and attempt to separate them using the substitution 


V(@,y) = X(a)Y(y). 
From here we obtain two separate BVP: 
X" (x) + AX (x) =0 (8.20) 
with boundary conditions 
ayX'(0) + BrX(0) =0, aX" (Ie) + B2X (lr) = 0, 
and 
¥"(y) + 4y¥(y) =0 (8.21) 
with boundary conditions 
a3Y'(0) + 63Y(0)=0, aaY'(ly) + B4Y (l,) = 0, 


where A, and A, are constants from the division of variables linked by the correlation (see 
Appendix D, part 2) A; + Ay =A. 

If Aun and X,,(x) are eigenvalues and eigenfunctions of Equation (8.20), and Aym and 
Ym(y) are eigenvalues and eigenfunctions of Equation (8.21), then 


and 
Vam(2,y) = Xn(2)¥m(y) (8.23) 


are eigenvalues and eigenvectors, respectively, of the problem in Equation (8.19). 
The functions V,.(x, y) are orthogonal and the square norms are given by 


[IVanll? = ||Xnll? ¥mnll? - (8.24) 


The system of eigenfunctions, V;,, given in Equation (8.23) form a complete set of basis 
functions for a two-dimensional rectangular membrane. By this we mean that any smooth 
(i.e. twice differentiable) shape of the deformed rectangular membrane with the generic 
boundary conditions given above can be expanded in a converging series of the functions 
Vina 

We now return to Equation (8.18) describing the time evolution of the membrane. This 
is an ordinary linear differential equation of 2" order which we have seen previously for 
one-dimensional oscillations. It should clear in this case, however, that T(t) now depends 
on two indexes corresponding to the eigenfunctions X,,(a) and Y,,(y). Specifically we may 
write \ = Anm and denote T(t) as Tnm(t) which is a general solution of Equation (8.18): 


Tnm(t) = Crete, (t) + bamy2),(t), (8.25) 


where Gym and bam are arbitrary constants. Similar to the case for the one-dimensional 
problem, we have 


et cosWamt, Wam = V@Anm ty — 62, K? <a? Anm +7; 
Gd 2 —Kt 2 2 
Ynm (t) — e—** cosh Wnmt, Wnm = Ke — ft Nese —-y K >a Anm TY) 
—Kt 2. 42 
en kK =A Anm +7; 


(8.26) 


ew SIN Wyrme, Wnm = V GP Avi si oe Ki, ra < Onis ry; 
yl) (t) = 4 e-sinhwymt, Wnm = V/K2—@2Anm—Y, K? > @?Anm +7; 


’ — Orem +: 
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Reading Exercise: Following the arguments used in the chapter for the one-dimensional case, 
verify the above formulas. 

Thus, particular solutions for the free oscillations of a rectangular membrane may be 
written as 


Unm(2; Y;t) = Tam(t)Vam(@, y) = [anmySt) (t) + Bamy 2), (t) Vim(2, Y); (8.27) 


which form a complete set of solutions to Equation (8.15) satisfying boundary conditions 
in Equation (8.16). 
The general solution can be presented as a sum 


u(x +yyt = 21d Fam(t) Vam (a ,Y)- (8.28) 


Substituting the initial conditions in the series (8.28) and, as always, assuming the 
uniform convergence of this series, which allows us to differentiate the series term-by-term, 


we have: 
Ult—o _ p(x, y) = SY Gan Vira ed) (8.29) 


O 
t=0 nom 


? we replace in (8.30) Wrm by 1 when kK? = 


(to treat simultaneously all three cases for « 
a? \nm +7): 

Formulas (8.29) and (8.30) show that functions v(x, y) and w(a,y) can be expanded in 
a complete set of functions, Vim (x,y), which form the solution of the Sturm-Liouville BVP 
of Equation (8.19). 

Again, supposing the series in Equations (8.29) and (8.30) converge uniformly we may 
determine the coefficients dp yx, and bp, by using the orthogonality of the eigenfunctions 
Vim(,y)- Multiplying Equations (8.29) and (8.30) by Viam(x,y) and integrating over z 
from 0 to J, and over y from 0 to ly, yields the Fourier coefficients 


1 
aom=r—se ff (2, y)Vnm(xy)dxdy, (8.31) 


de, 
bam = 
Wnm 


TE IE ff W(a,y)Vam(cy)dady + Kanm| - (8.32) 


The coefficients Gym and brn, substituted into the series (8.28) yield a complete solution 
to Equation (8.15) with boundary conditions (8.16), and initial conditions (8.14), under the 
assumption that the series in Equation (8.28) converges uniformly and can be differentiated 
term by term in z, y and t. Therefore, we may say that Equation (8.28) completely describes 
the free oscillations of a membrane. This solution thus has the form of a Fourier series on 
the orthogonal system of functions {Vnm(x,y)}, each function of which represents a mode 
characterized by two numbers, n and m. 

Particular solutions Unm(x,y,t) = Tam(t)Vnm(,y) where the time and space compo- 
nents are separate are called standing wave solutions and are analogous to standing waves 
on a one-dimensional string. The profile of the standing wave is defined by the function 
Viam(«, y) with an amplitude which varies as a function of time T(t). Lines, along which 
Viam(x, y) = 0 does not change with time, are called node lines of the standing wave. Loose 
sand placed on a vibrating membrane will collect along node lines because there is no motion 
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at those locations. Locations where Vnm(«, y) has a relative maximum or minimum at some 
instant of time are called antinodes of the standing wave. The general solution, u(z, y, t), 
is an infinite sum of these standing waves as was the case for the vibrating string. This 
property of being able to construct arbitrary shapes from a sum of component waves (or 
modes) is referred to as the superposition of standing waves and is a general property of 
linear systems of all dimensions. 

Consider a simple case of a rectangular membrane with sides clamped at the boundary. 
The vibrations are caused only by initial conditions; thus we want to solve the equation 


Bua (Pu , Pu 
ae «\ aa? * By? 


satisfying boundary conditions 
u(0,y,t) = ule, yt) = u(x, 0,t) = u(x, ly,t) = 0, 


and initial conditions (8.14). 
We leave to the reader to check as a Reading Exercise that, using the results from the 
generic case presented above, eigenvalues and eigenfunctions for this problem are 


2, 
lee 
ren = (F) X,(@) Sain >. Xpll Sy RST Dens 


2 
l 
m= (47) Ym(y) =sin—",|[¥nl? =, m= 1,2,3,..., 


a i oy 
with ‘5 , 
o[{n m 
and we have that 
Ll 
Vam(@,¥) = Xn(£)¥m(y) = sin aa sin — with \|Vernll” a ae 
x y 


It is obvious that these functions form a complete set of orthogonal functions for oscillations 
of the rectangular membrane. The time evolution function can be written as 


Tnm(t) = Gnm COS Wrmt + bam SiN Wrmt, 


‘ 2 a : P 
where the frequencies are Wrm = @\nm = at,/4z + 4y. Each pair of integers (n, m) 
x y 


corresponds to a particular characteristic mode (called a normal mode) of vibration of the 
membrane. An arbitrary membrane deflection may then be represented as a superposition 
of normal modes: 


loo) CO CO foe) 
_ nnn. 
u(z,y,t) = S- Se TamVnam = ye S- Cam sin > — sin = y Cos(Wnmt + 6am); 
n=l1m=1 n=1m=1 ~ y 


where we have introduced coefficients Cy, and phase shifts dj, via the relations any = 
Cnm COS Onm; Onm = —Cnm Sin dnm- 

If the membrane vibrates in one of its normal modes, then all points on the membrane 
participate in harmonic motion with frequency wy. As an example consider the (2,1) mode 
(i.e. n = 2, m =1). The eigenfunction is 
my 


_ 27x, 
Voi (a, y) = X2(x)Yi(y) = sin sin [—. 
x y 
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(a) + (b) [= (c) + 


1 
1 


n= 
m= 


FIGURE 8.3 
Modes of vibration Vnm(#,y) = Xn(x)Ym(y). Plus signs indicate motion out of the page, 
minus signs indicate simultaneous motion into the page. 


The only nodal line is the straight line x = 1,/2. Similarly, the (1,2) mode (n = 1, m = 2) 
has the nodal line y = l,,/2 (see Figure 8.3). Nodal lines split the membrane into zones and 
all points of each zone move with the same phase, i.e. all up or all down (labeled with + 
and -) at some instant (although not necessarily with the same amplitude). 

Generally speaking, each node vibrates with its own frequency, Wnm. However, if ly/lz is 
a rational number, two or more modes could possesses the same frequency. As an example 
consider a square membrane where [, = l,, in which case wz = w21. This frequency is said to 
be two-fold degenerate, by which we mean there are two linearly independent eigenfunctions 
corresponding to the same eigenvalue. 

Below we consider two examples of physical problems for free oscillations of a membrane 
with homogeneous boundary conditions. 


Example 8.1 Find the transverse oscillations of a uniform rectangular membrane (0 < 
x <lz,0<y<l,) having fixed edges and with an initial displacement of 


u(x, y,0) = Axy(lz — x)(ly — y), 


assuming interactions with the surrounding medium can be neglected and the initial veloc- 
ities of points on the membrane are zero. 


Solution. This is an example of the case discussed above with the specified initial conditions; 
thus the problem reduces to solutions of the equation 


2 2 2 
Oru a (a+ a) =o, 


Ot? 


with initial and boundary conditions 


u(0,y,t) = u(le, y, t) = u(z, 0, t) = u(a, ly, t) = 0. 


The general solution to this problem can be presented as a sum (8.28) 


u(z, y,t) = 3 \ TrmVnm = 3 y [anmUie, (0) =e bamy 2) (t) Vim) 
n=1m=1 n=1m=1 


As we obtained above, the eigenfunctions Vim(x, y) are 


loly 
7: 


Vara(@ 9) = Xn (@)¥n(y) = sin 7 sin 7B Van? = 
x y 
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(b) 


FIGURE 8.4 
Eigenfunctions (a) Vii(a,y) and (b) Voo(x, y) for a membrane with fixed edges. 


The three-dimensional view shown in Figure 8.4 depicts two eigenfunctions, V11(2, y) 
and Voo(x, y), chosen as examples, for this problem. 

In our case y(z,y) = Ary(l, — x)(ly — y) and w~(«,y) = 0, so the expressions for the 
coefficients of the series are (8.31) and (8.32) 


NTL 
dum = aE [ fo (2, y)Vnm (xy \iniy L, 7 ) sin —— L, — dx 
64A ey 
<f y (ly — y)si a arere if n and m — odd, 
(0) 73 
0, if n or m — even, 


bam = 0. 


We leave to the reader as a Reading Exercise to check, using Equations (8.25) and (8.26), 
that the time evolution is given by 


64A ele 
Ln = Ann COS Opt = TI Bye COSwnmt if nandm — odd, 
nm — Anm at 
0, if n or m  — even, 


where Wm = @Anm = am,/(n/le)? + (m/ly)?. 
Consequently, the displacements of the membrane as a function of time for this problem 
can be expressed by the series 


ly acetate COS W(2n— 1)(2m— ryt : (2n — 1)rax : (2m — 1)ry 
u(x, y,t) = Be > (On = 1)222m—1)2 sin L, sin 5 


Figure 8.5 shows two snapshots of the solution at the times t = 2 and t = 10. This solution 
was obtained for the case a? = 1, 1, = 4, ly =6, and A = 0.01. 


Example 8.2 A uniform rectangular membrane (0 < x <1,, 0 <y <l,) has edges x = I, 
and y = l, which are free and edges at x = 0 and y = 0 which are firmly fixed. Find 
the transverse oscillations of the membrane caused by an initial displacement u(x, y,0) = 
Axy assuming interactions with the surrounding medium can be neglected and the initial 
velocities of points on the membrane are zero. 


Solution. This problem reduces to finding the solution of the equation 


Ou « Ou | Ou 0 
ae" \aa2* Op) 
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(a) (b) 


FIGURE 8.5 
Graph of the membrane in Example 8.1 for different time instants: (a) t = 7, (b) t = 10. 


(a) (b) 


FIGURE 8.6 
Sample eigenfunctions (a) Vo2(a,y) and (b) V33(x, y) for Example 8.2. 


with initial and boundary conditions 
Ou 
u(x, y, 0) oF Axry, aCe D 0) = 0, 


Ou Ou 
u(0, y, t) = Fy ler ot) =0, u(0,y,t) = By ow?) =0. 


The general solution to this problem can be presented as a sum (8.28) 


ula ,yt) = 2 TrmVnm = 3 3 [anmaGe (t) + + bamy? a )| Vim(2, y)- 


n=1m=1 n=1m=1 
Eigenfunctions Vrm(x,y) of the problem are 


(2n — 1)rax <i (2m — 1)ry dd 


— — 5 2 — ee 
Vam(2,y) = Xn(2)Ym(y) = sin I, aa I, > WVamll” = A 


The three-dimensional picture shown in Figure 8.6 depicts two eigenfunctions, Vii (2, y) and 
V22(x, y) chosen as examples for this problem. 
Using formulas (8.31) and (8.32) we obtain the coefficients 
64 Al zl, 
m4(2n — 1)?(2m — 1)? 


ye 


Anm = ( and bnm = 0. 


In this case displacements of the membrane as a function of time are expressed by the series 


yee 


cate eely ee . (Qn-—1)rx . (Qn—1)ry 
(2,4, 8) = » LE oP 2 a 


cee pana 
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where 


(2n — 1)? (2m — 1)? 
Wisk = ON — en rT 1B : 


8.2.2 The Fourier Method for Nonhomogeneous Equations with 
Homogeneous Boundary Conditions 


Building on the previous sections we now consider the problem of solutions of the nonho- 
mogeneous Equation (8.12) for a two-dimensional membrane: 
Pu Ou 4 (3 Oru 


sat + St) += Slew) 


where f(x, y,t) is a given function. First, we search for solutions which satisfy the homoge- 
neous boundary conditions in Equation (8.16) given by 


P,[u] = aque + Biul,-9 =9, Polu] = agus + Boul,_,, = 9, 


P3 [u] = AzUy Tv B3u|,—0 = 0, Py[ul — Aquy + Baul), — 0, 
and nonhomogeneous (non-zero) initial conditions given in Equation (8.14) 


Ou 
tt 28 = (2, y), A, = (x,y). 
OF | 429 
Because the equation of membrane oscillations is linear, the displacement, u(x, y, t), may 
be written as the sum 
u(z, Y, t) _ u(a, Y, t) + u2(2, Y, t), 

where wu (2, y,t) is the solution of the homogeneous equation with homogeneous boundaries 
and nonhomogeneous initial conditions: 


Ou, ; Ou, 2 07 ut OP uy ee 

ap 2k Fi (= Y iy ) + yu = 0, (8.33) 

P; [u1}|.—0 = 0, Py[ual|,—7, => 0, 
(8.34) 

P3[u1]|y=0 = 0, Pa[ual|y—i, = 0, 

Ou 
thao = 929) Ze] = vey). (8.35) 
t=0 


The function u2(z, y, t) is the solution of the nonhomogeneous equation with homogeneous 
boundary conditions and initial conditions: 


07 ue Ou2 2 O07 ue O07 ue 
t t = t : 
Pi[ua]|z-0 =9, Poluallzu, =9, Psluallyo=9, Paluellyo., = 9, (8.37) 
Oug 
— ——_ — ‘ 8.38 
U2| 1,9 0, Ot ae 0 ( ) 


In other words the solution ui(x,y,t) is for free oscillations, i.e. such oscillations which 
occur only as a consequence of an initial perturbation and the solution u2(z, y,t) is for the 
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case of forced oscillations, i.e. such oscillations which occur under the action of an external 
force f(x,y,t) when initial perturbations are absent. 

The problem of free oscillations was considered in the previous section for which case 
the solution u1(z,y,t) is known. To proceed we need only to find the solution w(x, y, t) for 
forced oscillations. As in the case for free oscillations we may expand wua(z, y,t) in the series 


(x aD) = LD Tomll Vim (x LY); (8.39) 


where Vim(x,y) are eigenfunctions of the corresponding homogeneous boundary problem 
and Trm(t) are, at this stage, unknown functions of t. Any choice of functions Ty,(t) 
satisfies the homogeneous boundary conditions (8.37) for the function u2(x,y,t) because 
the functions V,m(x,y) satisfy these conditions. 

To find the functions Tym(t) we proceed as follows. Substituting the series (8.39) into 
Equation (8.36) we have 


Eee [Thm (t) + 2T im (t) + (2? Anm +7)Tum(t)] Vam(e,y) = f(a,y,t). (8.40) 


We may also expand the function f(z,y,t) in a Fourier series using the basis functions 
Vam(2,y) on the rectangle [0,1,;0, ly]: 


niet x,y,t = 21d fall Vim (x LY) (8.41) 


where the coefficients of expansion are given by 


1 ke 
fun t) = ee | : AG dad, (8.42) 


Comparing the expansions in Equations (8.40) and (8.41) for the same function f(z, y,t), 
obtain a differential equation for the functions Thm (t): 


Datt )+ 28D g(t Ge (a? Anm + )Tam(t) = frm(). (8.43) 


The solution u2(x,y,t), defined by the series in Equation (8.39) and satisfying initial 
conditions (8.38) requires that the functions T,,,,(t) in turn satisfy the conditions 


Tam(0)=0, T,,(0) =0. (8.44) 


The solution of the Cauchy problem defined by Equations (8.43) and (8.44) may be written 
as 


where (Section 5.6) 


1 
—Kt 
esinWamt, Wam = VG? Anm t+y—K2, K? <a7?\nm +7; 


Wnm 
Ynm(t) = Te Saghiee 
nm(t) e sinhWrmt, Wam=+/K?—@2\am— 7% 6? > Oda 17, 
Wnm 
—Kt 2 as do) 
te ; K- =a dee, +4 


Reading Exercise: Verify the above formulas. 


Two-Dimensional Hyperbolic Equations 201 


We can substitute the expression for fnm(t) given in Equation (8.42) to yield, finally, 


1 t ie ply 
Tatty = Taal? | ar f ‘| f(a, y,7)Vam(2, y)Ynm(t — 7) dady. (8.46) 


Substituting the above formulas for Tj,,,(t) into the series (8.39) yields the solution of 
the boundary value problem defined by Equations (8.36) through (8.38) under the condi- 
tion that the series (8.39) and the series obtained from Equation (8.39) by term-by-term 
differentiation (up to second order with respect to x, y, and t) converge uniformly. Thus, 
the solution of the original problem of forced oscillations is given by 


u(a, Y t) = Ua (2; Y, t) + u2(x, Yy, t) 
=X {Tin + [army © + Pamy2(O]} Vam(asy), (8-47) 
where coefficients Tm (t) are defined by Equation (8.46) and Qnm, bam are defined in the 
previous section for free oscillations. 


We now consider examples of solutions of physical problems involving a nonhomogeneous 
equation of oscillations with homogeneous boundary conditions. 


Example 8.3 Consider transverse oscillations of a rectangular membrane [0,/,;0, ly] with 
fixed edges, subjected to a transverse driving force 


F(t) = Asinwt, 


applied at the point (79, yo), 0 < % < Iz, 0 < yo < ly. Assume that the reaction of the 
surrounding medium can be ignored. 


Solution. The problem can be defined as 


Ou fu du A . 
ao (ss xt) = —0(a — 20) d(y — yo) sinwt 


with initial conditions 


u(2,y,0)=0, S4(2,y,0) =0, 


and Dirichlet homogeneous boundary conditions 


u(0, y,t) = lle, y,t) = u(x, 0,t) = u(a, ly, t) = 0. 


Using the initial conditions, v(x, y) = w(x, y) = 0, the solution u(x, y,t) is determined 


by the series 
mr 
u(a,y,t) ESS FG) )sin sin a 
ly 


n=1m=1 ly 
where f 
Lilt) = ‘| fam(T) SIN Wpm(t — T)dr, 
Wnm Jo 
fnm(t) = sinwt sin —~~° sin “79 


7 
plist ly ly 
n?2 m2 NTL mr 2 l,l 
and Wram = @Anm = an,/ ie +, Vam(z,y) = sin “rT sin To Varn |[" = —- 
x y 


202 Partial Differential Equations: Analytical Methods and Applications 


u —= 9(x,25) 
== u(x,25,400) 
™ 


FIGURE 8.7 
Solution profile u(a,2.5,¢) for Example 8.3 at a driving frequency other than resonance. 


Figure 8.7 shows the solution profile u(x,2.5,t) for Example 8.3. This solution was 
obtained for the case a? = 1, 1, = 4, ly =6, p= 1, A=0.5, xp = 1.5, yo = 2.5, andw = 1.5 
(the frequency of the external force). 

If the frequency of the driving force is not equal to any of the natural frequencies of the 


membrane, i.e. Ww A Wym, n,m = 1,2,3..., then 

4A 

Tnm(t) = 5 ay sin = sin A sin wt — sin wnt] 
Pll (On — 2") ls ‘ Winn 
and 
4A 1 
u(z,y,t) = sinwe _ sin w J 
Plaly x »D (Ot ne) Wnm mm 


_ ntto . MAYO . NTL . my 
x sin sin sin sin 3 
i ly l,, ly 
In the case of resonance, where the frequency of the driving force does coincide with one 
of the normal mode frequencies of the membrane, (7,77), i.e. w = Wim, we have 


2A 
am(t) = ms sin —_— sin — sin wt — wt—— cos wt] 
PlalbyW x y nm 
and 
4A AS 1 ; 
u(z, y, t) plaly S- S- (w2 2) sinwt = te sina 


NT . MTYo . NTL , my 


x sin sin sin sin 
ly. ly Ls ly 
, WwW . Not . MoTYo . NoTX® , Moy 
sin wt — wt cos wt} sin sin sin sin 
Plalyw Wam Le ly la, ly 


Figure 8.8 shows the solution profile u(#,2.5,t) in the case of resonance where the 
frequency of the external force w = w23 = 1/2. Other parameters are the same as in 
Figure 8.7. 


Two-Dimensional Hyperbolic Equations 203 


i == ~(Xx,25) 
=— u(x,25,400) 
a, 


IN 


FIGURE 8.8 
Solution profile u(a,2.5,¢) for Example 8.3 at resonance. 


8.2.3. The Fourier Method for Nonhomogeneous Equations with 
Nonhomogeneous Boundary Conditions 


Consider now the boundary problem of forced oscillations of a membrane given by Equation 
(8.12) with nonhomogeneous boundary and initial conditions given by Equations (8.13) and 


(8.14): 
O7u Ou Oru Ou 
L 2K a (sa t xt) t yu= f(a, Y; 2), 


Py lu] = ate + Piulzg = 91 (yt), Polu] = agus + Boul,_), = gely,t), 


Ps[u] = aguy + B3ul,_9 = 93(#,t), Palu] = aauy + Pauly) = ga(2,t), 


Ou 
tho = y(2z,y), Ot = (az, y). 


t=0 


We will consider situations when the boundary conditions along the edges of membrane 
are consistent at the corners of a membrane (which would be required in a physical occur- 


rence), i.e. the following conforming conditions are valid: 
P3[9i] = a391y + P391|,-9 = Pilgs] = o1g2y + F193|,—0 » 


Pali] = aagyy + Bagily, = Prlgs] = orgay + Pigal pos 


P3(g2] = Q392y 7 8392|y—0 = P,[93] = Q293y + P293\n—1, , 
Pa[g2| = qagay + Bagaly—, = Palga] = o2G4y + B2gal,.—1, + 


We know that it is not possible to use the Fourier method immediately since the bound- 
ary conditions are nonhomogeneous. However, this problem is easily reduced to the problem 
with zero boundary conditions. To proceed, let us search for solutions of the problem in the 


form 
(8.48) 


u(x, y,t) = v(a, y,t) + w(z, y, 0), 
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where v(x, y,t) is an unknown function and the function w(z, y,t) satisfies the given non- 
homogeneous boundary conditions 


Pilw] = awe t+ Aiw|,-9 =H(y,t), Pelw] = awe + Bow|,_,, = gely, t), 
P3[w] = agwy + B3w|,_9 = 93(2,t), Palw] = aqwy + Paw|,_,, = ga(2,t) (8.49) 


and possesses the necessary number of continuous derivatives with respect to z, y and t. 
For the function v(, y,t)we have following boundary value problem (check this result 
as Reading Exercise): 


O7u Ov Ou Au i 
2K = t 
Ot2 I SOE (3 sa xt) + yu Fle.y, )s 
Pilvj|a-o =9,  Polrjlnu, =9, Pslrllyo =9, Palelly—1, = 9, 
Lo=Azy), Z| = (2,9) 
Vie=o = PA, Y), Ot — v,Y), 
where 92 3 92 2 
x w w w w 
= t) — => — 2k 2(2_— 4 = |_ : 
Flasgst) = Havyst)— Te 200" 22 (TE 4 TE) ww, (8.50) 
P(x, y) = 9(z,y) — w(x, y, 0), 
Solutions of this problem were considered in the previous section. 
We seek an auxiliary function w(2, y,t) in a form 
w(z, Y; t) = 91 (y, t)X + g2 (y, ix 1 93(2, t)yY + gala, t)Y 
+ A(t)X ¥ + B(t)XY + C(t)XY + D(t)xY, (8.52) 


where X(z), X(z) and Y(y), Y(y) are polynomials of 1% or 2”¢ order. The coefficients 
of these polynomials should be adjusted to satisfy the boundary conditions. The detailed 
description of constructing function w(x, y,t) is presented in Appendix C part 2. 


Example 8.4 Consider oscillations of a homogeneous rectangular membrane (0 < x < ly, 
0<y<l,), if the boundary conditions are given by 


u(0,y,¢) =u(lz,y,t)=0 and u(z,0,t) = u(z,l,,t) = hsin ~ 
and initially the membrane has shape and velocity given, respectively, by 
yp(a,y,0) = hsin - and w(a,y,0) = vosin = 
Solution. The problem is described by equation 


Ou Oru = O?u 
a? | = 0 
ot? Ox? Oy? 


under the conditions 


_ 1x Ou _ 1x 
eo) Be tr ¥0) = vosin |, 
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u(0, y,t) = u(le,y,t) =0, u(x,0,t) = u(a,l,,t) = Asin — 


x 


We search for a solution of this problem as the sum 


u(x,y,t) = v(a, y, t) + w(x, y,t), 


where the auxiliary function w(,y,t) chosen to be 


w(a,y,t) = hsin fis 
ly 
satisfies the boundary conditions of the problem and therefore obviously provides homo- 
geneous boundary conditions for the function v(a,y,t) (this result can be obtained from 
general formula (8.52) and the scheme presented in Appendix C part 2). 
For the function v(z, y,t) we have the boundary value problem for the nonhomogeneous 
equation of oscillation where 


and homogeneous boundary conditions. The solution to the problem is thus 


Vo 
u(a,y,t) = hsin = ae > a ae 7 Vee sin W1(2m—1)t 
Aha? _ me , (2m—1)ry 
1 — coSWy(2m_1)t} p sin sin 
(2m — 1) Buon 1) mn] ly iy 


8.3. Small Transverse Oscillations of a Circular Membrane 


Suppose a membrane in its equilibrium position has the form of a circle with radius l, 
is located in the z-y plane and has its center as the origin of coordinates. As before for 
the case of rectangular membranes, we will consider transverse oscillations for which all 
points on the membrane move perpendicular to the x-y plane. In polar coordinates, (r, y), 
the displacement of points of the membrane will be u = u(r,y,t). The domains of the 
independent variables are 0 <r <1,0< yp < 27, and 0 <t < o respectively. 

The Laplace operator in polar coordinates is given by 


O7u _1du | 1 0?u 


245 
ee ‘7 Or r2 Oy? 


with the result that the equation of oscillations of a membrane in polar coordinates has the 
form 


Oru sy Ou 9 Pu  1du, 1 du 

K a 

ot? Ot Or? r Orr? Oy? 
Boundary conditions in polar coordinates are particularly simple and in general from 

can be written as 


) +yu= f(r, ¢,t). (8.53) 


go ae 


Or = g(¥;t), (8.54) 


r=l 


206 Partial Differential Equations: Analytical Methods and Applications 


where a, and ( are constants that are not zero simultaneously, i.e. |a| + |G] 4 0. If a = 0 
we have the Dirichlet boundary condition, and if 8 = 0 we have the Neumann boundary 
condition. If a £ 0 and 8 ¥ 0 then we have mixed boundary conditions. From physical 
arguments it will normally be the case that 6/a > 0. 

The initial conditions are stated as 


Ou 


BE sss = W(r, y). (8.55) 


Ulr—o = P(r, ~), 
Thus the deviation of points of membrane with coordinates (r, y) at some arbitrary initial 
moment of time is ¢(r,y) and initial velocities of these points are given by the function 
w(r,y). It should be clear from physical arguments that the solution u(r,y,t) is to be 
single-valued, periodic in y with period 27 and remains finite at all points of the membrane, 
including the center of membrane, r = 0. 


8.3.1 The Fourier Method for Homogeneous Equations with 
Homogeneous Boundary Conditions 


Here we consider the homogeneous equation of oscillations 


O7u Ou fu 1du. 1 Ou 
Ot? - & ' r Or a r? x) ao 62:28) 


with homogeneous boundary conditions 


du 


Or 


a—+Bu) =0. (8.57) 


r=l 


Let us represent the function u(r, y,t) as a product of two functions. The first depends 
only on r and y and we denote it as V(r, y), the second depends only on ¢ and is denoted 
as T(t): 


u(r, p,t) = V(r, p) T(t). (8.58) 
Substituting Equation (8.58) in Equation (8.56) and separating variables we obtain 
T(t) +2K6T'(t)+ T(t) 1 PV  10V ,18V) | x 
a?T(t) ~ Vir,y) | Or? ° r Or | r2 yz |”? 


where X is a separation constant. Thus, the function T(t) satisfies the ordinary linear homo- 
geneous differential equation of second order 


T(t) + QT’ (t) + (@?A+7)T(t) =0, (8.59) 
and the function V(r, y) satisfies the equation 


OV 10V 61 OV 


Fae ee (8.60) 

with an 
te) + BV(L,y) =0, (8.61) 

T 


as a boundary condition. Using physical arguments we also require that the solutions remain 
finite (everywhere, including point r = 0) so that 


V(r, p)| < 00 (8.62) 
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and require the solutions to be periodic 
Vir, yp) = V(r, ¢ + 27). (8.63) 


For the boundary value problem defined by Equations (8.60) through (8.63) we again 
may separate the variables, in this case r and y, using the substitution 


Vir, yp) = R(r)®(y). (8.64) 


As shown in Appendix D part 1, for the function R(r) we obtain the Bessel equation, and 
the function ®(y) are sines and cosines. The eigenvalues of the problem are 


and eigenfunctions can be expressed in terms of the Bessel functions 


(n) 


(n) 
V(r, 0) = In (| cosny and V,2)(r,y) = Jn Gas sin ny. (8.65) 


Different types of boundary conditions lead to different eigenvalues ue - 

These results completely define Anm, Abe and V2), the eigenvalues and eigenfunctions 
of equations for the problem of free oscillations of a circular membrane in the case of 
homogeneous boundary conditions. 

To determine the time evolution of the oscillating membrane we return to Equation 
(8.59). With A = Anm this equation is 


Trim (t) + 26T rm (t) + (7 Anm + 7)Tnm(t) = 0. (8.66) 


This linear second order equation with constant coefficients has two linearly independent 


solutions 
e* cosWnmt, KK? <a?Anm +7; 


yr (t) =e "coshwamt, « > @?Anm +7; 
ao, = i been) +Y; (8 67) 
m ee“ sinWpmt, 7 < a?Anm +7; : 
Unt) =< @- “sinhwynt, K? > G7 Aaa +7; 
te ee = ie eee TY; 


with Wyrm = J \a?7Anm + — KI. 

A general solution of Equation (8.66) is a linear combination of these yy, (t) and y?), (t). 
Collecting the functions 6(y), R(r) and T(t) and substituting them into identity (8.58) 
gives particular solutions to Equation (8.56) in the form of a product of functions satisfying 
the given boundary conditions: 


ue), (r, YQ, t) = (pes 2) (r, y) = [enmlirh + dnmyhr| (2) (r, ~). 


To find solutions to the equation of motion for a membrane satisfying not only the 
boundary conditions above but also initial conditions let us sum these functions as a series, 
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superimposing all u(r, y,t) and uP) (r, y,t): 


(r,p,t 3 3 { fanmy\d,(t) + Pnmy 2), (8) View (r, y) 


n=0 m=0 


+ [enmyS(t) + damy®,(t)] V2 (7,0) (8.68) 


If this series and the series obtained from it by twice differentiating term by term with 
respect to the variables r, y and t converges uniformly then its sum will be a solution to 
Equation (8.56), satisfying boundary condition (8.57). 

To satisfy the initial conditions given in Equation (8.55) we require that 


ul,-9 = O(7, Y) = se ye [anm Vi) (r,~) + Cat Virn (r, Y) (8.69) 


n=0 m=0 
and 


Ou 
Ot | 4-0 


=WU(r,9) = S- S- {[wmnbrn — Kaman] Vi (r,¢) 


n=0 m=0 


+ [Wmndmn — Kmn] V.2)(r, e) (8.70) 


(like in Section 8.2.1, to treat simultaneously all three cases for k? we replace Wrm by 1 in 
(8.70) for K? = a7Anm +7). 

Multiplying these equations by the area element in polar coordinates, dS = rdrdy, 
integrating and taking into account the orthogonality of the eigenfunctions, we obtain the 
coefficients Qnm, bmn, Cnm and dnm: 


1 2n 
anm = Tame f ‘ o(r, y) Vi) (r,~) rdrdp, 


l Qn 
bam = ToT | a vr, p) V(r) re + nn 
27 
Cun 7 wae [ « o(r V,2) 2) (p, vy) rdrdy, 
= - 2) 
dnm = _— ae [ r w(r, v) V,2)(r, vp) rdrdyp + son ; (8.71) 


Equation (8.68) gives the evolution of free oscillations of a circular membrane when 
boundary conditions are homogeneous. It can be considered as the expansion of the 
(unknown) function u(r, y,t) in a Fourier series using the orthogonal system of functions 
Viam(r, ¢). This series converges under sufficiently reasonable assumptions about initial and 
boundary conditions — it is enough if they are piecewise continuous (see Appendix A). 

The particular solutions tnm(r, y,t) = Tha (t) WO (r, p) + T(t t) 2) (r, p) are standing 
wave solutions. From this we see that the profile of a standing wave depends on the functions 
Vam/(r, v); the functions TY (¢ t) and TA) (¢) only change the amplitude of the standing wave 
over time, as was the case for standing waves on a string and the rectangular membrane. 
Lines on the membrane defined by Vam(r,y) = 0 remain at rest for all times and are 
called nodal lines of the standing wave Vnm(r, y). Points, where Vim(r, ¢) reaches a relative 
maximum or minimum for all times, are called antinodes of this standing wave. From the 
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OeEdhe 


os =0 m= ae = 
(a) (6). (c) "@) 


FIGURE 8.9 


Drawing of the first few modes of vibrations for the mode VN (r, 


y). 


above discussion of the Fourier expansion we see that an arbitrary motion of the membrane 
may be thought of as an infinite sum of these standing waves. 
Each mode tnm(r,y,t) possesses a characteristic pattern of nodal lines. The first few 


(n) 
of these normal vibration modes for V;\1? (r,¢) = Jn (441) cos ny are sketched in Figure 


8.9 with similar pictures for the modes V,(?) (r,y). In the fundamental mode of vibration 


ee to wo ) the membrane vibrates as a whole. In the mode corresponding to 


Ly (°) the membrane vibrates in two parts as shown with the part labeled with a plus sign 
initially above the equilibrium level and the part labeled with a minus sign initially below 
the equilibrium. The nodal line in this case is a circle which remains at rest as the two 
sections reverse location. The mode characterized by po is equal to zero when y = 77/2 
and is positive and negative as shown. 


8.3.2 Axisymmetric Oscillations of a Membrane 


Oscillations of a circular membrane are said to be axisymmetric (or radial) if they do not 
depend on the polar angle ¢ (i.e. the deviation of an arbitrary point M from its position 
of equilibrium at time ¢ depends only on ¢ and the distance between point M and the 
center of the membrane). Solutions for axisymmetric oscillations will have a simpler form 
than more general types of oscillations. Physically we see that axisymmetric oscillations will 
occur when initial displacements and initial velocities do not depend on y, but rather are 
functions only of r: 


urge =O), Sery.t)] =v). (8.72) 


t=0 


In this case all coefficients, Gym, bam, Cam and dpm with n > 1 equal zero. We may easily 
verify this, for example, for dnm 


27 
adam = —a | [ « g(r (ui 'r/t) cos ny rdrdy. 
ward 


Because io cos ny dp = 0 for any integer n > 1 we have anm = 0. 

Similarity bym = 0 for n > 1, Crm = 0, dnm = 0 for all n. Thus, the solution does not 
contain the functions v2 (r, vy). If n = 0 the coefficients apm, and boy, are nonzero and the 
formulas used to calculate them can be simplified. Putting factors which are independent 
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of y outside the integral and using i dp = 27, we have 


9 1 
aom = — | g(r) Jo (wir 2) rdr. (8.73) 
[Vor II? #0 
Similarly we find 
2a d (0) 
bom = eee w(r)Jo (uit r/t) rdr. (8.74) 
[Vor II? #0 


Substituting these coefficients into the series in Equation (8.68) we notice that the series 
reduces from a double series to a single one since all terms in the second sum of this series 
disappear. Only those terms in the first sum remain for which n = 0, making it necessary 
to sum only on m but not on n. The final result is 


oo (0) 
(r,y,t be [aomvinn (t) + bomy > (t t)| Jo (>) : (8.75) 


m=0 


Thus, for axisymmetric oscillations the solution contains only Bessel functions of zero 
order. 


Example 8.5 Find the transverse oscillations of a circular membrane with radius | with a 
fixed edge. Assume the initial displacement has the form of a paraboloid of rotation, initial 
velocities are zero and the reaction of the environment is small enough to be neglected. 


Solution. We have the following boundary value problem of a circular membrane with fixed 
edge: 


Ou »f/d?u 10u 
= < l < 2 t 
TD) ale ad 0, O<r<l, O<p<a2z, > 0, 


r2 


u(r,0) =A (1 — =| ; P(r, g.0) =0, u(l,y,t) =0. 


The oscillations of the membrane are axisymmetric since the initial displacement and 
the initial velocities do not depend on the polar angle y. Thus, only terms with n = 0 are 
not zero. 

Boundary conditions of the problem are of Dirichlet type, in which case eigenvalues yo 
are the solutions of the equation Jo(w) = 0, and the eigenfunctions are 


(1) pe 
Vom (7 yp) = Jo i m 


The solution u(r, y, t) is given by the series 


(r,y,t ay dom cos — 


m=0 


't 5, (ui? r/l). 


The three-dimensional picture shown in Figure 8.10 depicts the two eigenfunctions for 
the given problem, 


Vb (r, py) =Jo (usr/1) and VO (r, vy) =Jo (uS?r/1) 


(these two eigenfunctions are chosen as examples). 
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(a) 


FIGURE 8.10 
Two eigenfunctions, (a) vie Nor, y) and (b) Va Mr, ~), for the Dirichlet boundary conditions 
in Example 8.5. 


The coefficients dom are given by Equation (8.73): 


2 : 
aom = — | A (1 _ 7) Jo (ur 2) rdr. 
0 


D) 
Yon | 
Using the formulas (B.15b and B.14a from Appendix B) 


/ “i Arsene, d= = In(c) ath 


we calculate integrals (taking into account that Jo (uin?) = 0): 


l (0) 2 2 
mn l (0) | 
J (B) rte = asc = Fo (a), 
| (8) 7 


pa [ef Palade — 
= ~—__ x J, (x)dx — 
PY @)' : , 0 
Lm 


We may calculate the norms of eigenfunctions taking into account that Jj («) = —Ji (x) 
(see differentiation formulas B.16a). With this, we have (D.17) 


Sf = (8) = me 0) 


So, the coefficients ap, are given by Equation (8.73): 


ete ike 
(ui?) Ji (ui?) 
Thus, 
ee eer % : cos HME (u0r/t) 
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Example 8.6 Find the transverse oscillations of a homogeneous circular membrane of 
radius | with a rigidly fixed edge where the oscillations are initiated by a localized impact, 
normal to a surface of the membrane. This impact is applied at the point(ro, yo) and sup- 
plies an impulse I (0 < ro < 1) to the membrane. Any initial displacement is absent and 
the reaction of the environment is negligible. 


Solution. The boundary value problem describing the oscillations of the membrane reduces 
to the solution of the equation 
Ou fu 1du 1 @u 


——_-_ = | < l < Qn, t 
ae Or? | > OF | Val ek Vee er > 0 


r? Op 
under the conditions 
Ou I 
u(r, y, 0) = 0, a” y, 0) = zr te po); ull, , t) = 0. 


The product d(r — r9)0(y — Yo) is a 6-function in two (polar) dimensions. 
The boundary condition of the problem is of Dirichlet type, so the eigenvalues are given by 
equation J;,(~) = 0, the eigenfunctions are given by Equations (8.65), and 


The initial displacement of the membrane is zero in which case the solution u(r, y, t) is 
given by the series 


7 2, ifn=0 
vo ie) (n) _ ) ; . ; 
|= sta (utr )] ,on= { 1. nO (see Appendix B, Equation (B.33)). 


(n) 
mt 
(r, y, t) 5 | bam cosny + dam sin ny] - J; n (wert) sin — 


n=0 m=0 


Next, we calculate the coefficients bj, and dym in (8.71) to get 


20 
bam = ————— 3 of [oa d(r d(~ — Yo) cosnyJ,, (u (rfl) rdrdy 
Pumm a i 
a 2I cos nyo =i (ue r0/1) . 
PWnmOntl? [4s (u ry 
and 
20 
dam = | [ « o(r d(~ — Yo) sinnyd, (ui?r/1) rdrdy = 
mali | 
2I sin nYvo 


= PWnmOntl? [4 (u oO“ (ui? ro/t) : 


Therefore, the evolution of the displacements of points on the membrane is described by 
series 


Sa. eG (n) 

cosn(y — Yo)In (ain rot) (n) (n) 4 
LL . Aflm 
u(r, yp, t) = = a y y n{ ——T } sin ——. 


n=0m=0 OnWnm a (us?) | 


Figure 8.11 shows two snapshots of the solution at the times t = 0.3 and t = 4.3. This 
solution was obtained for the case a? = 1, 1 = 2, rp = 1, Yo = 7, I/p = 10. 
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FIGURE 8.11 
Graph of the membrane in Example 8.6 at (a) t = 0.3, (b) t = 4.3. 


Example 8.7 The periphery of a flexible circular membrane of radius | is fixed elastically 
with coefficient h. The initial displacement is zero. Find the transversal vibrations of the 
membrane if the initial velocities of the membrane are described by the function 


W(r)=A(l—r). 


Solution. The boundary value problem consists of the solution of the equation 


Ou E 10u 


ot? ptt age] =o UsPeh, Vesa, >, 


with the conditions 


Ou 


Or =e 


r=l 


(r,y,0) = A(l—r), + hu 


Ou 

’ ,0 = 0, “Ay 
u(r,g,0) =0, 5 

The oscillations of the membrane are axisymmetric since the initial functions do not 
depend on the polar angle y; thus only terms with n = 0 are not zero. 

The boundary condition of the problem is of mired type, in which case eigenvalues po 
are given by the roots of the eigenvalue equation pJ)(41) + hJo(4s) = 0. The eigenfunctions 


are 
vor =e (uy + Pie| (uo) 


2 
(uh?) 
(see Appendix B, Equation (B.35)). 
The initial displacement is zero so that the coefficients ap, = 0. The coefficients bon, 
are given by Equation (8.74) which result in 


Voor (7,9) = Jo (wrt) , 


bom = i [a —r)Jo (ur /1) rdr. 
[Ve 112 Jo : 


The oscillations of the membrane are given by the series in Bessel functions of zero-th order: 


l 


m=0 


. ape f uh 
u(r, g,t) = S~ bom sin Jo | ——r]. 
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8.3.3. The Fourier Method for Nonhomogeneous Equations with 
Homogeneous Boundary Conditions 


In this section we are dealing with nonhomogeneous Equation (8.53), 


Pu Ou 5 Pu 1du , 1 Ou eee rere: 
Ot? Ot Or? or Orr? Oy? eral Ta 


satisfying the homogeneous boundary condition (8.57) 


Ou 
wand —0 
an + Bu = 
and nonhomogeneous initial conditions (8.55) 
Ou 
ts 6 — or, ~), Ot = wr, y). 
t=0 


We begin by searching for a solution in the form of the sum 


u(r, YP, t) = u(r, Y,; t) + U2 (r, Y,; t), (8.76) 


where u1(r, y,t) is the solution to the homogeneous equation with homogeneous boundary 
and nonhomogeneous initial conditions given by 


Out Out 2 O07 uy 10u, 1 O07 ut > 
ap + 2K a (B + op +3 Tat) +7 =0 (8.77) 
ott + Bu =0, (8.78) 
r=l 
Ou 
tino =O9) Zl =v), (8.79) 
t=0 


and ua(r,y,t) is the solution to the nonhomogeneous equation with zero boundary and 
initial conditions given by 


Ou Oue 2 07u2 1 Ouse , 1 O7u2 = 
OL + 2K at a ( Ore + or T Fa) dy? ) + yu2 = f(r, 9, t), (8.80) 
Peg eT | (8.81) 
or r=l 
Ou2 
ilo SU; =0. (8.82) 
t=0 “Ot. es 


Physically the solution u(r, y, t) represents free oscillations, i.e. oscillations which occur 
only due to an initial perturbation. The solution u2(r,y,t) represents forced oscillations, 
i.e. oscillations which result from the action of external forces when initial perturbations 
are absent. 

Methods for finding the solution ui(r, y,t) for free oscillations were considered in the 
previous section; our task here need only be to find the solutions u2(r,y,t) for forced 
oscillations. As in the case of free oscillations we search for the solution ug(r,y,t) in the 
form of the series 


ned= >> [PROVRG») +TROVACe]. (8.83) 


n=0 m=0 
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where V;(}) (r, py) and V2) (r, py) are eigenfunctions (8.65) of the corresponding homogeneous 
boundary value problem, and poy. (t), Po (t) which we have to find. 
Zero boundary conditions oe in Equation (8.81) for the function u(r, y, t) are satisfied 


for any choice of T, 1) (4 t) and T, (2) (4 ) under the restriction of uniform convergence of the series 
because they are known to be satisfied by the functions VAR (1, yp) and v2) (r, p). However, 


the functions TS (t) and T?) (t) must also be selected so that the series (8.83) satisfies 
Equation (8.80) and initial conditions (8.82). 
Substituting the series (8.83) into Equation (8.80) we obtain 


Soe [2 + 26 TY) + Pam + NEDO] VR) 


n=0 m=0 
+ 3 S [7 ) + 26 TY (t) + (2am + )T2)(2)] V2 (r,y) =flr,y,t). (8.84) 
n=0 m=0 


Next we expand the function f(r,y,t) in a series with functions Viv) (r,p) and V,2) (r, p) 
as the basis functions: 


=>3 Ss Ee VRC, 9) + FAOQVA(, 2) , (8.85) 


n=0 m=0 


where 


QT 
(4) = | ic r,t) VD rdrdy, 
Toe 
QT 
20) = Lf p09.) VQ rdrap (8.86) 
W2QIe Jo Jo 


Comparing the series (8.84) and (8.85), we obtain the following equations which will deter- 
mine the functions 7/7) (t) and T?) (t): 


TO)" (t) + Qe TY (t) + (rum + YTD (t) = 2 (2), 


TO)" (t) + 26 TY (t) + (Gram + T(t) = $20). (8.87) 


The solution u2(r, y, t) defined by the series (8.83) satisfies initial conditions (8.82) which 
imposes on the functions TY Ut t) and T, 2) (t ) the conditions 


Tirn(0) = 0, Tirn(0) = 0, 
’ and ; n,m =0,1,2,.... (8.88) 
TA (0) = 0 Ti?) (0) =0 


As for the one-dimensional case, solutions of the Cauchy problems defined in Equations 
(8.87) and (8.88) for functions TO (¢ t) and T(t t) can be written as 


TY (t) = f$29.@) Yam(t — 7) dr 
0 
72 (¢) = [ f2r) Yam(t—7) dr 
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where 1 

e  sinway ts Ke ee Ae Pe, 

Wnm 

Ynm(t) = oseh 

nm(t) e “sinkiWaat,- b> Sa Ney, 

Wnm 

—Kt DF 2 

te ; Ko =a" Anm + of 


and Wam = \/|a?Anm + 7 — K2|. Substituting expressions (8.86) for ) (r) and (2 (7), we 
obtain 


1 t 2a l 
TA) =e far ff ser. e 7 V0.9) Yam(t— 7) rade, 
pay #4 


1 t 20 l 
T= ——e far ff fee) Yom(t—7) rdrdgp. (8.89) 
pays 


Substituting these expressions for TA} (t) and Ti?) (t) in the series (8.83) we obtain solu- 


tions to the boundary value problem defined in Equations (8.80) through (8.82), assuming 
that Equation (8.83) and the series obtained from it by twice differentiating term by term 
with respect to the variables r, y and ¢ converge uniformly. Thus, the solution of the problem 
of forced oscillations with zero boundary conditions is 


u(r, PY, t) = U1 ne Y, t) + U2 (r, Y; t) 


= 52 {[r20) + (amu h(O) + Pan) ] VRG~) (8.90) 


n=0 m=0 
+ [220 + (cam) (@) + domy(4))] - Vr, o)}, 


where coefficients Qnm, bnm; Cnm and dnm were obtained previously in the discussion in 
Section 8.3.1. 


8.3.4 Forced Axisymmetric Oscillations 


In the case of axisymmetric oscillations the solution of the nonhomogeneous equation 
becomes simpler. In this case the initial displacement, initial velocity and function f do 
not depend on y and are thus functions of r and ¢ only: 


Ou 
u(r, Y, lren aa o(r), vad pt) . = w(r), and f(r, Y, t) = f(r, t). 


t= 


For axisymmetric oscillations the solution does not contain the functions V2 (r, y) and the 


: 1 
only nonzero coefficients are f: 


1 lL p2Qr (0) 2 1 (0) 
2) (4) — a i. f(r, t)Jo Gz rdrdy = —,f f(r, t)Jo arr rdr. 
par * par 


Substituting these functions into the first of the formulas (8.89) gives ru) (t) and the double 
series (8.90) reduces to a single series: 


00 (0) 
u(r,p,t) =~ {Ton (t) + [aom inn (t) +: Dombbmn(€)| } “Jo (>) 


m=0 
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Example 8.8 Find the transverse oscillations of a homogeneous circular membrane of 
radius | with a rigidly fixed edge if a pressure proportional to coswt acts on the mem- 
brane. Assume that initial deviations and initial velocities are absent, and that the reaction 
of the environment is negligibly small. 


Solution. The boundary problem modeling the evolution of such oscillations leads to the 
equation 


Ou ,[d7u é 1 Ou 
Ot? . Or? or Or 


under zero initial and boundary conditions given by 


| = Acoswt, A=const. 


0 
u(r,g,0) =0, F(r,y,0)=0, u(l,y,t) =0. 
In this example the oscillations are axisymmetric because the initial conditions are homo- 


geneous and the external pressure is a function of t only. From the previous discussion we 


have that the eigenvalues ney are roots of equation Jo(~) = 0, the eigenfunctions are 


vite = to (Pr) Jv = a? 6 (a) =? Ln (a) 


(see Appendix B, formula (B.33) and differentiation formulas (B.16)). 
Consequently, the solution u(r, y, t) is defined by the series 


(n) 
= Serie (Hr), 
l 
m=0 
1 a 
T(t) = fa (2p )sinwom(t—p)dp, wom = a. 
Sele l 


Acoswt,  f" ) 
a) = “car efn(@ oa 


Using the integration formulas (B.15b) 


: po) I? (0) ? 
J rdr = —— 2Ji(2)|6™ = Jy ( pO 
| 0 (ui) we ® a ) 


Acoswt, ” 2A 
f(t) = seid on f Jo ( rdr = “0 7 (oy) cos wt. 


Using this result we obtain 


where 


For (2 we have 


we find 


Om 


t 
COS Wp SiN Wom (t — p)dp 
wombtte J ( ©) I 


2A 
— [cos wt — COS Wont] - 


pn Sr (whe) (w? = wn) 
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Finally, the deflection of the membrane as a function of time is described by the series 
(0) 


°° : a Z (9 
u(r, p,t) =2A S- See >. _ Jo (4 *) ; 
nao (2? — WB) Hn Ja (thn?) 


8.3.5 The Fourier Method for Equations with Nonhomogeneous 
Boundary Conditions 


Consider now the general boundary value problem for equations describing the forced oscil- 
lations of a circular membrane with nonhomogeneous boundary and initial conditions: 


Oru sy Ou 2 Pu 1du, 1 0?u Ser i t) 
Ot? ay 2 Or2 | r Or | r? AY? hE Sener 
0 
a5. + Bu = g(t), 
r r=l 
Ou 
ul = = 9(r, ~), Oy, = w(r, yp). 
t=0 Ot 4H 


We cannot apply the Fourier method directly to this problem because the boundary condi- 


tions are nonhomogeneous. First, we should reduce the problem to one with zero boundary 
conditions. 


To do this, we search for the solution of the problem in the form of the sum 
u(r, y,t) = o(r,9,t) + w(r, 9, t), 


where u(r, y,t) is a new unknown function, and the function w(r, y, t) is chosen so that it 
satisfies the given nonhomogeneous boundary condition 


Ow 


an taw 


= Ce t) 


r=l 


and has the necessary number of continuous derivatives in r, y and ft. 
For the function u(r, y,t) we obtain the following boundary value problem: 


ohay Ov 4 (Av 10v i 1 &yv Le Fee) 
Or? r Orr? Oy? Ce ens 
Ov 
an (lp,t) +8 v(l,,t) =0, 


~ Ov 
u(r, Y; i) Pa — br, ~), Fra Y, t) 


ro 2 2 2 
fet) =t0,,1) — ee - 4 0 (5 a ae — ww, (8.91) 


Ot? Ot Or2 ° r Or | 1? Oy2 
dlr, ~) > o(r, y) Me w(r, Y; 0), (8.92) 
~ Ow 


Sag P; 0). (8.93) 
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The solution to this problem was considered in the previous section. 
Reading Exercise: Verify Equations (8.91) through (8.93). 


The way to find the auxiliary function was presented in Chapter 7. The results are: 


1) For the case of Dirichlet boundary conditions: 


a) if u(l,p,t) = g(y, ¢), : 


ip 
b) if u(l,y,t) = g(t) or ull, y,t) = go = const 
w(r, Y; t) = g(t) or w(r, Y; t) = Go: (8.95) 


2) For the case of Neumann boundary conditions 3#(1,,t) = g(y,t) 


2 


r 


where C is an arbitrary constant. 


3) For the case of mixed boundary conditions Lull, yp, t) + hu(l, y, t) = g(y,t) 


r2 


w(r, y, t) = a+ ny ?*)- (8.97) 


Example 8.9 Find the oscillations of a circular membrane in an environment without 
resistance and with zero initial conditions where the motion is caused by movement at its 
edge described by 

u(l,y,t) = Asinwt, t >0. 


Solution. The boundary problem modeling the evolution of such oscillations is given by the 
equation 


Ou »f/d?u 10du 
+ =, 

Ot? Or? or Or 

O<r<l, O0O<y<27, t >0 
with zero initial conditions 

Ou 
0) = —— 0) =0 

u(r, 9,0) =0, a. (r, 9,0) 

and boundary condition 
u(l,y,t) = Asinwt. 


We are searching for the solution in the form of the sum u(r, y,t) = w(r, y,t) + u(r, 9, t). 
Using Equation (8.95), we see that 


w(r,y,t) = Asinwt. 


Then we obtain 7 
f(r,y,t) = Aw? sin wt, 


d(r,y) =0, X(r,~) = —Aw. 
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The function flr, y,t) does not depend on the polar angle y, thus the function v(r, y, t) 
defines axisymmetric oscillations of the membrane. The solution v(r, y,t) is thus given by 
the series 


oo (0) 
(7, p,t) = D> [TE2() + Pom sinwome] + Jo (>) 


m=0 
where Wom = @VA0m = ate, uo are the roots of equation Jo(4) = 0 and 
(0) 


vito) =to (ie). fy =e [x (o@)] 90 fs (a) 


(see Appendix B, formula (B.33) and differentiation formulas (B.16)). 
To determine the coefficients bo, we have (see (8.74)) 


9) 4 
nap lf (HR) e(S ee EO 
nae CEE: 


Lem 


Next, we determine the function fP (using the integration formulas (B.15b)): 


(1) 1 Ye ae ine 
Om (t) = | wl de Auw* sin wtJo a rdrdp 
Vor | 


0) 
_ Aw? sin wt PA, (u ) _ 2Aw? sin wt 


“Pi Gee Ga) Gay Aba) 


From this we have 


2 Aw? 


2 
Wom (ui?) Ji (ui?) 


2 Aw? [w sin womt — Wom sin wt] 
wom (u) Sr (ul) (w? en) 


Finally, we may express the solution to the wave equation by the series 


TAN = =~ fs f2( T) sin Wom(t — T)dr = 
Wom 


xf sin wT sin Wom (t — T)dt = 
0 


u(r, y, t) = w(r,y,t) + u(r, 9, t) 


co 


(0) 
= Asinwt + Tire (t) + bom Sin Wom 7 Jo (+ + 


co 


(0) 
m mt _ t m 
= Asinwt + 2Aw S- [Wom sin wo tenet] Jo € + : 
Om) 


2 
m=0 (usr?) J (uin’) (w? — Wom 


Problems 


In problems 1 through 24 we consider transverse oscillations of a rectangular membrane 
(0<a<l,,0<y<l,), in problems 25 through 47 a circular membrane of radius |. Solve 
these problems analytically which means the following: formulate the equation and initial 
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and boundary conditions, obtain the eigenvalues and eigenfunctions, write the formulas for 
coefficients of the series expansion and the expression for the solution of the problem. 

The problems discussed refer to membranes, but it should be remembered that many 
other, similar physical problems are described by the same two-dimensional hyperbolic 
equation. 

You can obtain the pictures of several eigenfunctions and screenshots of the solution and 
of the auxiliary functions with Maple, Mathematica or software from books |7, 8]. 

When you choose the parameters of the problem and coefficients of the functions (ini- 
tial and boundary conditions, and external forces) do not forget that the amplitudes of 
oscillations should remain small. All the parameters and the variables (time, coordinates, 
deflection u(x, t)), are considered to be dimensionless. 


In problems 1 through 5 external forces and resistance of the embedding medium are 
absent. 
Find the free oscillations of the membrane. 


1. The membrane is fixed along its edges. The initial conditions are 


y(x,y) = Asin = sin a p(a,y) = 0. 
© y 
2. The edge at x = 0 of membrane is free and other edges are fixed. The initial 
conditions are 


p(x, y) = Acos or sin L 


3. The edge at y = 0 of the membrane is free and the other edges are fixed. The 
initial conditions are 


? w(a,y) = 0. 


TX T 
p(x, y) = Asin — cos # 


be he P(a, y) = 0. 


4. The edges « = 0 and y = 0 of membrane are fixed, and edges = 1, and y = l, 
are free. The initial conditions are 


vle,y) =0, U(a,y) = Ary (le - =) (ty - x) 


5. The edges x = 0, x = 1, and y = l, of membrane are fixed, and the edge 
y = 0 is elastically constrained with the coefficient of elasticity h = 1. The initial 
conditions are 


x T 
y(2, y) = Ar{1—— sin, w(x, y) =0. 
bes ly 
In problems 6 through 10 external forces are absent and the resistance of the 
embedding environment is proportional to velocity with proportionality constant 
&. Find the transverse oscillations of the membrane. 


6. The edges x = 0, y = 0 and y = I, of the membrane are fixed and the edge 
x = I, is attached elastically with the coefficient of elasticity h = 1. The initial 
conditions are 

p(z,y)=90, P(x,y) = Ary(ly — y). 


7. The edges x = 0 and y = 0 of the membrane are fixed, the edge y = l, is free and 
the edge x = l, is attached elastically with coefficient of elasticity h = 1. The 
initial conditions are 


pn, y=0, vay) = Az (1 = _ sin. 


x ly 
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10. 


11. 
12: 
13. 


14. 


15. 


16. 


17. 


18. 
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The edges x = I; and y = ly are fixed, the edge x = 0 is free and the edge y = 0 
is attached elastically with coefficient of elasticity h = 1. The initial conditions 
are 


. Te 
y(z,y) = Ay (1 = 1) sin7—, (x,y) = 0. 
y x 


The edges y = 0 and y = l, are free, the edge x = 0 is fixed and the edge x = I, 
is attached elastically with coefficient of elasticity h = 1. The initial conditions 
are 


o(z,y) = Ary? (1 — =) , w(ax,y) =0. 


The edges x = 0 and y = l, are free, the edge x = I, is attached elastically 
with coefficient of elasticity h = 1 and the edge y = 0 is attached elastically with 
coefficient of elasticity h = 1. The initial conditions are 


p(x, y) = Ay [1 = (x/tx)"| , w(a,y) =0. 


In problems 11 through 15 at the initial instant of time, t = 0, the membrane 
is set in motion by a blow which applies an impulse, J, at the point (29, yo) 
(O-< wy ie, 0S 9 <4): 

For the following cases, find free transverse oscillations of the rectangular mem- 
brane assuming the initial displacement is zero, external forcing is absent and the 
environment causes a resistance proportional to velocity with coefficient K > 0. 


The membrane is fixed along its edges. 
The edge x = l, of the membrane is free and the other edges are fixed. 


The edges x = 0 and y = l, of the membrane are free and the edges x = 1, and 
y = 0 are fixed. 


The edges x = Iz, y = 0 and y = l, of the membrane are fixed and the edge x = 0 
is attached elastically with coefficient of elasticity h = 1. 


The edges y = 0 and y = l, are free, the edge x = I, is fixed and the edge x = 0 
is attached elastically with coefficient of elasticity h = 1. 


In problems 16 through 20 assume that a force with density f(x, y,t) is acting 
on the membrane, the initial displacement from equilibrium as well as the initial 
velocity are zero, and resistance of the embedding medium is absent (« = 0). 

Solve the equations of motion with the given boundary conditions for each case 
given below. 


The membrane is fixed along its boundaries. The external force is 


f(x,y, t) = Arsin “4 (1 —sinwt). 
y 


The edge of the membrane at x = 0 is free, and other edges are fixed. The external 
force is 
_ TY. 
f(x,y,t) = A(l, — x) sin>~sin wt. 
y 
The edges x = lz and y = ly of the membrane are free and edges x = 0 and y = 0 
are fixed. The external force is 


f(a,y,t) = Axsin =” coswt. 
2, 
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19. The edges x = 0, y = 0 and y = L, of the membrane are fixed and the edge x = lz 
is attached elastically with elasticity coefficient h = 1. The external force is 


f(x,y, t) = Axy cos sat — sinwt). 
y 


20. The edges x = 0 and y = l, are attached elastically with elasticity coefficient 
h =1, the edge x = lI, is fixed, and the edge y = 0 is free. The external force is 


f(a,y,t) = Asin” cos = sin wt. 
Oe 


In problems 21 through 25 the boundary of the membrane is driven. Assume 
the initial velocities are zero and the resistance of embedding material is absent 
(« = 0). The initial shape of the membrane is u(x, y,0) = (a, y). 


Solve the equations of motion with the given boundary conditions for each case 
given below. 


21. The motion of the edge x = 0 of the membrane is given by 
gily,t) = Asin cos wt 
y 
and the other edges are fixed. Initially the membrane has the shape 
p(a,y) =A (1 - * sin 


22. The motion of the edge y = 1, of the membrane is given by 


ga(x, t) = Asin sinwt 
x 


and the other edges are fixed. Initially the membrane has the shape 


yp(2,y) = Ary cos a 


23. Edges « = 0 and x = l,are fixed, the edge y = 0 is free and the edge y = l, 
moves as oy 
ga(az,t) = Asin 7 0s wt. 


Initially the membrane has the shape 


p(a,y) = Ax(ly — x)sin. 
y 


24, The edges x = 0 and y = l,are fixed and the edge y = 0 is subject to the action 
of a harmonic force causing displacements 


g3(a,t) = Asin cos wt. 
x 


Initially the membrane has the shape 


e(#,y) = Ax(y — ly )coss—. 
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25. 


26. 


2s 


28. 


29. 


30. 


3l. 


32. 


33. 


34. 
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In the following problems consider transverse oscillations of a homogeneous 
circular membrane of radius I, located in the z-y plane. 


For all problems the displacement of the membrane, u(r,y,0) = d(r,~), is 
given at some initial moment of time, t = 0, and the membrane is released with 
initial velocity uz(r, y, 0) = w(r, y). 


In problems 25 through 30 external forces and resistance of the environment are 
absent. 


The membrane is fixed along its contour. The initial conditions are 
d(r,p) = Ar (I? _ ie) siny, w(r,y) =0. 

The membrane is fixed along its contour. The initial conditions are 
d(r,p) =0, w(r,y) = Ar es _ -) cos 4y. 

The edge of the membrane is free. The initial conditions are 
d(r,y) = Ar (i _ =) sin3y, w(r,y) =0. 

The edge of the membrane is free. The initial conditions are 


a7) =0, V(r, 9) = Ar (1— 5) 008 2y. 


The edge of the membrane is fixed elastically with coefficient h = 1. The initial 
conditions are 
or, y) = Ar(1 — r) sin PY, wr, y) =0. 


The edge of the membrane is fixed elastically with coefficient h = 1. The initial 
conditions are 


or, y) = 0, wr, y) = Ar(1 oe r) COS Y. 


In problems 31 through 35 external forces are absent but the coefficient of 
resistance of the environment « 4 0 (resistance is proportional to velocity). 


The membrane is fixed along its contour. The initial conditions are 
d(r, py) = Ar? (I? _ Pr) sin3y, w(r,y) =0. 
The membrane is fixed along its contour. The initial conditions are 
d(r,y) =0, W(r,y~) = Ar? (ee _ f) sin 2p. 
The edge of the membrane is free. The initial conditions are 
o(r,y) = Ar (i — =) sin5y, w(r,y) =0. 
The edge of the membrane is free. The initial conditions are 


o(r,) =0, ¥(r,~) = Ar (1-5) cosdy. 
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35. The edge of the membrane is fixed elastically with coefficient h = 1. The initial 
conditions are 


o(r, y) = Ar(r -_ 1) sin 3Y, w(r, ~) =0. 


In problems 36 through 38 the membrane is excited at time t = 0 by a sharp 
impact from a hammer, transferring to the membrane an impulse J at a point 
(ro, o) where 0 < rp <1 and 0 < Yo < 2zn. 


For the following situations find free transverse oscillations of the membrane 
assuming the initial displacement is zero, external forcing is absent and the envi- 
ronment causes a resistance proportional to velocity (« > 0). 


36. The membrane is fixed along its contour. 
37. The edge of the membrane is free. 
38. The edge of the membrane is attached elastically with elastic coefficient h = 1. 


In problems 39 through 43 the initial displacement and initial velocity are zero. 
The resistance of environment is absent (« = 0). Find the transversal vibrations 
of the membrane caused by the action of a varying external pressure f(r, y,t) on 
one side of the membrane surface. 


39. The membrane is fixed along its contour. The external force is 


f(r, y,t) = A (sinwt + coswt). 


40. The membrane is fixed along its contour. The external force is 


f(r,y,t) = AU — 1) sinuwt. 


41. The edge of the membrane is free. The external force is 


f(r, y, t) = Ar cos wt. 


42. The edge of the membrane is fixed elastically with coefficient h = 1. The external 
force is 
f(r, 9,t) = A(P? — 1?) sinwt. 


43. The edge of the membrane is fixed elastically with coefficient h = 1. The external 
force is 
f(r,y¢,t) = A(L— 1) coswt. 


In problems 44 through 47 find the transverse oscillations of a membrane caused 
by its border being displaced according to the function g(t) (the nonhomogeneous 
term in the boundary condition). Assume external forces, initial velocities and 
resistance of the environment are absent (« = 0). The initial displacement is given 


by u(r, y, 0) = o(r). 
44. g(t)=Asin?wt, ¢(r) = Br(l—r). 
45. g(t)=A(1—cosuwt), ¢(r)=B(P—-r?). 
46. g(t) =Acos*wt, ¢(r) = Br (5 - 1) 3 
A7. g(t) =A(1-sinwt), ¢(r)=Br(r-l). 
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Two-Dimensional Parabolic Equations 


In this chapter we discuss parabolic equations for a two-dimensional bounded medium. 
We consider rectangular and circular domains. The presentation is very similar to that for 
two-dimensional hyperbolic equations in Chapter 8. As before we discuss the heat problem 
in order to have a specific example at hand but it should be remembered that any other 
physical problem described by a two-dimensional hyperbolic equation can be solved using 
the methods discussed below. 


9.1 Heat Conduction within a Finite Rectangular Domain 


Let a heat-conducting, uniform rectangular plate be placed in the horizontal z-y plane with 

boundaries given by edges along x = 0, x = Iz, y = 0 and y = L,. The plate is assumed to be 

thin enough that the temperature is the same at all points with the same z-y coordinates. 
Let u(x,y,t) be the temperature of the plate at the point (x,y) at time t. The heat 

conduction within such a thin uniform rectangular plate is described by the equation 

Ou Oui dru Ou Ou 

Tene | seat aa] toege thage tend) 


O<a#<l,, O<y<l,, t>0. (9.1) 


Here a”, €;,,€, and y are real constants. In terms of heat exchange, a? = k/cp is the thermal 
diffusivity of the material; ~ = h/cp where h is the heat exchange coefficient (for lateral heat 
exchange with an external medium); f(z, y,t) = Q(z, y,t)/cp where Q is the density of the 
heat source (Q < 0 for locations where the heat is absorbed). The terms with coefficients 
€, and &, describe the heat transfer by the flow with velocity vector (—€,, —,) due to bulk 
motion of the surrounding medium. Clearly these coefficients will equal zero for solids but 
are non-zero for liquids or gases in which bulk movement (advection) of the medium occurs. 

The initial condition defines the temperature distribution within the plate at time zero: 


u(x, y, 0) = y(z,y). (9.2) 


The boundary conditions describe the thermal conditions at the boundary at any time 
t. The boundary conditions can be written in a general form as 


Q1 Ug 1 Bru|.—5 = ply, Pou = agquy + B2U|.—1, = go(y, t), 
Ps[u] = aguy + B3ul,_9 = 93(#,t), Palu] = aauy + Pauly) = ga(z,t), (9.3) 


where gi(y,t), g2(y,t), g3(a,t) and g4(a,t) are known functions of time and respective vari- 
able and aj, 61,...,@4, 84 are real constants. As has been discussed previously, physical 
arguments lead to the sign restrictions a1/6, <0 and a3/{3 < 0. 
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As before, there are three main types of boundary conditions (here and in the following 
we denote a = 0 or 1, and b = 0 or l, = 6): 


Case I. Boundary condition of the 1% type (Dirichlet condition) where we are given the 
temperature along the y- or z-edge: 

u(a,y,t) =gly,t) or ula,b,t) = g(a,t). 
We may also have zero temperature at the edges in which case g(y,t) = 0 or g(ax,t) = 0. 


Case II. Boundary condition of the 2"¢ type (Neumann condition) where we are given the 
heat flow along the y- or z-edge: 


Uz(a, y,t) = gly, t) or ty (x, b;t) = g(2, 1). 
We may also have a thermally insulated edge in which case g(y,t) = 0 or g(a,t) = 0. 
Case III. Boundary condition of the 3"? type (mized condition) where there is heat 
exchange with a medium along the y- or z- edge given by 
Uz (a, yt) + hu(a,y,t)=g(y,t) or uy(a,b,t) + hua, b,t) = g(a,t). 


We assume that h is a positive constant in which case the positive sign should be chosen in 
two previous formulas when a = I;, b = 1, and negative when a = 0. 


The BVP formulated in Equations (9.1)—(9.3) can be reduced to the boundary value 
problem 


Ov >| Ou  d#u Z ~ 
= t 9.4 
ee cea eee (9.4) 
v(x, y, 0) = G(x, y) (9.5) 
and 
Q1Vz + Biv nag = Nn (y, t), QQUy + Bar| — 92 (y, t), 
a3Vy + Ba| = §3(@,t), aavyt Bar| ia ga(x, t) (9.6) 
a Ystly 
with the help of the substitution 
u(a,y,t) = et (x, y,t), (9.7) 
where é é 
= x e y 
B= — 9g and 1 og 
Here 
: eae 
ey . Y + 4a2 ? 


fegn=e Y"™ f(a9,0; 
Gy) =e 9 O(a), 

y,t) =e" gi(y,t), 

= ec Hla) go (y, t), 
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Reading Exercise: Make the substitution given in Equation (9.7) and verify the results above. 


Therefore, below we will only consider Equations (9.1) with € = €, =0. 

First, we should reduce boundary conditions to zero ones. To do that, let us present the 
solution to the problem defined by Equations (9.1) through (9.3) (with € = €, = 0) as the 
sum of two functions: 

u(x, y,t) = v(x, y,t) + w(2, y, b), (9.8) 


where v(z, y,t) is a new, unknown function and w(2, y,t) is an auxiliary function satisfying 
boundary conditions (9.3). We shall seek an auxiliary function, w(a, y, ¢), in the form 


w(x, y,t) = gily,t)X + galy,t)X + gs(x,t)¥ + gala, t)¥ 
+ A(t)X Y¥ + B(t)X ¥ + C(t)X Y + D(t)XY, (9.9) 


where X(x), X(x), Y(y) and Y(y) are polynomials of 1% or 2"4 order, A(t), etc. are some 
functions of t. The coefficients of these polynomials will be adjusted in such a way that 
function w(2, y,¢) satisfies boundary conditions given in Equations (9.3). The algorithm to 
find this function is presented in Appendix C part 2. 

Then, the function v(x, y,t) represents heat conduction when heat sources are present 
within the plate and boundary conditions are zero: 


es 
S 
a 

a 


(9.10) 


Ov 4 E a = 
= “yy 


om ae 


u(z, Y, 0) = P(z, Y); 


Pr [v]|.=0 — 0, P2|v}|e=1, — 0, P3[v]|,<0 = 0, Palv]|y—t, a 0, 
where 7 Pe 9 
x _ Wo w w 
F(z, y,t) = f(x,y, t) Ot r@ (Fa + x yw, 


P(x, y) = p(z, y) _ w(z, y, 0). 


For this problem the Fourier method can be applied. 
To simplify the task even more, we present function vu(z, y, t) as the sum of two functions 


v(x, y,t) = u1(2,y,t) + ua(z, y, t), (9.11) 


where u1 (a, y,t) is the solution of the homogeneous equation with the given initial conditions 
and uo(x,y,t) is the solution of a nonhomogeneous equation with zero initial conditions. 
For both functions, ui and ug, the boundary conditions are zero (i.e. homogeneous). This 
step (9.11) does not necessarily have to be done, but it makes the solution more physically 
transparent. 

The solution u1(x,y,t) represents the case of free heat exchange, that is, heat neither 
generated within nor lost from the plate, but only transferred by conduction. The solution 
ug(x,y,t) represents the non-free heat exchange, that is, the diffusion of heat due to gener- 
ation of (or absorption by) internal sources when the initial distribution of temperature is 
zero. We find these two solutions in the following sub-sections. 
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9.1.1 The Fourier Method for the Homogeneous Heat Equation (Free 
Heat Exchange) 


Let us first find the solution of the homogeneous equation 


Ou, 2 Out 07 uy 
Bins = 12 
Ot | Ox? = Oy? ue eo) 
with the initial condition 
ui (2, y, 0) = p(x, y), (9.13) 
and zero boundary conditions 
Piluille-o =9,  Poltajilni, =9, Pslurlly-o=9, Paluallyu, = 9- (9.14) 
This describes the case of free heat exchange within the plate. 
Let us separate time and spatial variables: 
w(x, y,t) = T(t) -V(a,y). (9.15) 
As a Reading Exercise obtain: a) the following equation for the function T(t): 
T(t) + (aA + y)T(t) = 9, (9.16) 


and b) the boundary value problem with homogeneous boundary conditions for the function 
V(a,y), defined by 


OV OVER =0, (9.17) 
y 


a1V,(0,y) aT Bi V (0, y) = 0, a2Vz(le,y) oye BoV (le, y) = 0, 
a3Vy (x, 0) + B3V (a, 0) = 0, aaV, (0, ly) Tv BaV (0, ly) — 0, (9.18) 


where X is the constant of separation of variables. 
Next we can again separate variables: 


V(@,y) = X(a)Y(y). 
As a Reading Exercise, obtain the following one-dimensional boundary value problems: 
X"(x) + A,X (x) = 0, 
a1 X'(0) + 8,X(0) =0, aX" (lx) + B2X (lx) = 0, (9.19) 
and 


Y"(y) + Ay¥(y) = 9, 
asY"(0) + B3Y(0) =0, a4Y"(ly) + B4Y (ly) = 9, (9.20) 
where the separation of variables constants, Az and A,, are connected by the relation Az + 
Ay = a. 
If Aun, Aym, Xn(#) and Y,,(y) are eigenvalues and eigenfunctions, respectively of the 
boundary value problems for X (a) and Y(y), then 
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and 
Vin sY) = Xe (a) ¥m(y) (9.22) 


are eigenvalues and eigenfunctions of the boundary value problem for V(a, y). The functions 
Vam(, y) are orthogonal and their norms are the products 


2 2 2 
I[Vrmll” = |Xnll" > [¥mll”- 


Eigenvalues and eigenfunctions of the boundary value problem depend on the types of 
boundary conditions. Combining different types of boundary conditions one can obtain nine 
different types of boundary value problems for the solution X (a) and nine different types 
for the solution Y(y) (see Appendix C part 1). Notice, that Equation (9.17) written in the 
form 


V*V(c, y) = —AV (a, y); 


with the Laplace operator 
oF o? 
dx? * Oy? 
allows us to conclude that functions V,,, are eigenfunctions, and Anm are the eigenvalues 
of this operator for the boundary conditions (9.18). 
The eigenvalues can be written as: 


2 2 
Aun = sat ) Aym = we ) (9.23) 
i, ly 


where [len is the nth root of the equation 


V7= 


- l 
tan li, = (a1 By — 0281 le be (9.24) 


p2ayaz + 128182 ’ 


and [lym is the mth root of the equation 


(a384 — 0483 )ly by 
pya3a, + 178384 


tan [ly = (9.25) 


Similarly, as was obtained in Appendix C part 1 the eigenfunctions are 


1 ~— a ae 
Ket) = Jordan + BE [a Arn cos Ant ~~ By sim rane ’ 


1 


Yin(y) = ———— a [es V/Ay COS +/Aymy — 23 sin Xumy| : (9.26) 
V a3Aym + 53 


Now, having the eigenvalues An and eigenfunctions, Vrm(x,y), of the boundary value 
problem, we may obtain the solution u(, y,t). The solution to equation 


TM) @ Ave t Vie) =o (9.27) 


Trm(t) = Cnme @ amt ne, (9.28) 


from which we see that the function u1(z, y, t) can be composed as the infinite series 


U1 (x,y, €) = ~ S- Tnm(t)Vnm (2, y)- (9.29) 


n=1m=1 
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Using the fact that this function must gi the initial condition (9.13) and using the 
orthogonality condition for functions ~ x ig we find coefficients Chm: 


Wa 


It is left to the reader as a Reading Exercise to verify Equation (9.30) using the initial 
conditions (9.13) and the orthogonality condition. 


Example 9.1 The initial temperature distribution within a thin uniform rectangular plate 
(0<a<l,,0<y<l,) with thermally insulated lateral faces is 


u(x, y,0) = Ary(lz — £)(ly —y), A =const. 


Find the distribution of temperature within the plate at any later time if its boundary is 
kept a constant zero temperature. Generation (or absorption) of heat by internal sources is 
absent. 


Solution. The problem may be modeled by the solution of the equation 
Quo [u , Bu 
Ob Ox? Oy? 


under the conditions 


|. O0<a<l, O<y<ly, t>0, 


u(x, y,0) = p(x, y) = Ary(le — @)(ly — y), 
u(0,y,t) = ule, y,t) = ule, 0,t) = ula, ly, t) = 0, 


The general solution to this problem can be presented as a sum (9.29) 


u(x, y, t) => 3 InmVnm- 


n=1m=1 


The boundary conditions of the problem are Dirichlet homogeneous boundary condi- 
tions; therefore eigenvalues and eigenfunctions of the problem are 


nn? m? 


dm = dan + ym = 0? (Fe + Fe) n,m = 1,2,3,... 
© y 


2 2 al 
[| Viren ll” = |Xnll . Ym = 2 


Applying the Equation (9.30), we obtain 


4 pleply 
Crm = — i | Azy(lz — x)(ly — y) sin ee dxdy 
Ply des i i 


x y 
64AR 
ss, if n and m are odd, 
— ) 2n2m2 
0, if m or m are even. 


Hence, the distribution of temperatures inside the plate at some instant of time is described 
by the series 


ay = —Anma°t 2 1 2 1 
u(x, y,t) = xy a iin: (2n + 1)ra ae (2m + 1)ry 
(2n + 1)?(2m + 1)? ly ly 


nym=1 


We suggest the reader compare this example and its result with Example 1 from 
Chapter 8. 
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9.1.2 The Fourier Method for Nonhomogeneous Heat Equation with 
Homogeneous Boundary Conditions 


As mentioned previously, the solution u2(x,y,t) represents the non-free heat exchange 
within the plate; that is, the diffusion of heat due to generation (or absorption) of heat 
by internal sources (or sinks) for the case of an initial distribution of temperatures equal 
to zero. The solution to the general problem of heat conduction in a plate consists of the 
sum of the free heat exchange solutions, ui(x,y,t), found in the previous section and the 
solutions, u(x, y,t), which will be discussed in this section. 

The function u2(x,y,t) is a solution of the nonhomogeneous equation 


Ouse 2 Ou O7u2g 
—_ = | u2+ f(a,y,t 9.31 
Ot Ox? Oy? yu2 4 f( y ) ( ) 
with zero initial and boundary conditions. As above, we can separate time and spatial 
variables to obtain a general solution in the form 


(x Yet a 3 Laat Vim (x Y)s (9.32) 


n=1m=1 


where Vim (x, y) are eigenfunctions of the corresponding homogeneous boundary value prob- 
lem given by Equation (9.29). Here T,,,,(£) are, as yet, unknown functions of t. Zero bound- 
ary conditions for u2(x, y, t) given by 

Pi[Ua]la-9 =9, P2[ua| 


=0, Pslua]lyo=9, Palue]ly, = 0 


Ll, y=l, 


are valid for any choice of functions T(t) (assuming the series converge uniformly) because 
they are valid for the functions Vim(x, y). We leave it to the reader to obtain these results 
as a Reading Exercise. 

We now determine the functions T,,,,,(¢) in such a way that the series (9.32) satisfies the 
nonhomogeneous Equation (9.31) and the homogeneous (zero) initial condition. Substituting 
the series (9.32) into Equation (9.31) we obtain 


S> S> ae) a (a? Xnm a0 )Tam(t)] Vam(@,y) = f(x,y, t). (9.33) 


n=1m=1 


We can expand the function f(z,y,t) in a Fourier series of the functions Vim(a,y) in the 
rectangular region [0,/,;0,/,] such that 


(x, y,t = df fam (t)Vnm(2,y), (9.34) 
where ; — 
font) = Te ff” Fleust)Vamlasy)dedy, (9.35) 


Comparing the two expansions in Equations (9.33) and (9.34) for the same function f(z, y, t) 
we obtain differential equations for the functions T,,,,,(t): 


Thum (t) + (a? Anm + 7)Trm(t) = fam (t)- (9.36) 
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In order that the solution represented by the series u2(x,y,t) given in Equation (9.32) 
satisfies the zero temperature initial condition it is necessary that the functions T,,,,(t) obey 
the condition 

Tnm(0) = 0. (9.37) 
Clearly, the solution of the ordinary differential Equation (9.36) with initial condition (9.37) 
may be written in the integral form 


t 
OM f tales © ee ae (9.38) 
0 


Thus the solution of the nonhomogeneous heat conduction problem for a thin uniform 
rectangular plate with homogeneous boundary conditions (equal to zero) has the form 


(9.39) 
where the functions Ty,(t) are defined by Equation (9.38) and the coefficients Cm have 
been found earlier in Equation (9.30). 


Example 9.2 Find the temperature u(z,y,t) of a thin rectangular plate (0 < x < ly, 
0<y <1,) if its boundary is kept at constant zero temperature, the initial temperature 
distribution within the plate is zero, and one internal source of heat Q(t) = Asinwt acts at 
the point (xo, yo) in the plate. Assume the plate is thermally insulated over its lateral faces. 


Solution. The problem is expressed as 


du» be _ Pu 


A. 
oa aaa x | + oF sinwt - d(a@ — 29)d(y — Yo), 


under the conditions 
u(x, y, 0) = 0, 
u(0,y,t) = ule, y, t) = u(x, 0,t) = u(z,l,,t) = 0. 


The general solution to this problem can be presented as a sum 


u(x, y,t => y [Zam y+ Ope eM) Vam(2, y)- 


The boundary conditions of the problem are Dirichlet homogeneous boundary conditions, 
therefore eigenvalues and eigenfunctions of problem are: 


nm? 


dm = Aan + Xym = 0? (Fe), n,m = 1,2,3,... 
x y 


[[Varall? = |Xnll?- [Yoall? = a 


The initial condition is zero, in which case Cy, = 0. Applying Equation (9.35), we obtain 


— sin wt - d(x — x0)d(y — yo) sin sa eg coi dady 


Fam(t) “oh ip li 


TNX . TMYo 
sin wt sin sin 
SLL 65 ly 
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FIGURE 9.1 
Surface graph of plate temperature at (a) t = 0.6, (b) ¢ = 6.2 for Example 9.2. 


We also have from the above formulas that 


4A 
Tait) = f fram (T)e7 nme (t—1) dr . TNL . TMYo 
1 
x 


oe sin L, sin L, 


- = 2 
a? Xnm Sinwt — wcoswt + wer 7 


w2 + (a2Anm)> | 
so that, finally we obtain 
4A <— 1 


Cplaly borell w2 + (2am)? 


u(x, y,t) = ba Xba sin wt — wcoswt + ge a4 


_ ANLQ . TMYo . ANL . AMY 
x sin sin sin sin : 
ly ly ly ly 
Figure 9.1 shows snapshots of the solution at times t = 0.6 and t = 6.2. This solution was 
obtained for the case a? = 0.25, I, = 4, ly = 6, A/cp = 120, w = 5, xp = 2 and yo = 3. 


Reading Exercise: Find the periodic in time solution of this problem and compare it with 
the solution u(z, y,t) obtained above when t > oo. 


Hint: Search the solution in the form Re [F(a, y) exp(iwt)], then, for a complex function, 
F (x,y); you will obtain the Helmholtz equation with zero boundary and initial conditions. 
A similar problem was discussed for the one-dimensional heat equation. 


Example 9.3 A heat-conducting, thin, uniform rectangular plate is thermally insulated 
over its lateral faces. One side of the plate, at x = 0, is thermally insulated and the rest 
of the boundary is kept at constant zero temperature. The initial temperature distribution 
within the plate is zero. 

Let heat be generated throughout the plate with the intensity of internal sources (per 
unit mass of the plate) given by 


Q(a,y,t) = A(l, — x) sin ~ sin t. 
y 
Find the distribution of temperature within the plate when ¢ > 0. 
Solution. The problem involves finding the solution of the equation 
Ou 4 E x | A 


o WY s 
= (ly — x) sin — sint, 
Ot Ox? ~— Oy? Co Ly 
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FIGURE 9.2 
Eigenfunctions (a) Vii(a,y) and (b) Vs1(z, y) for Example 3. 


under the conditions 


u(z, Y, 0) =0, 
Ou 
By Ort) =0, tlle, 9st) = 0, u(z, 0, t) = u(z,ly,t) = 0. 
Eigenvalues and eigenfunctions of the problem are given by 


(Q2n—-1)? m? 


dam = Aen + Aym = 12 |. n,m =1,2,3,..., 
4l? B 


In —1 
Va (2 ¥) = Xn(2)¥m(y) = cos O% AE i MAY 
x y 


a 
[[Vaernll? = |_Xnll? » [¥rnll? = =. 
4 


The three-dimensional picture shown in Figure 9.2 depicts two eigenfunctions (chosen 
as examples), Vii(x,y) and V5i(x,y) for the given problem. 

The initial condition is equal to zero, in which case Cy, = 0. Applying Equation (9.35), 
we obtain 


fri (t) = 


A fpleply (Q2n—1)rx . my 8Al,, ; 
Ml f(x, y, t) cos I sin 5 ea onde 


ly z y 
and fnm = 0, ifm #1. Thus we have 


1 i 2 
Tni(t) = —, | Pane ee Nae 
Ilenill” Jo 
_ 8Al 


= * r {a? dni sin(t) — cos(t) + ae ‘ 
72(2n — 1)? [1 4+ (a2An1) 


Tam =0, if m#1. 
and, finally, 
8Alz . TY wa G2Ani Sint — cost + e710" (2n — 1)ra 


u(a,y,t) = sin cos 
2 ly (2n —1) [2 rd (a2n1)"| 21, 


The BVPs for a rectangular domain in situations with nonhomogeneous boundary con- 
ditions are considered in Appendix E part 2. 
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ee 
9.2 Heat Conduction within a Circular Domain 


Let a uniform circular plate be placed in the horizontal z-y plane and bounded at the 
circular periphery by a radius of length |. The plate is assumed to be thin enough so that 
the temperature is the same at all points with the same z-y coordinates. 

In polar coordinates of the Laplace operator is 


O7u _1du | 1 07u 


25, — 
MS ae ‘7 Or r2 Oy? 


and the heat conduction is described by the equation 


Ou O7u = 10u 1 Ou 
at (5 | eta y+ flrs pst), 


O<r<l, O0<yp<2n, t>0. (9.40) 
The initial condition defines the temperature distribution within the plate at zero time 
u(r, p,0) = (7, ¢). (9.41) 


The boundary condition describes the thermal condition around the boundary at any 
time ft: 


Ou 
Plu),p=1 = an + Bu = g(y,t). (9.42) 
r r=l 
It is obvious that function g(y,t) must be a single-valued periodic function in y of period 
27, that is, 


g(p + 2m, t) = g(y,t). 
Again we consider three main types of boundary conditions: 
i) Boundary condition of the 1% type (Dirichlet condition), u(l, y,t) = g(¥,t), where 
the temperature at the boundary is given or is zero in which case g(y,t) = 0. 


ii) Boundary condition of the 2.4 type (Neumann condition), u,-(1, p,t) = g(y,t), in 
which case the heat flow at the boundary is given or the boundary is thermally 
insulated and g(y,t) = 0. 

iii) Boundary condition of the 3rd type (mixed condition), u,(l,y,t) + hu(l, y,t) = 
g(y,t), where the conditions of heat exchange with a medium are specified (here 
h = const). 


In the case of the nonhomogeneous boundary condition we introduce an auxiliary func- 
tion, w(r,y,t), satisfying the given boundary condition and express the solution to the 
problem as the sum of two functions: 


u(r, y,t) = u(r, yt) + w(r, 9, t), 


where u(r, y,t) is a new, unknown function with zero boundary condition. As in Chapter 
8, we will seek function w(r, y, t) in the form 


w(r, 9, t) = (co + car”)g(y, t) 


with constants cg and cz to be adjusted to satisfy the boundary condition. 
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As we did a number of times, it helps to present the function u(r, y, t) as the sum 
u(r, Y; t) = Uy ~; t) ae ua(r, Y,; t), 


where u1(r, y, t) is the solution of the homogeneous equation (free heat exchange) with the 
given initial condition and zero boundary condition, and wa(r,y,t) is the solution of the 
nonhomogeneous equation (heat exchange involving internal sources) with zero initial and 
boundary conditions. 


9.2.1 The Fourier Method for the Homogeneous Heat Equation 


Let us find the solution of the homogeneous equation 


Ou, 2 O07 u1 10u, 1 07 ut 
—- = A 
ot ( Or? or Or ~~ rr? Op? _ a 
with the initial condition 
U1 (r, Y, 0) _ or, y) (9.44) 
and zero boundary condition 
) 
Plusjr =a +fu| =0. (9.45) 
Or me 
Presenting the unknown function as 
U1 (ry Y, t) = T(t)V(r, ~), (9.46) 


substituting this in Equation (9.43) and separating variables we obtain, 


T’(t)+o7T() 1 OPV i 10V rn 10°V)] n 
a?T (t) ~ Vir,yg) | Or? 9 7 Or 2 ay? } 


where 4 is a separation of variables constant (we know that a choice of minus sign before 
is convenient). Thus, the function T(t) is the solution of the ordinary linear homogeneous 
differential equation of first order 


T'(t) + (a®A + y)T(t) = 0, (9.47) 
and V(r, y) is the solution to the following boundary value problem: 


OV 10V «1 OV 


ee eee (9.48) 
OV 
all, yp) + BV(l,~) = 0. (9.49) 


Two restrictions on V(r, y) are that it be bounded, |V(r, y)| < oo and that it be periodic 
in g: V(r, yp) = V(r, ¢ + 2n). 

This boundary value problem for the function V(r,y) we have discussed in detail in 
Appendix D part 1 and in Chapter 7. After separation of variables 


Vir, 9) = Rr) Oy) (9.50) 


we obtained the Bessel equation for the function R(r) and cosny and sin ny for ®(y). 
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The eigenvalues and eigenfunctions of the boundary value problem for function R,,(1) have 


the form 
(n) \ ? (n) 
Anm = (| ’ Ram(T) = In (4 *) ? n,m =0,1,2,..., (9.51) 
(n) 


where [lm is the m-th positive root of the equation 


apd; (u) + BlIn(u) = 0, (9.52) 


and J;,(j1) is the Bessel function of the 1%* kind. 
Collecting the above results we may write the eigenfunctions of the given BVP as 


(n) (n) 
VD (r,~) = In Gas cosny and V,2)(r,~) = Jn Gas sin ny. (9.53) 


Functions Vii) (r, y) are eigenfunctions of the Laplace operator in polar coordinates in the 


domain 0<r<1l,0< y < 27, and Ay m are the corresponding eigenvalues. 
With the eigenvalues An m we can write the solution of the differential equation 


Trmalt) + ("Anim +9) Tna(t) = 0 (9.54) 


as 3 
Ti) = Cpe ON, (9.55) 


From this we see that the general solution for function wu, is 


(7,258) = > D> [anmV Rr, p) + PamViZI(r, g)| em AnmtD*, (9.56) 
n=0 m=0 


The coefficients any, and bnm are defined using the function which expresses the initial 


condition and the orthogonality property of functions Viv (r,~) and V2) (r, y): 


1 Ll p20 
vom = Tp ad 6(r, 9)V.Y(r, p)rdrdy, (9.57) 
vin oJ 
1 l p20 
b= Ta ok 6(r, W2(r, erdrdy. (9.58) 
vir o/0 


The norms of eigenfunctions Vi. (r,y) and V2) (r,y) can be found in Appendix D part 1. 


Example 9.4 The initial temperature distribution within a very long (infinite) cylinder of 


radius / is , 


o(r, p) = Uo (1 - z) , Uo = const. 


Find the distribution of temperature within the cylinder if its surface is kept at constant 
zero temperature. Generation (or absorption) of heat by internal sources is absent. 
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Solution. The boundary value problem modeling the process of the cooling of an infinite 
cylinder is 


Ou 2 | 07u . lou 
Ot = Or? or Or |’ 

pe 
u(r, p,0) = uo (1 - 7) , ull,y,t) =0. 


The initial temperature does not depend on the polar angle y; thus, only terms with 
n = 0 are not zero and the solution includes only functions Ace) (r,y) given by the first of 


Equations (9.53). The solution u(r, y, t) is therefore given by the series 


foe) F po 
u(r, Y; t) = S- dome “ Aom* Jo “at : 


m=0 
The boundary condition of the problem is of Dirichlet type, so eigenvalues ue ) are given 
by the roots of equation 
Jn(x) = 0, 
where x = pr/l. As it was mentioned in Appendix D part 1 for simplicity, such equations 


are often written just as J,(~) = 0. 
The coefficients apm are given by Equation (9.57): 


20 ; i 
— (0) 
dom = —/ uo (1 - 7) Jo (uit r/t) rdr. 
Vor I? Jo 


Thus, the distribution of temperature within the cylinder is given by the series in Bessel 
functions of zero-th order: 


Co —a7*r,_t (0) 
e€ Om m 
u(r, p, t) = 8uo ) ne oO Jo (4 ‘ : 


We see that, due to the exponential nature of the coefficients the final temperature 
of the cylinder after a long time will be zero. This is due to dissipation of energy to the 
surrounding space and could have been anticipated from the physical configuration of the 
problem. 


Example 9.5 The initial temperature distribution within a very long (infinite) cylinder of 
radius | is 

u(r, p, 0) = up = const. 
Find the distribution of temperature within the cylinder if it is subjected to convective heat 


transfer according to Newton’s law at its surface and the temperature of the medium is 
zero. 


Solution. The boundary value problem modeling the process of the cooling of an infinite 
cylinder is 

Ou »[0?u  10u 

— =4 es + = 5 

ot Or? or Or 
u(r, Y; 0) = U0, 


0 
(L9,t) + hull, pt) =0. 
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The boundary condition of the problem is of mized type so eigenvalues of problem Anm = 
(iS) /1)? are the roots of the equation 


pd, (u) + hlIn(w) = 0, and 


the eigenfunctions are given by (9.53). 
The coefficients @nm and bym are given by Equations (9.57) and (9.58): 


Qn l (n) 
Uo Lm 
Ce — —— cos nyd rJy, | ——r | dr, 
ane eae f ( 
Qn l (n) 
Bee ee ae im 
by = aor sinngdg | TI n ( i *) dr. 


The initial temperature does not depend on the polar angle y; thus, only terms with n = 0 
are not zero. Obviously by», = 0 for all n. Let us calculate coefficient ao. First, taking into 
account the relation uJ)(j1) + hlJo(y) = 0, we may write 


pa [Pe +) coe 


From this we have 
>) (0) 
U Um ( ( » : 


[ay +e] 8) 


Using the above relations we may write the distribution of temperature within the cylinder 
as the series in Bessel functions of zero order: 


oo wo) I, (uin’) en ® rome 02) 
u(r, y, t) = 2uo S- Jo ri). 


m=0 (us) . ne | (nu? i 


As in the previous example, dissipation of energy to the environment brings the final 
temperature of the plate to zero after long time periods. 


a0m = 


9.2.2 The Fourier Method for the Nonhomogeneous Heat Equation 


Function ua(r,y,t) represents the non-free heat exchange within the plate; that is, the 
diffusion of heat due to generation (or absorption) of heat by internal sources when the 
initial distribution of temperature is zero. The function wua(r,y,t) is the solution of the 
nonhomogeneous equation 


Ou2 _ ae (54 1 Oug 1 07 ue 


“Ot Or? |b Or | F 2) yua + f(r, 9, t) (9.59) 


with initial and boundary conditions equal to zero. 
After the separation of variables the general solution to this equation clearly is 


ual, et) =>. >> [TROVMer,9) + TAOVAG, 9), (9.60) 


n=0 m=0 
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where VaR (1, y) and V2) (r, p) are eigenfunctions of the corresponding homogeneous bound- 
ary value problem and T, 1) (¢) and T, 2) (t) are unknown functions of t. 


The zero boundary condition for ua(r, y, t) 


Plu alr eee =0 


Or + Buz 


r=l 


is valid for any choice of functions TA (t t) and TO (t t) because it is valid for the functions 


wana (", p) and Vara (rp). 
Substitution of the series (9.60) into Equation (9.59) gives 


5 pt (@Anm + VT, LOO)! Viens) 
n=0 m=0 
St | ata o T) (¢)| V,2) 9.61 
#2 2 qt M& Anm +1) Trim (4) | Van (rs 9) = Flr, 9, t)- (9.61) 


Next expand function f(r,y,t) within a circle of radius | as 


Fe) = [QOVNGo) + WOVE), (9.62) 


n=0 m=0 


where, using the orthogonality of this set of functions, the coefficients are 


1 l p20 
f= ——s free. ver, pyraray, (9.63) 
pay 
1 l p27 
B= ff rr. e.0ver,e)rarag. (0.64) 
pay 
Comparing the expansions (9.61) and (9.62), we obtain differential equations for deter- 


mining the functions Ty) t) and Pe t): 
g 


(1) 
ITM (adam + TOYO = 50, 
aT?) 
dt Tv (a"\den Tv VT (t) = - Ut Oe (9.65) 


In addition, these functions are necessarily subject to the initial conditions: 
T(0)=0 and T)(0) =0. (9.66) 


The solutions of the differential Equations (9.65) with initial conditions (9.66) can be pre- 
sented in the form of integral relations 


TO (t =f FY (r nmtI)(C—7) Ge (9.67) 


T(t y= f 12 a rnmt (t=) dy, (9.68) 
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Thus, we have that the solution of the nonhomogeneous equation with zero initial and 
boundary conditions can be written as 


u(x, y, t) ue a y, t) 


= 25 s {[7Q@ - appae  Maeen) Verna (2; ¥) 


n=0 m=0 
+ [ZRE) + bomen emt] $2 (w, 9) } (0.6) 


with coefficients Gy, and bam given by formulas (9.57), (9.58). 


Example 9.6 Find the temperature within a thin circular plate of radius / if its boundary 
is kept at constant zero temperature, the initial temperature distribution within the plate 
is zero, and one internal source of heat Q(t) = Asinwt acts at the point (ro, yo) of the plate 
where 0 < 19 < 1,0 < Yo < 2a. The plate is thermally insulated over its lateral faces. 


Solution. The problem is expressed as 


du 4 [0?u 10u A ; 
oo E ed + —d(r —10)d(y — Yo) sinwt 


under the conditions 
u(r,y,0) =0, u(l,y,t) =0. 
The boundary condition of the problem is of Dirichlet type, so eigenvalues are given by 
the equation J,,(~) = 0, the eigenfunctions are given by formulas (9.53), the eigenfunctions 
squared norms can be calculated using Equations (D.17) and (D.18) from Appendix D 


part 1: 
a P 2 2 treo 
QP = |Iy@) “| ( (a) _ ) , 
|e) = [va = ons LHP). matt it toe 


The initial temperature of the plate is zero, so we have d@nm = 0 and bnm = 0 for all n, m. 
Let us next find (Ret t) and f(b): 


A 2 (n) 
i= : 3 sinwt cosnyodn ("i ) ; 
oar i () 
A 2 (n) 
2) (4) = 5 Sinwt sin nyoIn (4) : 
ant (i) 
From this we have 
A 2 a) 
TEA) = - 5 Cos Non Gag I(t), 
P onnl? 7, (uit? )| 
A 2 tie 
T°) (t) = C sin nPoIn “pe I(t), 
oar (0) 


where we have introduced 
1 
I(t) = . {a7 nm sinwt — weoswt + wernt} . 
[w? + (a2\nm) 
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FIGURE 9.3 
Temperature of plate at (a) t = 0.5 and (b) t = 1 for Example 9.6. 


Therefore, the evolution of temperature within the plate is described by the series 


2 SS) pm bm _ 
“ase. in ( a fn) (Hr) ene 


Figure 9.3 shows two snapshots of the solution at the times t = 0.5 and t = 1. This solu- 
tion was obtained for the case when a? = 0.25, 1 = 2, ro = 1, go = 1, A/cp = 100 andw =5. 


u(r, y, t) 


Reading Exercise: Discuss the above result for the equilibrium (final) state when the source 
of heat is placed in the center of the plate at ro = 0. Show that in this case the problem 
can be reduced to a one-dimensional ordinary differential equation. 


Example 9.7 A heat-conducting, thin, uniform, circular plate of radius / is thermally insu- 
lated over its lateral faces. The boundary of the plate is kept at constant zero temperature, 
and the initial temperature distribution within the plate is zero. Let heat be generated 
throughout the plate with the intensity of internal sources (per unit mass of the membrane) 
given by 

Q(t) = Acoswt. 


Find the distribution of temperature within the plate when ¢ > 0. 
Solution. The problem may be expressed by the equation 


Ou 4 Ee 10u 


OL Brz OR Fy | + Aces 


under the conditions 
u(r, p,0) =0, u(l,y,t) =0. 


The boundary condition of the problem is of Dirichlet type, so eigenvalues sr) are 


given by equation J,,(4.) = 0. The initial temperature of the plate is zero and the intensity 
of internal sources depends only on time ¢t, so the solution u(r,t) includes only functions 


Vi) = Jy (ur 1) and is given by the series 


(n) 
= 52 rinse (Er), 
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(a) (b) 


FIGURE 9.4 
Temperature of plate at (a) t = 1 and (b) t = 3 for Example 9.7. 


where 


m, 


t 
(0) = fF Acre mma 
0) 


Taking into account that (see Appendix B) 


pael=xe a oa) =e Owl 


1 (0) 2 Min . 
ibe ol o oe (0) 
| Jo (4 ‘) rdr = wy tJo(x)dx = 7 (ule ) ’ 
Hm a 


we find f (t) in the form 


A Yt tae 2A 
(1) (t) = = a an | Jo (F rdr = Ca AO cos Wt. 
[Yon *° pn (pi) 


2A : 
7 (i)= om, 7) | coswr - e7* Xom(t=7) dr 
Lm Ji (ui ) 0 


_ 2A 
© uh (uP) [oo? + (@?Aom)?| 


a 
a? \om cos wt + wsinwt —a7ArApme% Aom*| . 


Therefore, the evolution of temperature within the plate is described by series 


aut) ie 
u(r,t) = S> Ty, (t)Jo ayes 
m=0 


Figure 9.4 shows two snapshots of the solution at the times t = 1 and t = 3. This solution 
was obtained for the case when a? = 0.25, 1 = 2, A=100 and w =5. 


Reading Exercise: Discuss the above result for the equilibrium (final) state. Show that in 
this case the problem can be reduced to a one-dimensional ordinary differential equation. 


246 Partial Differential Equations: Analytical Methods and Applications 
9.2.3. The Fourier Method for the Nonhomogeneous Heat Equation 
with Nonhomogeneous Boundary Conditions 


Finally, we consider the general boundary problem for heat conduction, Equation (9.40), 
given by 


Ou O7u = 10u 1 Ou 
na" (Gs t a tae) yu f(r, ¢, t) 


with nonhomogeneous initial condition (9.41) and boundary condition (9.42) given by 


u(r, Y; 0) = o(r, Y), 


Ou 
Plujrai = a= + Bu 
[ura = a +8 
To reduce the nonhomogeneous boundary condition to homogeneous, we introduce an aux- 
iliary function w(r, y,t) which satisfies the given nonhomogeneous boundary condition. As 
always, we will search for the solution of the problem as 


_ g(Y, t). 


r=l 


u(r, y,t) = u(r, y,t) + w(r, 9, t), 


where u(r, y, t) is a function satisfying the homogeneous boundary condition, and will seek 
the auxiliary function w(r, y,t) in the form 


w(r, y, t) = (co tart cor?) g(y, t). 
The constants will be adjusted to satisfy the boundary condition. Because 


low 
r Or 


and r = 0 is a regular point, the coefficient c; = 0 and the auxiliary function reduce to 


(r,p,t) = (S + 2e2) 9(¢,4) 


w(r, Y; t) = (co + cor) g(¥, t), 
where cg and cg are real constants. 
Example 9.8 The initial temperature distribution within a very long (infinite) cylinder of 


radius / is 
u(r, y, 0) = up = const. 


Find the distribution of temperature within the cylinder if a constant heat flow, 


O 
Fel est) = Q = 2, 
ie K 


is supplied to the surface of the cylinder from the outside starting at time t = 0. Generation 
(or absorption) of heat by internal sources is absent. 


Solution. This is the BVP 


=P ll pee on 


Ou ,{O7u  10u 
at” 


0 
u(r, Y; 0) = U0, 5p ls y, t) = Q. 


An auxiliary function satisfying the given boundary condition is 
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The solution to the problem should be sought in the form 


u(r, y,t) = w(r, y, t) + u(r, 9, t), 


where the function u(r, y, t) is the solution to the boundary value problem with homogeneous 
boundary conditions and 

2a? ~ Q 

7 @: er, ~)= = Uo — ai” 

These functions (defined in Section 9.1) do not depend on the polar angle y, which is why 
the solution for function u(r, t) contains only the Bessel function of zero-th order: 


f(r,¢,8) = 


co 


(0) 
u(r, t) = [Zz TG t)+ Gome eNom] Jo (F>) : 


m=0 


The boundary condition of the problem is of Neumann type, so eigenvalues ue are 


given by the equation 
Ji (u) = 0. 


The eigenfunctions and their norms are (D.16), (D.17) (Appendix D part 1) 


(0) 2 ' 
vin =0(4Pr), su? =ne.8 (2). fpf? =e 


in which case we have 


20 (0) 
m 2Q1 
7m pare f (w- 2 "(4 +) rire — a 
1) 0 0 
per (By 402) 
20 i 
_ SP) eitipmige 
my [w= $e) te- a 
00 


Using the Equation (9.63) we obtain 
) 2 Q7r I (0) 4 2 
Sy = Eo Pie fa (fe eee ee Oe 
iv? a m a (ui ) 


2 2 Qn iL 2 2 
QoO=-—*, | ay | Ae ee pei Q 
1 


and with Equations (9.67), (9.68) we have 
2 
Tw @=f FD Te om “dr =0, TA (t) aA fio ©) r= Ee, 


Hence, the distribution of temperature within the cylinder at some instant of time is 
described by the series (9.69): 


‘om Ql 2a7Q en? Aomt po 
u(r,t) = a + Uo og @, 201 m0 BTa( my TT |: 


Reading Exercise: Discuss the role and the origin of each term in this solution. 
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9.3. Heat Conduction in an Infinite Medium 


Consider the homogeneous heat-conduction equation in three dimensions 
Ou Bes 

—=av~u. 9.70 

At (9.70) 

For a finite medium the separation of variables procedure, u(r,t) = X(r)T(t), gives 

the discrete spectrum of eigenvalues \,, due to boundary conditions. For infinite medium 


problems, when there is no boundary condition, let us express the function u(r,t) as a 
Fourier integral with respect to the coordinates: 


1 : 
u(r,t) = aap [weer ae, dk = dkydkydkz, (9.71) 


where the Fourier coefficients are 
up(t) = fuer ne rar, dr = dxdydz. (9.72) 


Substituting expression (9.71) into Equation (9.70), we obtain 


1 d ; 
Ons / (8 + aug) cikr 93 = 0. 


Therefore, for each Fourier component, uz (t), Equation (9.70) gives 


Ou 
i + ha?up = 0, 
from which we obtain ae 
up(t) = nine (9.73) 


It is clear that the coefficients upy, are determined by the initial temperature distribution 
(initial condition) given by 
u(x, 0) = uo(x) = y(r). (9.74) 


From Equations (9.73) and (9.74) we have 


UpR(t) = f leet a (9.75) 


Thus, the temperature distribution as function of coordinates and time is 


i} es , 
u(r, t) = aye | eerie Metter dr! dk. (9.76) 


The integral over d°k is the product of three integrals; each of them is 


TT 


oo 1/2 


(the integrals with sines in place of cosines are zero since the sine function is odd). Finally, 
we obtain the following formula which gives the complete solution of the problem since 
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it determines the temperature within the medium for any moment in time if the initial 
temperature distribution is known: 


u(r,t) = aeanpae | 0") exp - dr’. (9.78) 


If the initial temperature distribution is a function of only one coordinate, x (for example 
the case of a thin infinite bar), then performing an integration over y and z in Equation 
(9.78), yields 


wee = ET / . wel eat | be (9.79) 


Reading Exercise. Check the step between Equations (9.78) and (9.79) and show that the 
result corresponds to the one-dimensional case discussed in Chapter 6. 


Let us consider a useful illustration of the result in Equation (9.78) — the case when the 
temperature at t = 0 is zero everywhere except the origin of the coordinate system where 
it is infinite. We assume also that the total amount of energy (or heat) is proportional to 
J y(r)dr. For a point source at the origin we may write 


p(r) = Ad(r), A=const, 


where 6(r) = 6(@)d(y)d(z) is a three-dimensional delta function. From Equation (9.78) we 
immediately obtain 


u(r,t) =A (9.80) 


1 r? 
8(a2t)3/2 or | al ; 
At the origin the temperature decreases as t~?/? and there is a corresponding temperature 
rise in the surrounding space. The size of the space where the temperature substantially 
differs from zero is determined by the exponential in Equation (9.80). That is, it is given by 

= av/t and I increases as the square root of the time. If at t = 0 the heat was concentrated 
in the plane at x = 0, or more generally if it does not depend on the x and y axis, then 


u(a,t) = (9.81) 


a 1 mn? 
2V rat a | ia 
which follows from Equation (9.79). 

The solution in Equation (9.80) with the delta-function as the initial condition is Green’s 
function G(r—r’,t) for homogeneous heat conduction. In terms of Green’s function, the 
solution in Equation (9.78) can be written as 


u(r,t) = [econ nar, 


where , 
Ce a) ae ee - To | (9.82) 


We refer the reader to Chapter 6 where the properties of Green’s functions were 
described; as was mentioned there, they also hold for the three-dimensional case. Using 
the three-dimensional Green’s function it should be clear how to generalize the material 
presented in this section to, for example, the nonhomogeneous heat conduction equation 
given by 
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9.4 Heat Conduction in a Semi-Infinite Medium 


We discuss several cases. 


Case I. Let us consider a three-dimensional medium located at x > 0 and begin with the 
case where constant temperature is maintained on the boundary plane located at x = 0. 
We will take this constant temperature as zero, i.e. the boundary and initial conditions are 


u(z,y,z,t=0)=9(2,y,2), Ulpog = 0. (9.83) 


To apply the methods previously developed for an infinite medium we first imagine that 
the medium is extended to the left from x = 0 and an initial temperature distribution 
is defined for « < 0 by the same function, y, taken with a minus sign. Thus the initial 
distribution for infinite space is an odd function of z: 


p(—2, y, 2) _ —p(2, y, 2). (9.84) 


From Equation (9.83) it follows that y(0,y,z) = 0. From symmetry it is clear that this 
boundary condition will be valid for t > 0. 

Now we can solve the Equation (9.70) for an infinite medium with an initial temperature 
distribution that satisfies Equation (9.84). This solution is given by the general Equation 
(9.78), in which we divide the range of integration over x into two parts, from —oo to 0 and 
from 0 to +oo. Using Equation (9.84) we have 


pe (ges es 


x ve | ese) ee | a \ da! dy! dz’. (9.85) 


4a?t 


If the initial temperature distribution is a function of only z, Equation (9.85) gives 


a ) ') {exe | ari exp | eter || ae (9.86) 


Example 9.9 The temperature is maintained equal to zero on the (boundary) plane at 
x = 0. The initial temperature is constant everywhere for x > 0, ie. y(x) = uo. 


u(a@,t) = 


x 


Solution. Performing the substitutions € = vee in the two integrals in Equation (9.86), 


with a minus sign in the first and a plus sign in the second, we obtain 


wets foe(sia)-ae(-a5)] 


where erf(x) = Fa foe ~©dé is the error function (erf(co) = 1). Since erf(—x) = —erf(zx), 


we obtain 
x 
it) = f {| —— }. 9.87 
u(a,t) = uo er (==) (9.87) 


This result could be written immediately since it follows from the properties of the error 
function. It is easy to check that differentiating Equation (9.87) twice with respect to x and 
once with respect to t we obtain the equation u; = a?uzz, thus Equation (9.87) satisfies 
both the initial and boundary conditions. 
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Reading Exercise. The reader is encouraged to check the preceding statement. 


Thus we see that the function u(x,t) = A erf (saa where A is an arbitrary constant, is a 


solution of equation uz = a7Uge. 


Reading Exercises. 


a) Generalize the previous result to the three-dimensional case. 


b) Prove that if a semi-infinite bar is initially at zero temperature and the end at 
x = 0 is kept at temperature uo, the temperature at time t is 


u(z,t) = uo 1 —erf ()| 


According to Equation (9.87) the temperature propagates into space at a rate proportional 
to /t. The result (9.87) depends on the single dimensionless parameter x/2av‘t. 


Case IT. Let us consider the case of a thermally insulated boundary plane at x = 0. That 
is, a boundary with no heat flux through it. The boundary and initial conditions are 


u(x, y,2z,t = 0) = y(a), ou = 0. (9.88) 
x=0 


As in the previous example, imagine the medium to extend on both sides of the plane 
at x = 0, but in this case extend the initial temperature distribution, y(z, y, z), as an even 
function of a: 


p(—2, y, z) = plz, y, 2), (9.89) 
for which 
Op _ op Op _ = 
Bq tr hr®) = ~ Bq (E12) and Bq Or ¥*) =0 for «=0. 


From symmetry it is clear that this condition will be satisfied for all t > 0. Repeating 
the calculations above but using Equation (9.89) instead of Equation (9.84), we obtain the 
general solution which differs from Equations (9.85) and (9.86) by replacing the subtraction 
of two terms by the summation of two terms: 


n= aanpn ff eee [Ae | 


x {exo | ese) | exp | cer |} aa'ay'ae (9.90) 


u(a,t) = al ola!) {exp | rer 


Case III. Assume that a heat flux enters the medium through its boundary plane at « = 0 
for a medium located at x > 0; i.e. the boundary condition is 


= q(t), (9.92) 
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with q(t) as a given flux function. Because g does not depend on coordinates y and z the 
problem reduces to the one-dimensional case. The initial condition is 


u(x, y,2,¢ = 0) =0. (9.93) 


To begin we first solve an auxiliary problem with q(t) = 6(t). This problem is equivalent 
to the problem that led to Equation (9.81), i.e. to the problem of heat propagation in 
an infinite medium from a point source which produces a given amount of heat. Indeed 
Equation (9.92) means that a unit of energy enters through each unit area of the plane at 
x = 0 at the instant t = 0. In this problem where the initial condition is u = 2.6(2) for 
t = 0, an amount of heat i pcudz = 2 is concentrated in the same area at time t = 0. From 
symmetry we may argue that half of this energy flows in the x > 0 direction, the other half 
in the x < 0 direction. Since the solutions of both problems are identical, from Equation 
(9.81) we obtain 


(a5) loa ‘ a 

x,t) = x : 
ae KVJat - 4a?t 
The heat conduction equation is linear so that for arbitrary q(t) instead of 5(t) the general 
solution of Equation (9.70) with the conditions in Equations (9.92) and (9.93) is 


(9.94) 


ie 5 dt’. (9.95) 


ay a j 
a le i Tatea ty yep Lo 


Reading Exercise. Check in detail the derivation of Equations (9.94) and (9.95). 


In particular the temperature on the plane at x = 0 varies according to 


(9.96) 


Lye a paegty 
wont) == f eae 


Using Equation (9.95) we can solve the problem in which the temperature on the plane 
x = 0 is the given function of time, 


ulp—o = g(t), (9.97) 
and the initial temperature is constant (which can be taken as zero): 
u(—a,y,z,t =0) =0. (9.98) 


Notice that if u(x,t) satisfies Equation (9.70) then so does its derivative, Su Differentiating 
Equation (9.95) with respect to z, we obtain 


oe ee 
“Oz Joo 2a/nt—t pe | 4a(t—t)| 


According to Equation (9.92) q(t) has the same value at « = 0. Writing u(a,t) instead of 


—K Se and using g(t) instead of q(t), we obtain the solution of the problem as 


r t g(t’) 2 
4q2 


Ta tus Jt ; casita (9.99) 


u(a,t) = 


Reading Exercise. A radioactive gas is diffusing into the atmosphere from contaminated soil 
(the boundary of which we can locate at x = 0). 
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a) Provide the arguments to show that the density of the gas in the air, p(x, t), is 
described by the boundary value problem 


dp 0’p 7 Op 


ap age We =—K, p(xz,0)=0, (D,A, « =const). 


«=0 


b) Show that the solution to this problem is 


Df il x 
t)h= dt’ dt’. 
pat) = ny? | qo | am 


Case IV. Let us consider an important particular case when the temperature varies peri- 
odically in time on the boundary plane at x = 0: 


u(a = 0,y, 2, t) = uo coswt. (9.100) 


This problem is equivalent to the classical problem (G. Stokes) about waves within an 
incompressible fluid generated by an infinite, rigid, flat surface harmonically oscillating in 
its own plane (y-z). If we investigate the process at a time which is sufficiently long from 
the initial moment, the influence of the initial condition is practically negligible. Thus this 
is a problem without an initial condition and we seek a stationary solution. Formally we 
can choose the zero initial condition 


u(a, y,2z,t = 0) = y(z,y, 2) = 0. 


Assume the fluid surface is at x > 0 and the plane oscillates along the y-axis, i.e. velocities 
in the fluid have only a y-component. The fluid velocity satisfies the Navier-Stokes equation 
which, for this geometry, reduces to a one-dimensional heat conduction equation 


2 
Ut = @ Urx, 


where u(a,t) is the y-component of fluid velocity and a? = v is the dynamic viscosity of 
the fluid. 
It is convenient to write the boundary condition as the real part of the complex expression 
u = Re {tiger Ek. In the following while performing intermediate (linear) operations, we 
omit the symbol Re and take the real part of the final result. Thus we write the boundary 
condition as 
u(0,t) = ue. (9.101) 


It is natural to seek a solution periodic in x and t given by 
u(x,t) = tiga hee). (9.102) 
which satisfies condition (9.101). Substitution of Equation (9.102) into the equation uw, = 


a7 Urge gives 
iw =a7k?, k=(1+i)/6, 5 = V2a?/w. (9.103) 


Thus 

u(x,t) = uge~*/? exp [i(a/6 — wt)]. (9.104) 
(the choice of the sign before the root Vi = +(1 + 7)/2 in the last of Equations (9.104) is 
determined by the physical requirement that the velocity should be bounded as x increases). 


From this discussion we see that transverse waves can exist in fluids with non-zero 
viscosity where the velocity of the fluid is perpendicular to the wave propagation direction. 
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The oscillations damp quickly as the distance from the surface increases. The constant 6 
is called the penetration depth. At a distance 6 from the surface the wave’s amplitude 
decreases e times, in other words it decreases ce?” ~ 540 times during one wavelength. 
The penetration depth, 6, decreases with increasing frequency and increases with increasing 
viscosity. In a more general case, when a plane wave is moving according to some function 
u(a = 0,t) = uo(t) instead of the simple harmonic motion of Equation (9.101), the solution 
is given by the formula (9.99). 

Similarly the temperature propagation inside a body when the temperature changes 
periodically according to Equation (9.100) on the boundary at x = 0, is described by 
the same Equation (9.104). Periodically changing surface temperature propagates from the 
boundary into a body in the form of a temperature wave with the amplitude decreasing 
exponentially with the depth (Fourier’s first law). 

An analogous phenomenon exists when alternating current flows in a metal conductor. 
Alternating current does not flow through a conductor with a uniform cross-sectional profile 
but concentrates close to the conductor surface (the so-called skin-effect). Inside a conductor 
the displacement current is insignificant in comparison to conduction current and the charge 
density is zero in which case the equations for the electrical and magnetic fields inside a 
homogeneous conductor become 


oH =eV°H, (9.105) 


where a? = c?/(47pA). Here c is the speed of light, yu is the magnetic susceptibility, \ is the 
electric conductivity and p = 1/, is the resistivity of the medium. 

Let us consider the same geometry as in the previous problem, i.e. a conductor is placed 
at x > 0 where the z-axis is directed inside the conductor and an external electric field 
is directed along the y-axis, which is parallel to the conductor’s surface. It is clear from 
symmetry that for a big surface (formally an infinite plane) the field depends on x (and on 
time), but does not depend on y and z. If the electric field changes along the plane according 
to Equation (9.100) or (9.101) then inside the conductor it is given by expression (9.104). 
Taking its real part we obtain the equation for the electric field inside the conductor as 


E(a,t) = Eye~*/° cos [i(a/5 — wt)], (9.106) 


where Ep is the amplitude of the electric field on the surface of the conductor. The field 
(and current density 7 = AF) are concentrated close to the surface in a layer of thickness 6. 
For example a cooper conductor (j: ~ 1) with an applied field, E with a wavelength of 3000 
m (radio frequency) has a penetration depth of 6 + 0.2mm. In the case of a direct current, 
w = 0 and thus 6 > oo; ie. a direct current is evenly distributed across the cross-section 
of a conductor. A magnetic field is described by an equation identical to the one for the 
electric field. From these arguments we see that high-frequency electromagnetic fields do 
not penetrate deeply into a conductor but concentrate near its surface. 


Problems 


In problems 1 through 19 we consider a heat conduction within a rectangular plate (0 < 
x <l,,0<y<l,), in problems 20 through 40 within a circular plate of radius l. Solve 
these problems analytically which means the following: formulate the equation and initial 
and boundary conditions, obtain the eigenvalues and eigenfunctions, write the formulas for 
coefficients of the series expansion and the expression for the solution of the problem. 
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You can obtain the pictures of several eigenfunctions and screenshots of the solution and 


of the auxiliary functions with Maple, Mathematica or software from books [7,8]. 


In problems 1 through 5 we consider rectangular plates which are thermally insulated 
over their lateral surfaces. In the initial time, t = 0, the temperature distribution is given 
by u(x, y,0) = y(a,y). There are no heat sources or absorbers inside the membrane. Find 


the distribution of temperature within the membrane at any later time. 


a 


The boundary of the plate is kept at constant zero temperature. The initial tem- 
perature of the plate membrane is given as 
Tx T 
p(x, y) = Asin — sin ue 
L, ly 


The edge at x = 0 of plate is thermally insulated and other edges are kept at zero 
temperature. The initial temperature of the plate is given as 
TY 


p(x, y) = Acos rE sin i 


The edge at y = 0 of the plate is thermally insulated and other edges are kept at 
zero temperature. The initial temperature of the plate is given as 
Ta Ty 


p(x, y) = Asin i cos 2, 


The edges x = 0 and y = 0 of the plate are kept at zero temperature, and the 
edges x = 1, and y = ly are thermally insulated. The initial temperature of the 
plate is given as 

p(@,y) = Ary (le — @) (ly — y). 


The edges x = 0, x = Iz and y = l, of plate are kept at zero temperature, and the 
edge y = 0 is subjected to convective heat transfer with the environment which 
has a temperature of zero. The initial temperature of the plate is given as 


g(x,y) = Ary (ly — x) (ly —y)-. 


In problems 6 through 10 we consider a rectangular plate which is thermally 
insulated over its lateral surfaces. The initial temperature distribution within the 
plate is zero, and one internal source of heat acts at the point (9, yo) of the plate. 
The value of this source is Q(t). Find the temperature within the plate. 


The edges x = 0, y = 0 and y = lL, of the plate are kept at zero temperature and 
the edge x = I, is subjected to convective heat transfer with the environment 
which has a temperature of zero. The value of the internal source is 


Q(t) = Acoswt. 


The edges x = 0 and y = 0 of the plate are kept at zero temperature, the edge 
y = l, is thermally insulated and the edge x = I; is subjected to convective heat 
transfer with the environment which has a temperature of zero. The value of the 


internal source is 
Q(t) = Asinwt. 
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8. The edges y = 0 and y = l, are thermally insulated, the edge x = 0 is kept at 
zero temperature and the edge x = J, is subjected to convective heat transfer 
with the environment which has a temperature of zero. The value of the internal 
source is 

Q(t) = Ae“ sinwt. 


9. The edges x = 0 and y = l, are thermally insulated, the edge x = lz is kept 
at zero temperature and the edge y = 0 is subjected to convective heat transfer 
with the environment which has a temperature of zero. The value of the internal 
source is 

Q(t) = Ae“ coswt. 


10. Find the heat distribution in a thin rectangular plate if it is subjected to heat 
transfer according to Newton’s law at its edges. The temperature of the medium 
iS Uma = const, the initial temperature of the plate is zero, and there is a constant 
source of heat, Q, uniformly distributed over the plate. 


Hint: The problem is formulated as follows: 


Ou ,[O7u d7u 
ge ary aD. le, l ’ t ’ 
Ot lsat + 5a | +2 0<a< 0<y<l, >0 
u(a, y,0) ae 0, 
Ou Ou 
a Th m —V, says — Um =U, 
Fx (u — Uma) Co 0 = + h(u— Uma) by 0 
Ce h(u— Uma) = 0, cu + h(u— Uma) = 0. 
Oy y=0 Oy yaly 


For problems 11 through 13 consider a rectangular plate which is thermally 
insulated over its lateral surfaces. The edges of the plate are kept at the tempera- 
tures described by the function of u(a, y, t)|r given below. The initial temperature 
distribution within the plate is u(x, y,0) = uo = const. Find heat distribution in 
the plate if there are no heat sources or absorbers inside the plate. 


1. apap = Myo = 41, Ulnar, = Uya, = U2, 


12. Ul,no = Ur, =U Ulyoo = Ul yo, = U2. 
13. ulpoo = Up=i, = uly—0 = U1, Ulyau, = U2. 
For problems 14 through 16 a thin homogeneous plate with sides of length 7 lies 
in the z-y plane. The edges of the plate are kept at the temperatures described 
by the function of u(az,y,t)|r, given below. Find the temperature in the plate if 


initially the temperature has a constant value A and there are no heat sources or 
absorbers inside the plate. 


14. ‘| = tt pos = 0, Uly=0 = Ulyon 


15. Ulpn9 = Upeg =9, Ulyoo = x, U yon = 0.52. 

16. Up-9 =9, Ugo = COSY, Ulyio = Ulyog = 0. 
In problems 17 through 19 an infinitely long rectangular cylinder has its central 
axis along the z-axis and its cross-section is a rectangle with sides of length 7. 
The sides of the cylinder are kept at the temperature described by functions 
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u(z,y,t)|r, given below. Find the temperature within the cylinder if initially the 
temperature is u(x, y,0) = Axy and there are no heat sources or absorbers inside 
the cylinder. 


17. ule=o0 = 3y?, Ule=e = 0, Uly—o = Wa, = 0. 
18h ai) po ai ay lakes = 0, uly—o =u. 
19. U,-9 = Ugo = C0S2y, Ulyo = Upon = 


In problems 20 through 22 we consider circular plates of radius | which are ther- 
mally insulated over their lateral surfaces. In the initial time, t = 0, the temper- 
ature distribution is given by u(r,y,0) = ¢(r,y). There are no heat sources or 
absorbers inside the membrane. Find the distribution of temperature within the 
plate at any later time. 


20. The boundary of the plate is kept at constant zero temperature. The initial tem- 
perature of the plate is given as 


d(r,y) = Ar (I? — r?) sing. 


21. The boundary of the plate is thermally insulated. The initial temperature of the 
plate is given as 
o(r, Y) = uor cos 2y. 


22. The boundary of the membrane is subjected to convective heat transfer with the 
environment which has a temperature of zero. The initial temperature of the plate 
is given as 


$(r,9) = uo (1—r?/P). 


In problems 23 through 25 we consider a very long (infinite) cylinder of radius 1. 
The initial temperature distribution within the cylinder is given by u(r, y,0) = 
o(r,y). There are no heat sources or absorbers inside the cylinder. Find the 
distribution of temperature within the cylinder at any later time. 


23. The surface of the cylinder is kept at constant temperature u = uo. The initial 
temperature distribution within the cylinder is given by 


d(r,p) = Ar (I? — r?) sin y. 


24. The constant heat flow 0u/Or(l, py, t) = Q is supplied to the surface of the cylinder 
from outside. The initial temperature distribution within the cylinder is given by 


o(r,p) = Ar (i — =) sin 3y. 


25. The surface of the cylinder is subjected to convective heat transfer with the envi- 
ronment which has a temperature u = Umq. The initial temperature distribution 
within the cylinder is given by 


o(r,~) = uo sin 4y. 


In problems 26 through 28 we consider a circular plate of radius | which is 
thermally insulated over its lateral surfaces. The initial temperature distribution 
within the plate is zero, and one internal source of heat acts at the point (19, Yo) 
of the plate. The value of this source is Q(t). Find the temperature within the 
plate. 
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26. The edge of the plate is kept at zero temperature. The value of the internal source 
is 
Q(t) = Acoswt. 


27. The edge of the plate is thermally insulated. The value of the internal source is 
Q(t) = Asinwt. 


28. The edge of the plate is subjected to convective heat transfer with the environment 
which has a temperature of zero. The value of the internal source is 


Q(t) = A(sinwt + coswt). 


In problems 29 through 32 we consider a circular plate of radius | which is 
thermally insulated over its lateral surfaces. The initial temperature distribution 
within the plate is zero. Heat is generated uniformly throughout the plate; the 
intensity of internal sources (per unit area of the plate) is Q(t). Find the temper- 
ature distribution within the plate. 


29. The edge of the plate is kept at zero temperature. The intensity of the internal 
sources is 
Q(t) = Acoswt. 


30. The edge of the plate is kept at zero temperature. The intensity of the internal 
sources is 
Q(t) = A(l—r) sinwt. 


31. The edge of the membrane is thermally insulated. The intensity of the internal 
sources is 
Q(t) = Asinwt. 


32. The edge of the plate is thermally insulated. The intensity of the internal sources 
is 
Q(t) = A(? — 1’) sinwt. 


In problems 33 through 35 we consider a very long (infinite) cylinder of radius 
l. The initial temperature of the cylinder is wo = const. Find the temperature 
distribution within the cylinder. 


33. The surface of the cylinder is kept at the temperature described by the function 
u(l, y,t) = Asinwt. 
34. The heat flow at the surface is governed by Lull, y,t) = Acosut. 


35. The temperature exchange with the environment with zero temperature is gov- 
erned according to Newton’s law gue + 2 = A(1-—coswt). 
Problems 36 through 39 are related to Section 9.4. 

36. The temperature distribution in the earth takes place with a phase displacement. 
The time At between the occurrence of the temperature maximum (minimum) 
at depth z is described by formula (v1 / 2a?) x (Fourier’s second law). Derive 
this formula. 

37. For two temperature distributions with periods JT; and 75, the corresponding 
depths x; and x2 in which the relative temperature changes coincide are connected 
by the equation 2 = (4/72/T,)21 (Fourier’s third law). Obtain this formula. 
Apply it for the daily and yearly variations to compare the depths of penetration. 
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38. The estimation for thermal diffusivity of the Earth is a? ~ 0.4-10~°m?/s. How 
much time does it take for (the maximum) temperature to reach a 4 m depth? 


39. An infinitely long rectangular cylinder, 0 < x < 1,, 0 < y < ly, with the central 
axis along the z-axis is placed in a coil. At t = 0 a current in the coil turns on 
and the coil starts to generate an oscillation magnetic field outside the cylinder 
directed along the z-axis: 


u(x,y,t) = Hosinwt, Hy =const, 0<t< oo. 


Find the magnetic field inside the cylinder. 


Hint: The problem is formulated as follows: 


Ou 2 [07u  d7u 

—= eae 0 lr, O<y<l,, t>0, 

a a Oy? |’ cee en 
u(z,y,0)=0, ul,o = Upon, = Ulyoo = Ulyat, = Ho sinwt. 

Answer: 


mry 


9 


u(e,y,t) = Hosin(wt) + 3° > Tan(t) sin = sin = 
n=1m=1 - y 


where 
Ant [le (—1)" | [t= (— | 


Tnm(t) = inne [w? + (a?Anm)"| 


x {a?dnm cos(wt) + wsin(wt) — a heme ee ; 


2 2 
Nn a ea ae ta 


=|, nm=1,2,3,... 
zt | 
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Nonlinear Equations 


In previous chapters, except Chapter 2, we dealt with linear PDEs. The present section is 
devoted to some famous nonlinear PDEs that have numerous applications in physics. All 
these equations are integrable in the sense that finding their solution can be reduced to 
solving some linear problems. 


10.1. Burgers Equation 


In Chapter 2 we considered the non-viscous Burgers equation, 
Ut + UUz = 0 (10.1) 


(another notation of a variable was used), which describes the propagation of a nonlinear 
sound wave in the non-viscous gas. We have seen that the nonlinearity can lead to an 
unbounded growth of the wave steepness |u,| during a finite time interval. In Chapter 6 we 
considered the heat equation, 

Ut = Mee (10.2) 


(another notation for the coefficient was used), which describes different dissipative processes 
(heat transfer, diffusion, viscosity etc.). The linear term with the second derivative tends to 
diminish any spatial inhomogeneities. 

When a nonlinear sound wave propagates in a viscous and heat-conducting gas, both 
terms are present in the governing equation, 


Ut + UUg = UU ee. (10.3) 


The exact expression for the positive coefficient , which is determined by the gas shear 
and volume viscosities and heat conductivity, can be found in books on fluid dynamics (see, 
e.g., [4]). Equation (10.3) is called Burgers equation. 


10.1.1 Kink Solution 


Let us consider Equation (10.3) in an infinite region, —oo < x < oo, and assume that 
u(oo,t)=ui, u(—co,t)=u2, w>w. (10.4) 


One can assume that under the action of both factors, the nonlinearity which makes the 
wave steeper and the linear term that makes it flatter, the wave will tend to a certain 
balanced stationary shape. Let us find the particular solution in the form of traveling wave 


u(x,t) =U(X), X =a-ct. (10.5) 
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Substituting (10.5) into (10.3), we obtain the ODE 
pU" +cU'-UU'=0, -w0w<X <M, (10.6) 


which has to be solved with boundary conditions 


U(co) =u1, U(—co) = ua. (10.7) 
Integrating (10.6), we find: 
U2 
pu’ + cU — ao C,; (10.8) 
where C is a constant which is obtained from the boundary conditions, 
ur us 
C= cuz, 5 = CU2 7 (10.9) 
Relations (10.9) give 
Uy + U2 U1 U2 
; (10.10) 
Substituting (10.10) into (10.8), we find that 
dU 1 
Solving (10.11), (10.7), we obtain 
ya + ug exp[—(u2g — ui1)(X — x0) /2p] 
1+ exp[—(u2 — u1)(X — 29) /2p] ’ 
where Zo is an arbitrary constant, hence 
—(u2g — xX — 2 2— u?)t/4 
ienE uy + U2 exp[—(u2 — u1)( to) /2u + (ts a) /4u] (10.12) 
T+ exp[—(u2 — mi)(X — 20)/2n + (3 — 08 )t/4p 
In the literature, one calls this solution “shock”, “step” or “kink”. 
Solution (10.12) can be also written as 
uy +u U2 — U U2 — U uy + U 
u(x,t) = =; z a ‘taut | er : (: Xo = 21)). (10.13) 


Note that the bigger the mean value (ui + u2)/2, the faster the wave; the bigger the 
amplitude (uz — u1)/2, the steeper the wave. 


10.1.2 Symmetries of the Burger’s Equation 


The features of the family of solutions obtained above can be easily explained using the 
symmetry properties of Equation (10.3). 


Galilean Symmetry 


Let us perform the following change of variables: 


v=u-C, X=a-Ct, T=t, 
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where C is a real number (“Galilean transformation” ). We find: 
u=vtC, wu =vp—Cvx, Up =VUxX, UXX =UXX. (10.14) 
Substituting (10.14) into (10.3), we obtain 
up + vUx = LUxx, (10.15) 


which coincides with (10.3) up to the renaming of variables. Thus, if Equation (10.13) has 
a certain solution u(x,t) = f(a,t), then (10.15) has a solution v(X,T) = f(X,T). That 
means that 

u(x,t) = f(~@—Ct,t)+C (10.16) 
is a solution of (10.3) for any C. Thus, any solution u(x,t) = f(#,t) is a member of a set 
of solutions (10.16); addition of a constant to the solution leads to a corresponding change 
of the velocity. Obviously, family (10.13) possesses that property. 


Scaling Symmetry 


Let us perform now a scaling transformation: 


X=ar, T=(t, u(a,t) = 7v(X,T), (10.17) 
hence 3 3 3 3 
da Ox’? Par’ ee) 


Substituting (10.17) into (10.3), we find: 
yBur + yavvx = ya? UWxx. 
Hence, we obtain an equation equivalent to (10.3), if we take 
B=o0", y=a. 


With that choice of coefficients, if there exists a solution u(x,t) = f(#,t), then there exists 
also solution v(X,T) = f(X,T), ie., 


u(a,t) = af (aX,a?T). (10.19) 
Family (10.12) has that property: if ui and ug are taken a times larger, the wave becomes 


a times steeper, and the temporal rate becomes a? times larger. 


Translational Symmetries 
Also, the Burgers equation is invariant to the transformation of coordinates 
X=2+C, T=t+Cn, 


where C; and C2 are arbitrary real numbers, hence solution u(x,t) = f(x,t) generates a 
set of solutions u(x,t) = f(@ +C1,t+ Co). 


Reflection Symmetry 


Equation (10.3) is symmetric to the simultaneous transformation X = —2x, v = —u. Thus, 
if the sign of u is changed, the wave moves in the opposite direction. 
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10.2. General Solution of the Cauchy Problem 


Let us consider now the general initial value problem, 


Ut + UUy = WUze, —OO<U< co, t>0; (10.20) 


u(x,0) =uo(x), —-coo<@<o. (10.21) 


Below we will transform this problem to a linear one and find its solution explicitly. 
First, let us introduce function w such that u = w,. That means that 


v= " uler)drr + F(t), 


where 2g is an arbitrary number and f(t) is an arbitrary function. The equation for y, 


Wat + WeWex — Meee = 0, 
can be integrated: 
1 
Pe t+ 52 — Ure = C(t). (10.22) 


Because ~ is determined up to an arbitrary function of t, we can choose C(t) = 0. 
Let us apply now the transformation 


wy=-2uiny, y>O, (10.23) 


called the Hopf-Cole transformation. Substituting (10.23) into (10.22) (with C(t) = 0) and 
taking into account that y 4 0, u #0, we obtain the heat equation 


Yt_=MPrr, —~O<2E<o, t>0. (10.24) 


Equation (10.24) has to be solved with the initial condition 


y(z,0) = yo(x), —oo <a < ov, (10.25) 
where 
po(x) = exp -5 i uo(er)d| , (10.26) 
Jao 
As we have seen in Section 6.8, the solution of the initial value problem (10.24), (10.25) is 
sen= aaa fe deat a (10.27) 
Substituting expression (10.26) into (10.27), we find that 
1 ee 1 
p(a,t) = Wear; de dx, exp [5 Glo.n,0) , (10.28) 
where 
G(a#,21,t) = ie Uo(X2)dx2 + cea (10.29) 
The original function is - 
ie agen ee") (10.30) 
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Taking into account that 
aG _ =m 
Oz ot’ 
we obtain the following exact solution of the initial value problem (10.20), (10.21): 


‘Sanh dr, ae exp ae 


u(x,t) = — Tee aa 
Fe dno - Se] 


(10.31) 


10.2.1 Interaction of Kinks 


Let us return to the “kink solution” (10.12) and find what solution of the linear equation 
(10.24) corresponds to it. Multiplying the numerator and the denominator of (10.12) by 


a | u1(x — Xo) | a 
2p Au 
we find that 
ea uy exp[—uy (x — %q)/2 + u?t/4p] + uz exp[—u2(a — x9) /2u + udt/4y] 
exp[—ui (a — 20) /2u + ujt/4p] + exp[—u2(a — x0) /2p + udt/4y] 


This expression can be obtained according to Equation (10.30) from the following expression 


for y, 
ui(x@— 20) . urt u2(x@—2o)  uat 
- [ep | 2u au} °°? a 


where C is an arbitrary constant. We can see that 


p=P1t £2, 
where 
2 
ujx  ujyt ' 
(pj = exp (-2+3- 4) bj =—-InC—uj,%, jg =1,2. (10.32) 


Note that each y; is indeed a solution of the heat equation, (10.24), but expressions 
(10.32), which are unbounded at infinity, are quite different from those that we obtained in 
the context of the heat transfer in Chapter 6. 

Because Equation (10.24) is linear, any superposition 


N 2 
Uzx ugt 
p= exp | -=— + ——); J, 10.33 


where u; # u,; if i A j, generates an exact solution (10.30) of the Burgers equation. One 
can show that solution (10.33) describes the interaction of N — 1 kinks. 

Let us consider the case n = 3 in more detail. Assume u, < u2 < ug. By means of 
transformations p + Cy, x + «+a, t > t+ 6, we can assign arbitrary values to b,, 
j = 1, 2,3. Let us take by = bo = 0, bs = (us — ug) /2u. Then 


y(z, 0) = y1(x,0) + po(x, 0) + s(x, 0), (10.34) 


were). 


Ujx UQ2z 
g(a,0) =exp(—B2), ga(1,0) =exp(—B2), gale, 0) =e (—* 
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FIGURE 10.1 
The shape of u(x,t): (a) at t = 0; (b) at t > t,. 


For the sake of simplicity, assume that 4 < 1. In that case, for any two real numbers 
ry and ro, if ry < rg and rg — r; = O(1), then exp(ri/) < exp(r2/y). Then, as the rule, 
only one of the terms in the right-hand side of (10.34) is significant, while two other terms 
can be neglected, except the vicinity of the point x = —1, where y2 = 3, and the vicinity 
of the point « = 0, where y1 = Ye. Specifically, for « < —1, y © ys, hence u *& us; for 
-l<a< 0, yp & go, hence u & ug; for > 0, yp & yy. Near the point = 1, where 
p2 = 3 > Y1, Y © Yo + Ys, which corresponds to a kink between values u3 and ug; near 
the point « = 0, where y1 = y2 > 43, Y © ¥1 + 2, which corresponds to a kink between 
values ug and u; (see Figure 10.1(a)). 

For t > 0, we have 


2 2 2 
Un ust U2e Ust u3(x@+1)—Uu ust 
pimow(-F24 2), pmo (-2 + 2 ), ea = ex ( al ) et s). 
LU 2h Ay 


The coordinate of the right kink center x12(t) is determined by the equation yi(212) = 
(y2(x12), which gives 


Uy +U 
1 24 


T12 = 


The coordinate of the left kink center x23(t) is determined by the equation y2(x%23) = 


(p3(X23), which gives 
U2 + U3 


2 
Because uz > uz, the left kink moves faster than the right one, and both kinks collide at 
t= tz, 


023 = —1+ ¢; 


2 


— ‘ 
U3 — U1 


For t > ts, yg is smaller than y; and y2 everywhere, therefore, y © y1 + Y3, which 
corresponds to a kink between u3 and wu, (see Figure 10.1(b)). Thus, the collision of two 
kinks leads to their merging and formation of a kink with the center coordinate x 3(t) 
determined by the equation »1 (213) = y3(a13); one finds that 


si — as U3 — U2 
13 — , 
2 U3 — U1 


(see Figure 10.2). Note that the kink velocities satisfy inequalities 


dx\2 dx13 dx23 
dt do dt’ 


Similar phenomena of kink merging take place for any N, i.e., for any initial number of 
kinks. 
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-1 


FIGURE 10.2 
Trajectories of kink centers. 


10.3. Korteweg-de Vries Equation 


The non-viscous Burgers equation (10.1) describes long non-dispersive waves in different 
physical contexts. Besides the sound waves, it governs the propagation of nonlinear gravity 
waves in “shallow water”, i.e., in the case where the wavelength is large with respect to the 
liquid layer depth. For gravity waves, the main physical factor that prevents the development 
of a singularity is dispersion rather than dissipation (see Section 5.12). For long waves, the 
dispersion is described by a term with the third spatial derivative; thus the wave propagation 
is governed by the Korteweg-de Vries (KdV) equation, 


Ut + UUg + KUgee = 0. 


We can change the coefficient « in an arbitrary way using an appropriate scaling transfor- 
mation of the kind u > Cu, x > az, t > bt. Later on, we use the standard choice, « = 6: 


Ut + Unee + 6uuz =0, -coo<@a<o, -o<t<o. (10.35) 


Physically meaningful solutions should be bounded. 


10.3.1 Symmetry Properties of the KdV Equation 


First, let us discuss the symmetry properties of the KdV equation which are rather similar 
to those of the Burgers equation (see Subsection 10.1.2). The KdV equation is invariant 
to coordinate translation. Due to the Galilean symmetry, any solution u(z,t) = f(a,t) 
generates the family of solutions, 


u(a,t;C) = f(a — 6Ct,t) + C, (10.36) 


where C is an arbitrary number. 
The major difference from the Burgers equation is in the scaling property. The scaling 
transformation 
X=ar, T=ft, u(x,t) = y(X,T) 
gives 
Bur + yo°uxxx + 7avux = 0; 


therefore, the original KdV equation is reproduced if 


B=a°, y=0". 
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The family of solutions generated by the scaling transformation of the solution u(a,t) = 


f(a, t) is 
u(a,t;a) = a? f(ax, at). (10.37) 


10.3.2 Cnoidal Waves 


Let us consider now traveling wave solutions 
u(z,t) =U(X), X=a-ct, (10.38) 
that satisfy the ODE 
U” —cU' +6UU' =0, -0o<X <o. (10.39) 


Obviously, any constant function is a solution of Equation (10.39). We are interested in 
finding non-constant solutions. 
Integrating (10.39), we obtain 


U" —cU+3U7=C, -0o<X <0, (10.40) 
where C is an arbitrary constant. Let us multiply both sides of that equation by U’: 
UU" — UU' + 307U' — Cu’ =0. (10.41) 


The left-hand side of Equation (10.41) is a full derivative, 


d [(u')? 3 C772 
ax | +U 5U CU| =0, 
hence pk 
w) + U3 A CUD, (10.42) 
where D is an arbitrary constant. Equation (10.42) can be written as 
U’ 2 
ie 7 +V(U) =0, (10.43) 
where 


VU) =(U—U1)(U — U2)(U — Us) 


is a cubic polynomial. The roots U;, Uz and U3 of the polynomial satisfy the relation 


U; + U2 +U3 = _ (10.44) 


Note that a cubic polynomial with real coefficients can have either three real roots or only 
one real root and two more complex-conjugate roots. 

To understand the properties of the solutions of Equation (10.45), it is convenient to 
use a “mechanical interpretation” of that equation. It is formally equivalent to the energy 
conservation law for a fictitious particle with the mass equal to 1 (so that its kinetic energy 
is (U’)?/2) moving in a potential V(U). The energy of the particle is equal to 0. We are 
interested in particle trajectories that do not tend to infinity. One can see that if the 
polynomial V(U) has three real roots, U; > U2 > U3, the particle can oscillate between 
points U; and U2 (see Figure 10.3(a)). That corresponds to a spatially periodic solution 
U(X) with 

maxxU(X)=U;, minxU(X) = U2. 
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V V 
U U, U U;/ U 
(b) (c) 
FIGURE 10.3 


Plots of the potential V(U) : (a) bounded oscillations between U; and U2; (b) no bounded 
solutions; (c) no bounded solutions. 


If there is only one real root (see Figure 10.3(b), 10.3(c)), the particle with energy 0 always 
escapes to infinity, which is not acceptable. 

Below we assume that the polynomial V(U) has three different real roots, U; > Uz > U3. 
If U; = Us, there are no bounded solutions except the constant ones. The case U2 = U3 is 
considered in the next subsection. 

Equation (10.43) can be integrated using elliptic functions. Taking into account that 
Up < U(X) < U4, we define a new variable w(X) by the relation 


U(X) = U2 + (Uy — Us) cos? p(X). (10.45) 
Substituting (10.45) into (10.43), we find 


2(a")* = (Ui — Us) — (Ui — U2) sin? (X), 


dX f[ 2 1 
dip U; — U3 ./1—msin? pb 


hence 


where parameter 


U, — U2 
= 0 1. 10.46 
m U, =U,’ <m< ( ) 
We find that 
2 
X= F xX 
aa F wlm) + Xo, 
where 


ss dO 
F(e|m) = f° 
0 V1l—msin* é 
is the incomplete elliptic integral of the first kind. The function inverse to the incomplete 
elliptic integral, 
U;, —U. 
y=am(glm), €= 4/75 


is called Jacobi amplitude. Substituting (10.47) into (10.45), we find 


(X — Xo), (10.47) 


U(X) = U2 + (Ui — U2) cn? (E|m), 
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V 


c/2 


FIGURE 10.4 
Plot of the potential in the case of solution. 


where cn(€|m) = cosam(g|m) is the Jacobi elliptic cosine. Because 
c=2(U, +U2+Us), 
we obtain the following expression for a nonlinear spatially periodic (cnoidal) wave: 


u(x, t) => U2 + (U; —= U2) 


U, =U 
2 


U, — U2 
U; — U3 


x cn? 


, (10.48) 


[x Xo 2(U;, + U2 t ta) 


While linear periodic waves have a sinusoidal shape, cnoidal waves (10.48) have sharper 
crests and flatter troughs. 


10.3.3 Solitons 


Let us consider now the special case U3 = Uz = Ux which corresponds to a solitary wave 
(soliton) with 
lim U(X) =U 4. 
X— 00 


Because of the Galilean symmetry (10.36), it is sufficient to find a solution with U,, = 0; 
all other solutions of this kind can be obtained by transformation (10.36). 
Because of relation (10.44), U; = c/2 (see Figure 10.4). Then (10.43) gives: 


(OY 98 Cy, 


2 2 
hence 

dX |. 1 

du Ue — 20 
Denoting 

v= t+/c/2 = U, 
we find 

2 1 1 1 
dX /dv = 22 => ’ 
w—ef2 Je\u—J/c/2 v+Jc/2 
hence 
1 = 
ne 


c c/2+u_ 
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and 
v = Vc/2tanh SS (X — Xo) . 
Thus, 
c c a C 
U= a 5 cosh 2 [x - Xo) : 
Finally, we obtain the following family of solitary waves (solitons): 


Vé 


u(a,t;c) = 5 cosh”? Ee (a — ct — Xa) . 


Denote c = 4K”, then 
u(a,t;&) = 2x? cosh~? [k (a — 4n?t — Xo)]| (10.49) 


In accordance with (10.37), a higher soliton is narrower, and it moves with a higher velocity. 


10.3.4 Bilinear Formulation of the KdV Equation 


Below we describe an approach that will allow us to construct multisoliton solutions. 
Let us start with the transformation somewhat similar to the Hopf-Cole transformation 
described in Section 10.1. Define u = wz, then 


Wet T Wevvx + 6VeWVex = 0 


and 
Because 7 is defined up to an arbitrary function of t, we can choose f(t) = 0. Now define 
~=2(Ind)z, p>. (10.51) 


Substituting (10.51) into (10.50) (with f(t) = 0), we obtain a bilinear form (i.e., all the 
terms are quadratic in y and its derivatives): 


p(y t+ Pooe)y — Px (Pt + Peer) + 3 (Yr. a YePrer) = 0. (10.52) 


The bilinear KdV equation can be written in a more compact form, if we introduce the 
following bilinear operator acting on a pair of functions: 


per (ile,t).ae0) = |[(3-- 35) (F- gr) sea’ 


Ox Ox! ot Ot 


ga=e4t/St 


(the derivatives are calculated for x, t, 2’ and t’ as independent variables, then x and t 
replace «’ and t’, correspondingly). With that notation, 


eo PF FF  @& ~ 
cel (sem axa dxdt * am ) nee ) 
= 2 (pat — Po¥t) 5 


piee= (2-2) venee') 


a/=a,t’=t 


= 20 Prexe = 80ra2Px + 62 45 


a/=a,t’=t 


Ox On! 


hence Equation (10.52) can be written as 
(D,D; + D2) (vy, y) = 0. (10.53) 


Let us list some important properties of operator D?’D?. 
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bie eee, FO. KO: OO am an 


2. A change of notations cannot change the expression, hence 


dO ie ( a <9 J er, 
f(z, thg(a’, t’) 
(7 Ox! Ot ot! gaat 


d O@\"7@ @\" 245 
~ & =) (= =) wt )9(@, 6) 


That relation gives 


gl=od/=t 


De Dea) = (Slt De DE Get): 
3. Therefore, 
DP Di (Ff, f) = (-I™ "DP DEE, f); 


that means that 
Dr Di (f, f) = 9 


if m+n is odd. 
4. Applying the operator D'” D? to exponential functions, we find: 


Di” Dy [exp (kia — wit), exp (kor — wet)] 
= (ky = ky)” (we = ww)” exp [(ky + kg) H i (wy + Ww) t] 5 


If ky = ko or wy = We, this expression is equal to zero. 


10.3.5 Hirota’s Method 
Our goal is to find solutions of Equation (10.53) in a systematic way. To get a hint about how 
to proceed with finding solutions, let us find y corresponding to soliton solutions (10.49). 
We can present (10.49) in the form 
0 2 
U= 2K [tanh « (x — Akt — Xo)| 
x 


and choose 


7 [In cosh k (ge Sag ps Xo) _ Kx] , 


w= 26 [tanh « (x Ant Xo) 1] = 25 


That gives 


y = C(t) cosh [K (x — 4Kt — Xo)] e7** 


1 

gC) [exp (—4n°t _ KX0) + exp (—2na + 4n3t + KXo)] ; 
where C(t) is an arbitrary function of t. Choosing 

O(t) = 2exp (4K°t + KX) , 


we find 
y=1+expn, n= —2K(x— Xo) + 8x°t. (10.54) 
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Let us check directly that function (10.54) satisfies Equation (10.53): 


(D,,Di + Dz) (1+ expn,1+expn) = (DzD; + D¢) (1,1) 
one (D.D; as, D?) (1, exp n) a (DD; 1 D?) (exp, 1) 
+ (DD; + D%) (exp 7, exp n). (10.55) 


The first term and the fourth term in (10.55) vanish due to property 4 (ki = kz = 0 and 
ky = kg = —2k, correspondingly). The second term and the third term, which are equal 
because of property 2, can be calculated according to property 1 as 


Of Oe 0° a) 3 
— a —— ——— _— 2 3 =U. 
a, (5 + 9p) OPT a, [8x° — (2«)°] expn = 0 


Note that 


y =1+eexpy = 1+ exp [—2k (2 — Xo) + 8K°t + Ine] 


is also a solution of (10.53) for any e¢. 
Following Hirota, we search solutions of Equation (10.53) in the form 


M 
y= So e"yn, (10.56) 
n=1 


where € is a formal expansion parameter. Let us substitute expansion (10.56) into (10.53), 


(D,D,, + Dt) (po tep~i Fe? pat... FEM +...,po bey terget...¢e"+...) =, 


and collect the terms with the same power of €. 
At the zeroth order in ¢, we obtain equation 


(DD, Te D*) (yo, Yo) =0 


and choose solution yp = 1. 
At the first order in ¢, we obtain a linear problem for 9, 


(D:Dz + D4) (yo,1) + (DiDx + D8) (v1, 90) = 0, (10.57) 


and find its solution. At the second order in ¢, we obtain and solve the linear problem for 
P2, 


(DitDz + D2) (Yo, 92) + (DiDz + D2) (Y2, 90) = — (DtDz + D2) (1,91). (10.58) 
Generally, at the mth order in ¢, we obtain the linear problem for yp, 


= —(D,D,+ De) (Y1, Pm—-1) —---— (DtDz + D3) (Pm-1, £1): 
It is important that the sum (10.56) has to contain only a finite number M of nonzero 
terms; in that case the described algorithm gives an exact solution of Equation (10.53). 


The crucial point is the choice of the solution of the homogeneous linear Equation 
(10.57). If we choose it as one exponential function, 


yi =expn, = —2K (x — x9) + 8x°t, 
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then Equation (10.58) becomes 


oF ot 
2 (5 a zi) y2(x,t) = —(DpDz + De) (exp 7, exp 7). 


The right-hand side of that equation is equal to zero due to property 4; thus we can choose 
(2 = 0. At the third order, the right-hand side is 


—2 (D,D; + D2) (v1, ¢2) = 0 


because y2 = 0, hence y3 = 0. Step by step, we find that y,, = 0 for all higher values of 
m. Taking ¢ = 1, we obtain the one-soliton solution (10.54). 


10.3.6 Multisoliton Solutions 


Because Equation (10.57) is linear, we can take its solution as an arbitrary sum of expo- 
nential functions. Let us choose a sum of two exponential functions, 


Yi = exp + exp te, 


where 
Nn = —2hn (a _ a) + 8K3t, n=1,2; Ky Ako. 


It is convenient to define 
tn(t) = xe + 4K2t, (10.59) 


then 
Mn = —2Kn [x _ Ln(t)| : (10.60) 


The right-hand side of Equation (10.58) is non-zero: 
- (DD + D?) (exp m1 + exp 72, exp + exp 2) = —2 (DiDz + D7) (exp 71, exp 2) - 


Using property 4, we obtain: 


oO? ot 2 
2 (sm + 5a) (po(x, t) = 96K 12 (K1 — K2)” exp (m1 + 72). 


Substituting the ansatz 
¢2 = Kexp(m +2), 


eg hs 
x=(2 2) 
K1 + Ka 
2 = exp(m +72 + Aig), 


2 
K1 — Ke 
K1 + Ka 


At the third order, a direct calculation of the right-hand side 


we find that 


hence 


Ajo =In <0. (10.61) 


—2(D,D, + D?) [expm + exp ne, exp (m + 2 + Ai2)] 
shows that it is equal to zero. Indeed, according to property 4, 


(DiDz + D>) [exp m., exp (m + 2)] = exp (2m + nz) [2&2 (—8K3) + 16K4] = 0. 
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Similarly, 
(D,Dz + D?) [exp 2, exp (m + n2)] = 0. 


Thus, we can choose v3 = 0. 
At the fourth order, the right-hand side of the equation 


—(D,D, + D*) (y2, 2) =0 


due to property 4, hence we can choose ¢4 = 0. 

One can see that if ys; = y4 = 0, the right-hand side of the equation for ys is equal to 
zero, hence ys = 0 etc. Finally, only y1 and ye are different from zero. Taking « = 1, we 
obtain the exact solution, 


p(x, t) =1+expm + exp + exp (m1 + 72+ Aig), (10.62) 


where 1, 72 and Aj2 are determined by Equations (10.61)-(10.63). 
Formula (10.62) determines the solution of the original KdV equation (10.35), 


2 
u(x,t) = 9 (In y(a, t)). (10.63) 
Ox? 

To understand the physical meaning of solution (10.63), let us consider it in two limits, 
for t < 0, |t| >> 1 (“far ago”) and t > 0, t > 1 (“far future”). Below we assume that 
Ky > Ko > 0. 

For t < 0 and sufficiently large |t|, x(t) < xo(t), xo(t) — x1 (t) > 1. Let us consider 
the behavior of the solution in different regions of x. First, consider x around 2;(t). In that 
region exp 7, = O(1), exp 2 > 1, therefore 


yp & exp 7 [1 + exp (m + Ai2)]. 
Calculating u according to formula (10.63), we obtain 


u(x,t) © 267 cosh? [Ky (x — 21(t) + Ar), 


where FI 
Ay 0 
2K4 
Thus, for |# — x1(t)| = O(1) the solution is close to a soliton solution with the center 


coordinate 7 = x, — Aj. 
If x is near v(t), then exp < 1, exp 72 = O(1), therefore 


pr1+expn, 


which leads to 
u(x,t) © 263 cosh? [Ke (x — x2(t))] , 


i.e., we observe another soliton with the center coordinate x(t). In all other regions of x, 
u(a,t) is small. 

Thus, at large negative ¢ the solution describes two solitons on the large distance of each 
other. The faster soliton moving with velocity 4x7 is located near the point x = 71(t) — Ai, 
and the slower soliton moving with velocity 4x3 is located near the point x = x(t). 

With the growth of t, the faster soliton collides with the slower soliton. The collision is 
described by the full expressions (10.62) and (10.63). 
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FIGURE 10.5 
Interaction of KdV solutions. 


Let us consider now the limit t > 0, ¢ >> 1. In that case, x1 (t) >> xvo(t). For x near x(t), 
exp >> 1, exp = O(1), thus 


yp © expm [1 + exp (2 + Aig)| 


and 
u(a,t) © 2x2 cosh? [ke (a — 2o(t) + Ae)}], Ae =——* >0, 


i.e. the trajectory of the slower soliton center is shifted backward to 7 = x%2(t) — Ag. For x 
near x(t), exp, = O(1), exp72 < 1, thus 


prl+expn, 


which leads to 
u(a, t) © 2n? cosh? [K1 (a — 21(t))], 


thus, the trajectory of the center coordinate is x = x(t). 

We see that after collision, both solitons are intact, and they keep their shape, amplitude 
and velocity. The only change is the shift of the center coordinate: the faster soliton is shifted 
forward by Aj, and the slower soliton is shifted backward by Ag (see Figure 10.5). 

Solution (10.62), (10.63) is called a two-soliton solution. 

If we take the solution of (10.57) with three exponential functions, the Hirota’s expansion 
allows us to obtain the three-soliton solution: 


p=1+expm + exp 72 + exp 73 + exp (m1 + 2 + Arz) + exp (m +73 + Ais) 
+ exp (2 + 3 + Ao3) + exp (71 + 2 +3 + Aig + Ai3 + Aa3), 


where 


Generally, the Hirota’s expansion allows us to obtain the multisoliton solutions with 
arbitrary numbers of solitons. 

The multisoliton solutions are, of course, only particular solutions of the KdV equation. 
However, their role is crucial in the KdV dynamics. The general Cauchy problem with 
initial condition u(x, 0) = uo(a) can be solved by means of the method of inverse scattering 
transform that is beyond the subject of the present book [5]. One can show that in the case 
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where uo(x) tends to zero sufficiently fast as 2 + -Loo, the solution tends either to 0 or to 
one of the soliton solutions described above. The number of solitons is determined by the 
initial conditions. 


10.4 Nonlinear Schrodinger Equation 


In Subsection 7.16.1, we have seen that the evolution of the envelope function, which 
describes the spatio-temporal modulation of a nearly unidirectional monochromatic lin- 
ear wave, is governed by the linear Schroédinger equation. When the wave propagates in a 
nonlinear medium, e.g., when the refraction index depends on the light intensity, the equa- 
tion for the envelope function becomes nonlinear as well. By means of asymptotic methods, 
one can derive a universal equation for the envelope function, 


iV, + BV7V + 7|U/? U =0, (10.64) 


which is called the nonlinear Schrédinger equation (NSE) [5]. Besides the envelope function 
for waves of different physical nature, including fiber optics and water waves, the NSE 
provides an approximate description of the dynamics of the macroscopic wave functions in 
the superfluidity theory, where it is called the Gross-Pitaevskii equation. The variable t can 
be a temporal or a spatial variable, depending on the physical context. Below we consider 
only the case where VW = W(a,t) and V? = d?/dz?. 

The simplest class of solutions has the form 


Ww = Rexp (tka — int), 
with 
Q = BK? — yR?. 


Thus, the frequency of the nonlinear wave depends not only on the wavenumber K (disper- 
sion) but also on its amplitude R (nonlinear shift of frequency). 


10.4.1 Symmetry Properties of NSE 


First, let us consider the symmetry properties of NSE. Assume that Equation (10.64) has 
a solution U(2,t) = f(a#,t). Then the following functions will also be solutions of that 
equation (below C is an arbitrary constant): 


Wi (a,t) = f(w+C,t) (translation in space). 
Wo(a,t) = f(z,t+C) (translation in time). 


W3(a,t) = f (x,t) exp (¢C) (phase invariance). The phase change for the envelope 
function corresponds to the translation of the carrying wave. Note that the change 
of the sign of the solution is a particular case of the phase transformation with 
C=T. 


4. W4(x,t) = f(—a,t) (reflection). In a contradistinction to the Burgers equation 
and the KdV equation, propagation of a wave is possible in both directions. Also, 
standing oscillations of the kind V = Rexp(—i0t) with constant R are possible. 


5. Ws5(a,t) = f*(a,—t) (time reversal). Note that the properties listed above are 
inherited from the linear Schrodinger equation. 
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6. We(az,t) = af (ax,a’t), where a is an arbitrary real number. That property can 
be obtained in the same way as that has been done for the Burgers equation and 
the KdV equation. 


7. The Galilean invariance for the NSE has a more complex form than for the Burgers 
equation and the KdV equation: 


W7(a,t) = f(a — vt, t) exp [i(Ka — Ot). (10.65) 


Substituting (10.65) into (10.64), one can find that 


v v 
B= 96 OO ap 
i.e. 
(v v? 
W7(x,t) = f(a — vt, t) exp [ (S52 - a) | : (10.66) 


Note that in the case of the quantum-mechanical linear Schrédinger equation, this transfor- 
mation (with 8 = h/2m) corresponds to the transformation of the momentum and energy 
of a particle by the change of the reference frame, i.e., by the Galilean transformation in its 
original meaning. 


10.4.2 Solitary Waves 


The dynamics depend qualitatively on the sign of 7/3, which cannot be changed by a scaling 
transformation. If y/8 > 0, this is the focusing NSE, if y/G < 0, this is the defocusing NSE. 
As an example, let us consider a solution in the form of solitary waves. Because of the 
Galilean invariance, it is sufficient to calculate the solution in the form of a standing wave, 


W(a,t) = R(x) exp(—iNt). (10.67) 


If that solution is found, the waves moving with a definite velocity can be found by means of 
the Galilean transformation (10.66). Substituting (10.67) into (10.64), we obtain the ODE, 


BR" +OR+7R3 =0. (10.68) 
Acting like in Subsection 10.2.2, we multiply Equation (10.68) by R’ and obtain 


Dale Ache liste: at oS 
+ OR? 4 = 
da (5008) ie Weim eae 


hence ; 0 
-(R')? +V(R) =E SER aR, 10. 
ma ) +V(R) , V(R) apt aT (10.69) 
The constant EF plays the role of the energy of a fictitious particle with the mass equal to 
1 moving in the potential V(R). 
A solitary wave solution tending to a constant value at infinity is possible if the function 
V(R) is non-monotonic, i.e., if 2/28 and 7/48 have different signs. Let us consider the cases 
of focusing and defocusing NSE separately. 
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FIGURE 10.6 
Potential in the case of focusing NSE. 


Bright solitons 


In the case of the focusing NSE (7/46 > 0, 2/26 < 0), the corresponding potential V(R) 
is shown in Figure 10.6. 

The solitary wave with 

lim R(x) =0 


=L->2CoO 


corresponds to E = 0; for any other admissible values of F', R(x) is a periodic function. For 
E =0, Equation (10.71) can be written as 


(R’)? = agF (R2, — R?), (10.70) 
where 20 
RR? =-—. (10.71) 
Y 
Let us introduce the new variable y = ,/R?, — R?, then 


dy. [VY ¢p2 _,2 
- 2/3 (Ph ow) (10.72) 


Integrating Equation (10.72), we find 


G—-%oFH 


where Zo is an arbitrary number, thus 


y =+R,, tanh aR (x — =) 


R=+R,,, cosh | agin (a — =) : 


and 


According to (10.71), Q = —yR?,/2. Thus we obtain the following family of bright solitons: 


U (x,t) =+Rm cosh' | aghm (a — 2) exp [iz n2,¢| ; 
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which is invariant with respect to the scaling transformation discussed above. This family 
can be further extended by means of the phase transformation and the Galilean transfor- 
mation. Finally, we find: 


U(x, t) = Rm cosh! | aghim(e —vt— 2) exp [i3 Ret — to) 


erp gs (10.73) 
xp }t | —a2 -— — ‘ F 
PE ABB" 48 

The obtained family of solutions is a member of a wider class of exact solutions of the 
focusing NSE equation, which includes multisoliton solutions and so called breathers. Like 
in the case of the KdV equation discussed in Section 10.2, the initial value problem for 
the one-dimensional NSE equation is solvable by means of the inverse scattering transform 
method (see [6]). 


Dark Solitons 


Let us consider now the defocusing NSE (7/48 < 0, 0/28 > 0). The shape of the potential 
V(R) (see (10.74)) is shown in Figure 10.7. The potential has maxima in the points R = 


tRm, 


R2.=- (10.74) 


Q 
5 


FIGURE 10.7 
Potential in the case of defocusing NSE. 


Using the mechanical interpretation of the problem, we come to the conclusion that the 
equation has unbounded solutions and bounded periodic solutions for EF < E, = V(Rm) 
and only unbounded solutions for E > Ey. 

For FE = E,,, the equation has two bounded non-periodic solutions corresponding to the 
particle motion between to maxima, rightward, with 


lim R(x) =+Rm, 


or leftward, with 


Let us find these solutions. 
Taking into account that 
Q = —yR? (10.75) 
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(see (10.74)), we find that 


1 
Em —V(Rm) = 3 2 Rt. (10.76) 


Substituting (10.75) and (10.76) into (10.69), we obtain equation 


hence 


Maps 2 2 AY po p58? 
pnd tg PE Geen EO 
Raz 53] ce Fe) (10.77) 


Integrating (10.77), we obtain 


therefore, 


PE oe) } In acy 
2 |B BS RE STONER ede Ja 
Hew eet a) Ol hy ) 
= xc» tan |B T— XO)) ; 


where 2p is an arbitrary number. 
Finally, we obtain 


V(r, t) =+R, tanh ; 2 


(x — 2) exp(iyR?, t). (10.78) 


Solution (10.78) is called a dark soliton, because in the case of a light wave, the intensity 
of light I(a,t) = |U(a, t)|? is equal to zero in the center of the solitary wavy, at x = Xp. 
Family (10.78) can be extended by means of the phase transformation and the Galilean 
transformation. 


Problems 


1. 


Find the solution of the Burger’s equation 
Ut + UUg = Ugeg, —OO<4U<oo, #t>0 


with initial condition 


where 
uo(z)=u_, x2 <0; uo(w)=uzy, 2©>0; u_>uy4. 


Find one-soliton and two-soliton solutions by means of Hirota’s method for the 
Kadomtsev-Petviashvili equation 


(ut + Uren + 6uUz)e + AUyy =0, -00o<E<c~, -0O<t<o. 
The sine-Gordon equation 
Utt — Uee tSINU, -OCO<U<OO, -W<t<c 


is given. 
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A. Find the one-soliton solutions in the form u = u(x — vt), |v| < 1, that 
satisfies boundary conditions u(co,t) = u(—oo,t) + 27 (kink) or u(co,t) = 
u(—oo,t) — 27 (antikink). 

B. Find the one-soliton and two-soliton solutions by means of Hirota’s method. 


Hint: using the change of the variable u = 27 ln(f*/f), where f is a complex 
function and f* is its complex-conjugate, transform the sine-Gordon equation 
to the form 


(D2 - DB) (FA) +5 P= Cl); 


choose C' in such a way that f = 1 is a solution; apply Hirota’s expansion 
f=ltefite*fot... take f, = iexpn, n = kx —wt+c for one-soliton 
solutions and f; = iexp +i exp 72, 7, = kikx—wit+c;, 1 = 1, 2 for two-soliton 
solutions. 


4. Find the one-soliton solutions of the focusing NSE 
ity +Ure+|ul?u=0, —co<#< 00, —00 <t <0; |u(—0o,t)| = |u(oo, t)| = 0 


using Hirota’s method. 


Hint: substitute u = g/f, where f is a real function, and transform the equation 
to the system 


(iDi+ Dz) (9, f)=0,  Dz(f.f) = Ig”. 
5. Using Hirota’s method, find the solution of the following boundary-value problem: 
Use = sinu+2 sin —0 <x%< 00, —00 <t< 00; u(—co,0) = 0, u(oo, 0) = 4z. 


Hint: substitute u = 4arctan(f/g); assume D,D;(f,g) = ufg; use Hirota’s 
expansion in the form: g=1+e7g.+e4g1+...,f=efiteefgt.... 


6. Find the family of grey soliton solutions of the defocusing NSE in the form 
W(x, t) = [R(a — vt) + iQ] exp(—iNt), 


where v, Q, R(co) and R(—oo) are some constants. 


A 


Fourier Series, Fourier and Laplace Transforms 


A.1 Periodic Processes and Periodic Functions 


In the sciences and in technology very often we encounter periodic phenomena. It means 
that some processes repeat after some time interval T, called the period. Alternating elec- 
tric currents, an object in circular motion and wave phenomena are examples of physical 
processes which are periodic. Such processes can be associated with mathematical functions 
periodic in time, t, which have the property 


p(t +T) = lt). 


The simplest periodic function is the sine (or cosine) function, Asin(wt + a) (or 
Acos(wt + @)), where w is the angular frequency related to the period by the relationship 
w = 2n/T (quantity f = 1/T is called frequency, constant a is called phase). 

With these simple periodic functions more complex periodic functions can be constructed 
as was noted by the French mathematician Joseph Fourier. For example if we add the 
functions 


yo= Ao, yr =Arsin(wt+ai), ye = Agsin(Qwt+ az), 
y3 = A3sin(3wt+a3), ... (A.1) 


with multiple frequencies w,2w,3w,..., i.e. with the periods T,T/2,T/3,... we obtain a 
periodic function (with period T), which, when graphed, has an appearance very distinct 
from the graphs of any of the functions in Equation (A.1). 

It is natural to also investigate the reverse problem. Is it possible to resolve a given 
arbitrary periodic function, y(t), with period T, into a sum of simple functions such as 
those in Equation (A.1)? As we shall see, for a very wide class of functions the answer to 
this question is positive, but to do so may require an infinite sequence of the functions in 
Equation (A.1). In that case the periodic function y(t) can be resolved into the infinite 
trigonometric series 


p(t) = Ao + Aj sin(wt + a1) + Ag sin(2Qwt + az) +... 


= Ap + S- Ap sin(nwt + an), (A.2) 


n=1 


where A, and a, are constants, and w = 27/T. Each term in Equation (A.2) is called a 
harmonic and the decomposition of periodic functions into harmonics is called harmonic 
analysis. 

In many cases it is useful to introduce the dimensionless variable 


2nt 
T 


L=wt= 
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and to work with the functions PS 


f(z) =(=) 


which are also periodic but with the standard period 2x: f(a + 27) = f(a). Using this 
shorthand, Equation (A.2) becomes 


f(a) = Ao + A; sin(a + a1) + Ag sin(2% + ag) +... 


= Ag+ s A, sin(nz + ay). (A.3) 


n=1 
With the trigonometric identity sin(a + 8) = sinacos 6 + cosasin G and the notation 
Ap =2a9, Ansinan =An, AnCOSAn = bn, n=1,2,3,..., 


we obtain a standardized form for the harmonic analysis of a periodic function f(x) as 
a 
f(x) = a + (a; cos x + b; sinx) + (a2 cos 2x + bg sin2x) +... 


= > + S- (an cosnz + b, sinnz), (A.4) 


n=1 


which is referred to as the trigonometric Fourier expansion. 


A.2 Fourier Formulas 


To determine the limits of validity for the representation in Equation (A.4) of a given 
function f(x) with period 27 and to find the coefficients a, and by, we follow the approach 
that was originally elaborated by Fourier. We first assume that the function f(x) can be 
integrated over the interval [—a,7z]. If f(x) is discontinuous at any point we assume that 
the integral of f(a) converges and in this case we also assume that the integral of the 
absolute value of the function, | f(x)|, converges. A function with these properties is said to 
be absolutely integrable. Integrating the expression (A.4) term by term we obtain 


lon f cos nada +b» [ sinned 


Since ["_cosnadx = ["_ sinnadzx = 0, all the terms in the sum are zero and we obtain 


: f(a)da = ray + S- 


n=1 


ag = — f(x)dz. (A.5) 
T Jax 
To find coefficients a, we multiply Equation (A.4) by cosma and then integrate term 
by term over the interval [—7, 7]: 


Tw 


wT wT co wT 
f(x) cosmadz = ao | cos madx+ y len cos nx cosmadx + by, if sinnzcosmadz} . 
=f n=1 


= = =e TT 


For any n and m we also have 


Tv 1 Tv 
ih sinnz cosmadz = 5 / [sin(n + m)x + sin(n — m)a] dx = 0 (A.6) 


Tl aI 
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and if n 4 m we obtain 
T 1 Tv 
| cos nz cosmadx = 5 i, [cos(n + m)a + cos(n — m)a] dx = 0. (A.7) 


Using these formulas along with the identity hie cos? madz = 7, we see that all the integrals 
in the sum are zero except the one with the coefficient a,,. We thus have 


dm = — f(x) cosmadz, m=1,2,3,.... (A.8) 


The usefulness of introducing the factor 1/2 in the first term in Equation (A.4) is now 
apparent since it allows the same formulas to be used for all ay, including n = 0. 

Similarly, multiplying Equation (A.4) by sinmz and using, along with Panation (A.6), 
two other simple integrals ees sinnzsinmadz = 0 ifn € m, and ies sin? madx = 7, we 
obtain the second coefficient 


bn = — f(x)sinmadz, m=1,2,3,.... (A.9) 


NT Jon 


Reading Exercise: Obtain the same result as in Equations (A.6) and (A.7) using Euler’s 
formula 
e’™” = cosma + isinma. 
Equations (A.6) and (A.7) also indicate that the system of functions 
1, cosx, sinz, cos2x, sin2a, ..., cosna, sinna,... (A.10) 


is orthogonal on [—7, 7]. 
It is important to notice that the above system is not orthogonal on the reduced interval 
(0, 7] because for n and m with different parity (one odd and the other even) we have 


Tv 
/ sinnz cosmadz # 0. 
0 


However, the system consisting of cosine functions only 
1, cosx, cos2z, ..., cosnaz, ... (A.11) 
is orthogonal on [0,7] and the same is true for 
sinx, sin2z, ..., sinna, ... (A.12) 


A second observation, which we will need later, is that on an interval [0,1] of arbitrary 
length J, both systems of functions 


2 
1, cos cos eae jeg shes (A.13) 


and 


sin——, ... , sin——, ... (A.14) 


are orthogonal. 
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Reading Exercise: Prove the above three statements. 


Equations (A.5), (A.8), and (A.9) are known as the Fourier coefficients and the series 
(A.4) with these definitions is called the Fourier series. Equation (A.4) is also referred to 
as the Fourier expansion of the function f(x). 

Notice that for the function f(a) having period 27, the integral 


i} sal f(a)dx 


does not depend on the value of a. As a result we may also use the following expressions 
for the Fourier coefficients: 
1 20 1 2 
om = — (x)cosmadx and bm = — (x) sin mada. (A.15) 
T JO T Jo 
It is important to realize that to obtain the results above we used a term by term 
integration of the series which is justified only if the series converges uniformly. Until we 
know for sure that the series converges we can only say that the series (A.4) corresponds to 
the function f(x) which usually is denoted as 


Co 
f(a) ~ > + S| (dp cosnz + b, sinnz). 
n=1 
At this point we should remind the reader what is meant by uniform convergence. The 
series )°*_, f(x) converges to the sum S(x) uniformly on the interval [a,b] if, for any 
arbitrarily small ¢ > 0 we can find a number N such that for all n > N the remainder of 
the series |S y fn(x)| < for all x € [a,b]. This indicates that the series approaches its 
sum uniformly with respect to 2. 
The most important features of a uniformly converging series are: 


i) If f(x) for any n is a continuous function, then S(x) is also a continuous function; 
ii) The equality 7°, fn(z) = S(x) can be integrated term by term along any 
interval within the interval [a, }]; 
iti) If the series S°*~, f/ (x) converges uniformly then its sum is equal to $’(x); i.e. 
the formula 37, f(x) = S(x) can be differentiated term by term. 


There is a simple and very practical criterion for convergence established by Karl Weier- 
strass that says that if |f,(2)| < cy, for each term f,,(x) in the series defined on the interval 
x € [a,b] (ie. f,(x) is limited by cy), where >>, cn is a converging numeric series, then 


the series a 
n=1 


converges uniformly on [a, b]. For example, the numeric series )>>°_, * is known to converge, 
so any trigonometric series with terms such as sinnx/n? or similar will converge uniformly 
for all x because |sinna/n?| < 1/n?. 


A.3 Convergence of Fourier Series 


In this section we study the range of validity of Equation (A.4) with Fourier coefficients 
given by Equations (A.5), (A.8), and (A.9). To start, it is clear that if the function f(z) is 
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finite on [—7, 7] then the Fourier coefficients are bounded. This is easily verified, for instance 
for a,, since 


< ~[ icone ~[ \f(@)|dx— (A.16) 


—1 —7 


1 qT 
la, | = — | (x) cosnadax 
Tw —T7 


The same result is valid in cases where f(x) is not finite but is absolutely integrable, i.e. 
the integral of its absolute value converges: 


[ |f(x)| dx < 00. (A.17) 


=F. 


The necessary condition that any series converges is that its terms tend to zero as 
nm — co. Because the absolute values of sine and cosine functions are bounded, the neces- 
sary condition that the trigonometric series in Equation (A.4) converges is that coefficients 
of expansion a, and b, tend to zero as n — oo. This condition is valid for functions that 
are integrable (or absolutely integrable in the case of functions which are not finite) which 
is clear from the following lemma. 


Riemann’s lemma 


If the function f(t) is absolutely integrable on [a,b], then 


b b 
lim f(t)sinatdt=0 and lim f(t) cos atdt = 0. (A.18) 
a->oo a a-oo a 

We will not prove this rigorously but its sense should be obvious. In the case of very fast 
oscillations the sine and cosine functions change their sign very quickly as a — oo. Thus 
these integrals vanish for “reasonable” (i.e. absolutely integrable) functions f(t) because 
they do not change substantially as the sine (and cosine) alternate with opposite signs in 
their semi-periods. 

Thus, for absolutely integrable functions the necessary condition of convergence of 
Fourier series is satisfied. Before we discuss the problem of convergence of Fourier series 
in more detail, let us notice that practically any interesting function for applications can be 
expanded in a converging Fourier series. 

It is important to know how quickly the terms in (A.4) decrease as n — oo. If they 
decrease rapidly, the series converges rapidly. In this case, using very few terms we have a 
good trigonometric approximation for f(a) and the partial sum of the series, S,(x), is a 
good approximation to the sum S(a) = f(a). If the series converges more slowly, a larger 
number of terms is needed to have a sufficiently accurate approximation. 

Assuming that the series (A.4) converges, the speed of its convergence to f(a) depends on 
the behavior of f(a) over its period, or, in the case of non-periodic functions, on the way it is 
extended from the interval [a, b] to the entire axis x, as we will discuss below. Convergence is 
most rapid for very smooth functions (functions which have continuous derivatives of higher 
order). Discontinuities in the derivative of the function, f’(x), substantially reduce the rate 
of convergence whereas discontinuities in f(a) reduce the convergence rate even more with 
the result that many terms in the Fourier series must be used to approximate the function 
f(x) with the necessary precision. This should be fairly obvious since the “smoothness” of 
f(x) determines the rate of decreasing of the coefficients a, and by. 

It can be shown [7, 8], that the coefficients decrease 


a) faster than 1/n? (for example 1/n?) when f(x) and f’(x) are continuous but 
f(x) has a discontinuity; 
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b) at about the same rate as 1/n? when f(a) is continuous but f’(a) has disconti- 
nuities; and 


c) at about the same rate as 1/n if f(a) is not continuous. 


It is important to note that in the first two cases the series converges uniformly which 
follows from the Weierstrass criterion, because each term of Equation (A.4) is bounded by 
the corresponding term in the converging numeric series )7~_, ay <O. 

The following very important theorem describes the convergence of the Fourier series 
given in Equation (A.4) for a functionf (x) at a point x9 where f(x) is continuous or where 
it may have a discontinuity (the proof can be found in books [7, 8]). 


The Dirichlet theorem 


If the function f(a) with period 2 is piecewise continuous in |—1,7] and has a finite 
number of points of discontinuity in this interval, then its Fourier series converges 
to f(%o0) when xo is a continuity point, and to 


f(zo + 0) + f(zo — 0) 
2 


S(xo) = 


if Xo is a point of discontinuity. 


At the ends of the interval |—1,7] the Fourier series converges to 


ior 0) + ie) 


A function f(x) defined on [a, }] is called piecewise continuous if: 


i) It is continuous on [a,b] except perhaps at a finite number of points; 


ii) If xo is one such point then the left and right limits of f(x) at xo exist and are 
finite; 

iii) Both the limit from the right of f(a) at a and the limit from the left at 6 exist 
and are finite. 


Stated more briefly, for the Fourier series of a function f(a) to converge, this function 
should be piecewise continuous with a finite number of discontinuities. 


A.4 Fourier Series for Non-periodic Functions 


We assumed above that the function f(x) is defined on the entire z-axis and has period 
27. But very often we need to deal with non-periodic functions defined only on the interval 
[—7, 7]. The theory discussed above can still be used if we extend f(x) periodically from 
(—7,7) to all z. In other words, we assign the same values of f(x) to all the intervals 
(x, 37), (37,57), ..., (—32,7), (—57, —377), ... and then use Equations (A.8) and (A.9) 
for the Fourier coefficients of this new function which is periodic. If f(—7) = f(a) we can 
include the end points, x = +7 and the Fourier series converges to f(x) everywhere on 
[—7, 7]. Over the entire axis the expansion gives a periodic extension of the function f(z) 


Fourier Series, Fourier and Laplace Transforms 289 


given originally on [—7,7]. In many cases f(—7) # f(z) and the Fourier series at the ends 
of the interval [—7, 7] converges to 


f(=1) + fm) 
2 
which differs from both f(—7) and f(z). 

The rate of convergence of the Fourier series depends on the discontinuities of the func- 
tion and derivatives of the function after its extension to the entire axis. Some extensions 
do not increase the number of discontinuities of the original function whereas others do 
increase this number. In the latter case the rate of convergence is reduced. In Example A.2 
below the function is extended to the entire axis as an even function and remains continuous 
so that the coefficients of the Fourier series decrease as 1/n?. In Example A.3 the function 
is extended as an odd function and has discontinuities at « = km (integer k) in which case 
the coefficients decrease slower, as 1/n. 


A.5 Fourier Expansions on Intervals of Arbitrary Length 


Suppose that a function f(a) is defined on some interval [—I, !] of arbitrary length 2] (where 
1 > 0). Using the substitution 


Ve ay —T SYST, 


T 


we obtain the function f () of the variable y on the interval [—7, 7] which can be expanded 
using the standard Equations (A.4), (A.8) and (A.9) as 


yl = ao oS . 
f (4) = oo (ay cos ny + bp, sin ny), 


1 T 1 1 uy i 
an = - | f (4) cosnydy and by, = - | f (4) sin nydy. 
on T T Jig 7 


Returning to the variable + we obtain 


with 


so NTL ~ nae 
fi (x) = + S- (an cos ae + 6, sin am (A.19) 


n=1 


with 


1 
an => f F(«) cos der n=0,1,2,..., 
-l 


l 
bn = _/ f(z) sin de, n=1,2,.... (A.20) 
—l 


If the function is given, but not on the interval [—1, 1], and instead on an arbitrary interval 
of length 21, for instance [0, 2l], the formulas for the coefficients of the Fourier series (A.19) 
become 
1 2l 
dn = 7 (x) cos dx and b, = T f(a) sin de. (A.21) 
0 0 
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In both cases, the series in Equation (A.19) gives a periodic function with the period T = 21. 
If the function f(a) is given on an interval [a,b] (where a and b may have the same or 
opposite sign, that is, the interval [a,b] can include or exclude the point « = 0), different 
periodic continuations onto the entire z-axis may be made (see Figure A.1). As an example, 
consider the periodic continuation F(x) of the function f(x), defined by the condition 


F(x#+n(b—a)) = f(x), n=0,+1,+2,... forall z. 


F(x) 


a-2(b-a) a-(b-a) a b b+(b-a) —b+2(b-a) 


FIGURE A.1 
Arbitrary function f(a) defined on the interval [a, b] extended to the z-axis as the function 


In this case the Fourier series is given by Equation (A.19) where 2] = b—a. Clearly, instead 
of Equations (A.20) the following formulas for the Fourier coefficients should be used: 


2 2 2 7° 2 
On =p 7 f(x) cos de, bp = = =| f(a) sin de. (A.22) 

The series in Equation (A.19) gives a periodic function with the period T = 21 = b—a; 
however the original function was defined only on the interval [a,b] and is not periodic in 
general. 


A.6 Fourier Series in Cosine or in Sine Functions 


Suppose that f(z) is an even function on [—7, 7] so that f(x) sinnax is odd. For this case 


1 Tv 
bn = = f(x) sinnadx = 0 
T Jan 


since the integral of an odd function over a symmetric interval equals zero. Coefficients a, 
can be written as 


1” 2 f® 
an = — f(x) cosnadx = -[ f(x) cosnadz, (A.23) 
Tv —T Tv 0 


since the integrand is even. Thus, for even functions, f(x) we may write 


_% 15 
f(x)= 5 + 2% cos na. (A.24) 
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Similarly, if f(a) is an odd function we have 


Lf 2 [" 
an = — f(x)cosnadx =0 and by, = = [ f(x)sinnadz, (A.25) 
NT Jan T Jo 
in which case we have 
f(x)= Ss by, sin na. (A.26) 
n=1 


Thus, an even on [—7, 7] function is expanded in the set (A.11) 
1, cosxz, cos2%, ..., cosna, ... 
The odd on [—7, 7] function is expanded in the set (A.12) 
sing, sin2z, ..., sinna, ... 
Any function can be presented as a sum of even and odd functions with set (A.10), 


f(x) = fi(x) + fala), 


i f(a) + Sea) 

Xu) + f(-2x 

fle) =F FICD nd fy(2) = PE), 

in which case f(a) can be expanded into a cosine Fourier series and f2(x) into a sine series. 

If the function f(a) is defined only on the interval [0,7] we can extend it to the interval 

[—7,0). This extension may be made in different ways corresponding to different Fourier 

series. In particular, such an extension can make f(a) even or odd on [—7, 7] which leads 
to cosine or sine series with period 27. In the first case on the interval [—7,0) we have 


F(-«) = f(z) (A.27) 
and in the second case 
F(-2) = —f (2). (A.28) 


The points x = 0 and x = 7m need special consideration because the sine and cosine 
series behave differently at these points. If f(x) is continuous at these points, because of 
Equations (A.24) and (A.27) the cosine series converges to f(0) at « = 0 and to f(z) at 
x =. The situation is different for the sine series, however. At x = 0 and « = 7 the sum 
of the sine series in Equation (A.26) is zero thus the series is equal to the functions f(0) 
and f (7), respectively, only when these values are zero. 

If f(x) is given on the interval [0,/] (where / > 0), the cosine is 


5 os cos with a, = f(x) cos ade, (A.29) 


and sine series is 


S- b, sin = with b, = T | f(x) sin One dec. (A.30) 
0 


n=1 
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To summarize the above discussion, we see that the Fourier series provides a way to 
obtain an analytic formula for functions defined by different formulas on different intervals 
by combining these intervals into a larger one. Such analytic formulas replace a discontinuous 
function by a continuous Fourier series expansion which is often more convenient in a given 
application. As we have seen above there are often many different choices of how to extend 
the original function, defined initially on an interval, to the entire axis. The specific choice of 
extension depends on the application to which the expansion is to be used. Many examples 
and problems demonstrating these points will be presented in the examples at the end of 
each of the following sections and the problems at the end of this chapter. 


A.7 Examples 


All the functions given below are differentiable or piecewise differentiable and can be rep- 
resented by the Fourier series. 


Example A.1 Find the cosine series for f(2) = x? on the interval [—7, 7]. 


Solution. The coefficients are 


1 1 [7 2 
=ag -{ adx = - 
2 TT 0 3 


2-f* 2 i eh OER 4 
an = =| x cosnadr = “2? =" | rsinnadr = (—1)"—. 
T Jo T nM |g nT Jo n 
Thus 
2 co 
27 n COS NX 
aoe + er) a <a<n. (A.31) 


In the case where x = 7 we obtain a famous expansion, 
2 co 
T 1 
ee (A.32) 
n=1 
Example A.2 Let the function f(#) = x on the interval [0,7]. Find the cosine series. 


Solution. Figure A.2 gives an even periodic continuation of f(x) = x from [0,7] onto the 
entire axis. For coefficients we have 


1 1, 2 = a) it | 
sa0=— f adx = —, a, == f x cosnade = 2°°"" a5! ) ,n>O0, 
2 wT Jo 2 tT Jo nn nn 
that is, 
0 i k= 152,3 
a = -_ = eit 
2k ’ a2k-1 (2k = 1)? ’ 9479) ’ 
and thus, 
an 4A cos(2k—1)x 
= <a<t. A. 
ae 24 ab= 1)? eae ai 
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y 


FIGURE A.2 
Original function extended from [0,7] to the x-axis as even function, plotted together with 
the partial sum of the first five terms. 


Figure A.2 shows the graph of the partial sum 


y = 95(x) = 


vs + : 3a + : cos 5 
———| cos — cos = 
, ee gee ee 


together with the graph of the extended function. 
Example A.3 Find the Fourier series for f(x) = ";* on the interval(0, 27). 


Solution. The coefficients are 
1 2m 1 27 1 7 1 
a= =f a “dx =0, a, == f a * cosnada = 0, n= =f n* sinnadz = —. 
0 2 T Jo 2 T Jo 2 n 


This contains the interesting result 


co . 

T—2 sin nx 

; oe 1 O<@< 2m, (A.34) 
n=1 

This equation is not valid at = 0 and x = 27 because the sum of the series equals zero. 

The equality is also violated beyond (0, 27). 

Notice that this series converges more slowly than Example A.2, thus we need more 
terms to obtain the same deviation from the original function. Also, this series does not 
converge uniformly (to understand why, attempt to differentiate it term by term and note 
what happens). 


For x = = we have another interesting result that was obtained by Leibnitz by other 
means: 
T 1 1 1 
=i wind A.35 
4 3 - 5 7 ' ( ) 


And for « = 2 we obtain another representation of 7: 
6 


T 1 1 1 1 1 
a ies A. 
4 Pig 7 il 13° 17 88) 
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A.8 The Complex Form of the Trigonometric Series 


For a real function f(#) with period 27 the Fourier expansion (A.4) can be rewritten in 
complex form. From Euler’s formula 


e'“* = cosax + isinar (A.37) 
we have 
1 ing —ing : a —inx ing 
cosna = 5 (¢ +e), sinnx = 5 (e — en), 
from which we obtain 
pley= + 5° [En baile + 2 Gn + baie 
= t an nt Zz (an nt 
x 5 Xu 5 e e 
Using the notations 
1 1 1 
c= 740 Ch = 2 (an = bni) , Cn = 2 (Gn en dnt) ; 
we have 
f(x) = S- eye. (A.38) 


With the Fourier coefficients a, and b, (A.5), (A.8), and (A.9) it is easy to see that the 
coefficients c,, can be written as 
1 


on = 5 f(aje "dz, n=O, 


HK 


2,000 (A.39) 


=: 


It is clear that for functions with period 21, the Equations (A.38) and (A.39) have the form 


innax 


‘dz, n=0, 


HK 


yee. (A.40) 


lee) ; l 
f(x) = y cme? with c= x | fee 


n=—Cco 


For periodic functions in time t with a period 7, the same formulas can be written as 


f(t) = > Cnet (A.41) 
and 
Li peee dtm 
m=z f f(te-F* dt, nm =0,+1,42,.... (A.42) 
T J_rj2 


Several useful properties of these results can be easily verified: 
i) Because f(x) is real, c, and c_, are complex conjugate and we have c_y, = Ci; 
ii) If f(x) is even, all c, are real; 


iii) If f(a) is odd, co = 0 and all c, are pure imaginary. 
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0, —-r7™<a<0, 


Example A.4 Represent the function f(x) = { 1 eee 


series. 


Solution. The coefficients are 


1 [7 1 1 ft. 1—enint 0, nm = even, 
Oe vi oe. Qn | - Qnni —, n=odd. 


Tt 
Thus 
| oe ee | 
f@=5 a Po 
n= —-C 
n = odd 


Reading Exercise: Using Euler’s formula check that from this expression follows 


1 i 2 > sin nx 
2 = nn 
MHhs3 5 3 


Imf(z) =0 (asshouldbe) and Ref(x) = 


295 


by a complex Fourier 


The same result can be obtained if we apply the real form of the Fourier series from the 


beginning. 


Example A.5 Find the Fourier series of the function f(x) = e~* on the interval (—7, 7). 


Solution. First use the complex Fourier series with coefficients 


wT wT T Wink —T 5—int 
Cn = ea ete dr = es e (tin) gay — ee ; = 
Qa Jn Qn J 27 (1 + in) 
Then with e*’"* = cosna + isinnm = (—1)”" we have cp = Sa. thus 
ied 7 —T ion n pine 
innz  €" —€ (—1)"e 
e ” — cre - ————————s ———— 
3 Ee 20 ds 1l+in 
n=—oco n=—oo 


—x 


In the interval (—7,7) this series converges to e 
(e7 +e-7)/2. 


and at points © = 


t7 its sum is 


Reading Exercise: Apply Euler’s formula and check that this series in real form becomes 


mT _e-t | as —1)” 
en ee ew a+ Dp ya cone + nsinnz) 


T 


The same result is obtained if we apply the real form of the Fourier series from the beginning. 


A.9 Fourier Series for Functions of Several Variables 


In this section we extend the previous ideas to generate the Fourier series for functions of 
two variables, f(x,y), which have period 27 in both the variables x and y. Analogous to the 
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development of Equation (A.38) we write a double Fourier series for the function f(z, y) as 


+00 
fen So ager (A.43) 


n,m=—oo 


in the domain (D) = (-17 <a<a,-17<y<7). 

The coefficients jm can be obtained by multiplying Equation (A.43) by e~("*+™) and 
integrating over the domain (D), performing this integration for the series term by term. 
Because the e’”® form a complete set of orthogonal functions on [—7,7] (and the same for 
e’™Y), we obtain 


1 ; 
ie 4n2 || F(z, ye et) dady, n,m = 0, 1, 2, eee (A.44) 
(D) 


The previous two formulas give the Fourier series for f(x,y) in complex form. For the 
real Fourier series instead of Equation (A.43) we have 


+oo 
f(a,y) = S- [anm cos nx cos my + drm COs nx sin my 
n,m=0 
+ Cnm sinna cosmy + dram sinna sin my], (A.45) 
where 
‘j 1 
doo = 75 f(x, y)dxdy, dno = 55 f(x, y) cosnadxdy, 
a (D) uy (D) 
I 1 
dom = —s> f(x,y) cos mydady, Qam = — f(x,y) cos nx cos mydaxdy, 
272 7? 
(D) (D) 
1 1 
bom = —= f(x,y) sin mydady, a f(z, y) cos nz sin mydaxdy, 
27? WT? 
(D) (D) 
i 1 
Cno = => // f(x,y) sin nadady, Cnm = = // f(x, y) sin nz cos mydaxdy, 
27? (D) nm (D) 


1 
ig = 2 Il, f(a, y) sin nx sin mydxdy for n,m =1,2,3,... 
(A.46) 


A.10 Generalized Fourier Series 


Consider expansions similar to trigonometric Fourier series using a set of orthogonal func- 
tions as a basis for the expansion. Recall that two complex functions, y(x) and w(), of 
a real variable z are said to be orthogonal on the interval [a,b] (which can be an infinite 
interval) if 


b 
J eleye" wae =o. (A.47) 


where w*(x)is the complex conjugate of (x) (when ~(x) is real ~* = w). 
Let us expand some function f(x) into a set of orthogonal functions {y,,(x)}: 


f(x) = cgi (x) + cope(@) +... + enpn(4) +...= S- CnYn(2). (A.48) 
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Multiplying by ¢,(x), integrating and using the orthogonality condition, we obtain the 
coefficients 


ies dy hate eax f fe er (a (A.49) 


b 
ae | Ion (a)|? (wee 


are real numbers — squared norms of functions y,(2). 
Series (A.48) with coefficients (A.49) is called generalized Fourier series. 
If the set {yn(ax)} is normalized, A, = 1, and the previous formula becomes 


where 


b 
Cn =| f(a) pF (x) da. (A.50) 
In the case of trigonometric Fourier series (A.4), the orthogonal functions y,,(x) are 
1, cosx, sinx, cos2x, sin2a, ..., cosna, sinna,... (A.51) 


This set is complete on the interval [—7,7]. Rather than the standard interval [—7, 7], we 
may also wish to consider any interval of length 27, or the interval [—1,1] where instead of 
the argument x in Equation (A.51) we have "7, etc. 

Other sets of orthogonal functions are a avaten of sines (A.12) or a system of cosines 
(A.11) on the interval [0, 7]. 

With the set of exponential functions 


122 —ix 1x 122 
Si € pee Vive er Fos (A.52) 


orthogonal on [—7,7], we have the expansion (A.38). Another complex set of functions 
which we use for expansion (A.41) 


i2na ing inn i2na 


peewee ob pier be Le Ee Orb ein (A.53) 


is complete and orthogonal on [—I,!]. Notice that for this set ,, = 6 — a and the functions 
{n(x)/An} are normalized, i.e. have norms equal to one. 

Let us multiply Equation (A.48) by its complex conjugated, f*(x) = S07, ch ys (2), 
and integrate over the interval [a, b] (or the entire axis). This gives, due to the orthogonality 
of the functions {yp (x)}, 


b co b fore) 
if If? @)de = So Ion? i len (2)? daz = S~ |enl? An- (A.54) 
a n=1 g n=1 


Equation (A.54) is known as the completeness equation or Parsevale’s equality. If this 
equation is satisfied the set of functions {y,(«)} is complete. Equation (A.54) is an extension 
of the Pythagorean theorem to a space with an infinite number of dimensions; the square of 
the diagonal of an (infinite dimensional) parallelepiped is equal to the sum of the squares 
of all its sides. 

The completeness of set {y,,(x)} means that any function f(x) (for which if |f(a)|? da < 
oo) can be expanded in this set (formula(A.48)) and no other functions except {Yn (x) } need 
to be included. 
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When the norms of the functions equal unity, ic. A, = 1, Equation (A.54) has its 
simplest form: 


b foe) 
[ u@Pac = Seal. (A.55) 


Note that from formula (A.55) it follows that c, > 0 as n— oo. 
For the trigonometric Fourier series (A.4) on [—7, 7], Equation (A.55) becomes 


f? (a)dz = snag +7 y( a, + b>) (A.56) 


and for a series on the interval [—I, 1] we have 


/ P(o)de = Sta +1 > (a2 + 82). (A.57) 
—l n=1 


A.11 The Gibbs Phenomenon 


In this section we take a closer look at the behavior of the Fourier series of a function 
f(x) near a point of discontinuity (a finite jump) of the function. At these points the series 
cannot converge uniformly and, in addition, partial sums exhibit specific defects. 

Let us begin with an example. The Fourier series for the function 


—n/2, if -t™<a<0O, 
f(z) — 0, if c= 0, <7, 
mw/2, if O<a<r, 


=2 
7 sin x + 3 5 


9 me sin(2n — 1)ax . sin3x sindxr (A.58) 


This expansion gives (an odd) continuation of the function f(x) from the interval 
(—1/2,7/2) to the entire z-axis. Because of the periodicity we can restrict the analysis 
to the interval (0,7/2). The partial sums, shown in Figure A.3, like the original function 
f(x), have jumps at points x = 0 and x =7. 

We may isolate these discontinuity points within infinitely small regions, [0,¢) and (a — 
€,7], so that on the rest of the interval, [e, — €], this series converges uniformly. In the 
figure this corresponds to the fact that the graphs of the partial sums, for large enough n, 
are very close to the line y = 7/2 along the interval [e, 7 — e]. Close to the points x = 0 
and « = 7 it is clear that the uniformity of the approximation of f(x) with partial sums is 
violated because of the jump discontinuity in f (2). 

Next we point out another phenomenon that can be observed near the points x = 0 and 
x =. Near x = 0, approaching the origin from the right, the graphs of the partial sums 
(shown in Figure A.3) oscillate about the line y = 7/2. The significant thing to note is that 
the amplitudes of these oscillations do not diminish to zero as n — oo. On the contrary, 
the height of the first bump (closest to « = 0) approaches the value of 6 = 0.281 above the 
y = 7/2 line. This corresponds to an additional 6 : (7/2) = 18% of the height of the partial 
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FIGURE A.3 
The first partial sums of the expansion of (A.58) demonstrating the Gibb’s phenomena — 
Si, 53, Sis, S30. 


sum above the “expected” value. The situation is similar when x approaches the value 7 
from the left. Such a defect of the convergence was first found by Josian Gibbs and is known 
as the Gibbs phenomenon. In general if the function f(x) has a finite jump |D| at some point 
x, the maximum elevation of the partial sum value near « when n — oo is bigger than |D| 
by 

2|D\6/a 


i.e. by about 11.46%. 


A.12 Fourier Transforms 


A Fourier series is a representation of a function which uses a discrete system of orthogonal 
functions. This idea may be expanded to a continuous set of orthogonal functions. The 
corresponding expansion in this case is referred to as a Fourier transform. 

Lets start with the complex form of the Fourier series for function f(x) on the interval 
[-1, q] 


f(z) = oo Ger (A.59) 


with coefficients 
oe i 
m= af f(aje"* dz, n=0,+1,+2,.... (A.60) 
=I 
In physics terminology, Equation (A.60) gives a discrete spectrum of function f(a) with 
wave numbers k, = "7". Here cne’*n® is a harmonic with complex amplitude c,, defined by 


Equation (A.60) or 


it 
on = af f(aje~*"" de. (A.61) 
aS, 
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Suppose now that | is very large, thus the distance between two neighboring wave 


numbers, Ak = 7, is very small. Using the notation 


f(k) = Fl f(a)e—* dx (A.62) 
we may write Equation (A.61) in the form 
1 a —iknx T 1 ; 
Cn = — f(xje""* da - — = — f(ky)AR. (A.63) 
27 Joo 1 Qn 
Using this definition Equation (A.59) can be written as 
: 1 rn : 
= thnd tknx 
f(z) = oy => d. f(kn)em*Ak, -l<a<l. (A.64) 
In the limit 1 > oo this becomes the integral 
iy (tice ; 
fle) = 5 / Flk)et*dk, —00 <2 < 00. (A.65) 
T Jao 


In this limit the wave number takes all the values from —oo to oo, ie. when | > 
co the spectrum is continuous. The amplitudes are distributed continuously and for each 
infinitesimal interval from k to k + dk there is an infinitesimal amplitude 


dee = flk)dk. (A.66) 


With this equation as a definition, f(k) is called the spectral density of f(a). 

Equations (A.62) and (A.65) define the Fourier transform. Equation (A.62) is called the 
direct Fourier transform and Equation (A.65) is referred to as the inverse Fourier transform. 
These formulas are valid if the function f(x) is absolutely integrable on (—o0o, 00): 


/ | f(x) |dx < co. (A.67) 

It should be noted that there are different ways to deal with the factor 1/27 in the 
formulas for direct and inverse transforms. Often, this factor is placed in the direct transform 
formula while other authors split this factor into two identical factors, 1/ 27, one in each 
equation. Using the definition given by Equations (A.62) and (A.65) has the advantage that 
the Fourier transform of the Dirac delta function 


jes i] * ike ay (A.68) 


=a Pe 


equals one, as can be seen by comparing Equations (A.65) and (A.68). Here we remind the 
reader that the most useful property of the delta function is 


/ ” f(a\6la — 2d! = f(a). (A.69) 


The delta function defined with the coefficient in Equation (A.68) obeys the normalization 
condition 


/- d(a —2')da’ = 1. (A.70) 
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The step or Heaviside function is defined as 


1, «20, 
BES Ged 


and is related to the delta function by the relation 
— H(x) = (2). (A.71) 
Reading Exercise: Prove the following two properties of the delta function: 


1 

—06(2). (A.72) 

|a| 
For many practical applications it is useful to present Fourier transform formulas for 

another pair of physical variables, time and frequency. Using Equations (A.62) and (A.65) 

we may write the direct and inverse transforms as 


d(—x) = d(x) and d(axr) = 


=f 4 f(the*tdt and f(t) -sf i flw)e*dw. (A.73) 


Fourier transform equations are easy to generalize to cases of higher dimensions. For 
instance, for an application with spatial variables represented as vectors, Equations (A.62) 
and (A.65) become 


f(k) = = f(@)e"**dz and f(Z) = xf. f(ke** dk. (A.74) 


Next we briefly discuss Fourier transforms of even or odd functions. If the function f (a) 
is even we have 


= / f(a) cos kada — if f(a) sinkadx = 2 | f(x) cos kada. 
—oo —oo 0 
From here we see that f(k) is also even and with Equation (A.65) we obtain 
1 f°; 
= - | f(k) cos kadk. (A.75) 
T Jo 


These formulas give what is known as the Fourier cosine transform. Similarly if f(a) is odd 
we obtain the Fourier sine transform 


k) =2 f(z)sinkadx, f(a) = =F if (k) sin kadk. (A.76) 


In this case usually if(k) (rather than f(k)) is called the Fourier transform. We leave it to 
the reader to obtain Equations (A.76) as a Reading Exercise. 

If the function f(x) is given on the interval 0 < x < oo it can be extended to —co < x < 0 
in either an even or odd way and we may use either sine or cosine transforms. 


Example A.6 Let f(x) = 1 on —1 < x < 1 and zero outside this interval. This is an even 
function thus with the cosine Fourier transform we have 


x 1 2sink 
f(k) =2 (/ 1-coskadx +f 0- cos kde) = — 
0 1 
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The inverse transform gives 


T 


f(z) =2 | me cos kadk. (A.77) 
0 


As in the case for the regular Fourier series, if we substitute some value, xo, into the 
formula for the inverse transform we obtain the valuef (xo) at the point where this function 
is continuous. The equation 


[f (0 + 0) + f(xo — 0)]/2 
gives the value at a point where it has a finite discontinuity. For instance, substituting 7 = 0 


in (A.77) gives 
ae 2 | Saas 
0 wk 


from which we obtain the interesting result 


© sink 7 
dk = —. A. 
i k 5 (A.78) 


Example A.7 Investigate the connection between a Gaussian function and its Fourier 
transform. 


ax 


Solution. The Fourier transform of a Gaussian, f(x) = e7 * a> 0 is given by 


Since 


ja) =f (inyereeran = kf” A (emer ae 


oo 2a Jo dx 
k ae —ax? | —ike k 
Sie bes € dx = — > f(k) 


f(k) can be obtained as a solution of a simple differential equation (by separation of vari- 
ables): 


F(k) = Fe". 
Here f (0) = ee. e~**’ dx. With the substitution z = xa we obtain f(0) = Fa nae e7* dz. 
Because it is well known that [°<. e-* dz = Vi we have that f(0) = af andf(k) = 


meh 4a Thus we have obtained a remarkable result: the Fourier transform of a Gaus- 
sian is also a Gaussian. Both functions are bell-shaped and their widths are determined by 
the value of a. If a is small, then f(x) is a broadly spread Gaussian and its Fourier transform 
is sharply peaked near k = 0. On the other hand, if f(a) is a narrowly peaked Gaussian 
function corresponding to a being large, its Fourier transform is broadly spread. An appli- 
cation of this result is the uncertainty principle in quantum mechanics where momentum 
and position probabilities may be represented as Fourier transforms of each other with the 
result that a narrow uncertainty in the probable location of an object results in a broad 
uncertainty in the momentum of the object and vice versa. 


Reading Exercises: 
Here are several important properties of Fourier transform proofs which we leave to the 
reader. 
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i) Prove that the Fourier transform of f(—«) is equal to f(—k). 

ii) Prove that the Fourier transform of f’(x) is equal to ikf(k). Hint: The Fourier 
transform of f’(x) isf°S. f’(z)e~'*"dz; differentiate it by parts and take into 
account that [°° | f(a)|da < oo. 

iii) Prove that the Fourier transform of f(a — x9) (a shift of origin) is equal to 
eo fk). 

iv) Prove that the Fourier transform of f(ax) (where a is constant) is equal to 
+ f (4). This property shows that if we stretch the size of an “object” along the 
x-axis, then the size of the Fourier “image” compresses by the same factor. This 
means that it is not possible to localize a function in both “z-and k-spaces” which 
is a mathematical expression representing the uncertainty principle in quantum 
mechanics. 


v) Prove Parsevale’s equality for the Fourier transform 


i [Fta) Pda = anf | f(k)[2dk. 


—oco —co 


A.13 Laplace Transforms 


A Laplace transform L [f(x)] of a real function of a real variable f(a) is defined as follows: 
fle) =Lis@)|= fem sean, (A.79) 


where p is, generally, a complex parameter. Function ‘7 (p) is often called the image of the 
original function f(x). 

The right side of Equation (A.79) is called the Laplace integral. For its convergence in the 
case where p is real, it is necessary that p > 0, when p is complex; then for convergence it is 
necessary that Rep > 0. Also for convergence a growth of function f(x) should be restricted. 
We will consider only functions f(x) that are increasing slower than some exponential 
function as x > oo. This means that for any x there exist positive constants M and a, such 
that 

[f(@)| < Me. 


Clearly, for the convergence of the integral it should be Rep > a. 
And obviously, function f(z) should be regular on (0,00), for instance, for f(x) = 
1/x°, 8> 0, the LT does not exist. 


To determine the original function from the image, f (p), one has to perform the inverse 
Laplace transform, which is denoted as 


f(z) =" |F))- (A.80) 
As an example, find Laplace transforms of two functions: 


Let f(z) =1, then L[f(x)] = fo e7?*dx = Scere = a 
Let f(x) = e®”, then 


co love) 1 
L{f(x)| = | e Pet da = | e(2-P)® da = ela-P)x ie 
p 0 a—p p-a 


304 Partial Differential Equations: Analytical Methods and Applications 


TABLE A.1 
Laplace transforms of some functions. 
f(x) Lf (x)] Convergence condition 
1 
1 - Re p> 0 
Pp 
n! 
A ae n > 0 is integer, Re p > 0 
Pp 
T(a+1 
Mi Cams, a>-—I1l, Re p>0 
p* 
1 
e** Re p >Rea 
p-a 
: c 
sin cx Pre Re p > |Imc 
Pp 
COS CX pie Re p > |Imc 
: b 
sinh bx pee Re p> Reb 
cosh ba B p re Re p > |Reb 
n! 
great @aaytt Re p> Re a 
2 
x sin cx +P Re p > |Imc¢| 
2 2 
X COS CL ere Re p > |Ime| 
et sin cx Ee Re Pp > (Re act |Im cl) 
ax p— a 
e COS CX (p—aete Re Pp > (Re at+ \Im cl) 
p"/4 4 2 
ty be eree)) Re p >0 
Pp 


It is seen that for the convergence of the integral, Re p should be larger than a. 
Laplace transforms of some functions can be found in Table A.1. 


Properties of the Laplace Transform 
Property 1. A Laplace transform is linear: 
L [Ci fi(x) + C2 fo(x)| =CL [fi (x)] + CoD [fo(a)] 7 (A.81) 


This follows from the linearity of the integral (A.76). 
An inverse transform is also linear: 


1 [Ci filo) + cofa(o)| = CL [fi)] + Cot [A]. (A.82) 
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Property 2. Let L[f(x)] = f(p). Then 


Lig(ke)) = 7f (2). (A.83) 


This can be proven using the change of a variable, x = t/k: 


where a > 0. Then 


fa(p) =e P*f(p). (A.84) 


This property is also known as the Delay theorem. 


Property 4. Let L [f(«)] = f(p). Then for any complex constant c: 


Lle=s(e)] = fete f(a)de = flp—o). (A.85) 
0 
This property is also known as the Shift theorem. 


Property 5. First define convolution of functions f;(a) and fo(a) as function f(x) given by 


flo) = f filet) fat (A.86) 
0 
Convolution is symbolically denoted as: 


f(@) = fix) * fala). 


The property states that if f(x) is a convolution of functions f;(”) and f2(x), then: 


f(p) = filp) fo(p), (A.87) 


in other words 
Lf) =L | | ee spate ONO (A.88) 


(the integral should converge absolutely), where 
fe) =f flayerede, fate) = f° falayerPde, fry = fP slayerrae. 
0 0 i 


Property 6. The Laplace transform of a derivative is: 


L[f'(x)| =f) — f(0). (A.89) 
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Indeed, integration by parts gives: 


[oo ctesiwiae = soe ig tp [er s(e)ae = $00) + vf lr). 
0 0 
Analogously, for the second derivative we obtain: 
L(f"(x)] = vf») — pf(0) — f'(0). (A.90) 
And for the nth derivative: 
L| #(2)] =p" fle) - pF) - "FO —...-— FO). (ABI) 


Property 7. If L [f(x)| = f(p), then the Laplace transform of the integral can be represented 
as 


Lf seoae] = 2A, (A.92) 


This property can be proven by writing the Laplace transform of the integral as a double 
integral and then interchanging the order of the integrations. 


Property 8. The Laplace transform of the delta function, 5(2), is: 


+0 fore) +0 
L [6(a)| = [. cP o(a)de+ f e ?*6(a)da = - d(a)da +0=1. (A.93) 


A.14 Applications of Laplace Transform for ODE 


One of the applications of the Laplace transform is the solution of initial value problems 
(IVPs) for differential equations. After the transform has been found, it must be inverted, 
that is, the original function (the solution of a differential equation) must be obtained. Often 
this step needs a calculation of integrals of a complex variable, but in many situations, 
such as, for example, the case of linear equations with constant coefficients, the inverted 
transforms just can be found in the LT Table. Some partial differential equations also can 
be solved using the method of Laplace transform. 
Consider the IVP for the 2”¢-order linear equation with constant. coefficients: 


ax" + ba’ + cx = f(t), (A.94) 


a2(0)=f, 2'(0)=+7. (A.95) 


Let us apply the Laplace transform to the both sides of Equation (A.94). Using linearity 
of the transform and Property 6 gives the algebraic equation for the transform function 
&(p): 


a(p?& — Bp — y) + (pt — B) + ct = f(p). (A.96) 


We have used the initial conditions (A.95). Solving this algebraic equation, one finds: 


_ fp) +.a8p + ay +B 
ap? + bp+c ; 


&(p) (A.97) 
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Note that when the initial conditions are zero, the transform takes a simple form: 
E(p) = ae (A.98) 
Next, inverting the transform, gives the function x(t) — the solution of the IVP. 
Example A.8 Solve differential equation 
x” + 9x = 6cos 3t 
with zero initial conditions. 


Solution. Applying the LT to both sides of the equation and taking into account that 
x(0) = 0, x’(0) = 0, gives: 


Then, 
#*(p) 6p 2-3p 
&(p) = a , 
OPO GLEE 
The original function x(t) is read out directly from the Laplace transform table: 


a(t) = tsin 3t. 
This function is the solution of the IVP. 
Example A.9 Solve the IVP 
a’ +4r=e', x(0)=4, x/(0) =—3. 
Solution. 


Applying the LT to both sides of the equation and taking into the account the initial 
conditions, we obtain: 
i a 1 
Solving for @(p) gives 
#(p) 4p? — 7p +4 
&(p) = ———_... 
(p? + 4)(p — 1) 
Next, using the partial fractions we can write 
4p? —7p +4 A. Bere 
pepe 


(p?+4)(p—1)  p-1- 
From there 
Ap? —7p+4 = Ap*+4A+ Bp? + Cp— Bp-C, 
and equating the coefficients of the second, first, and zeroth degrees of p, we have 


A=A+B, -7=C-—B, 4=4A-C. 


The solution to this system of equations is 


A=1/5, B=19/5, C= -16/5. 


ie ae 19.41 ~ Wesel a 
a J |+22 | 5. peal 


Using the inverse transform from the Table gives the solution of the IVP: 


x(t) = (e* + 19cos 2t — 16 sin 2t) /5. 


Then 


It is easy to check that this solution satisfies the equation and the initial conditions. 
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Problems 


Expand the function into a trigonometric Fourier series using 


a) the general method of expansion (cosine & sine series) 
b) the even terms only method of expansion (cosine series) 
) 


c) the odd terms only method of expansion (sine series): 


1. f(x) = x? on the interval (0, 7]. 

2. f(x) =e on the interval (0, z]. 

3. f(x) =cosaz on the interval [—7, 7]. 

4. f(x) =sinaz on the interval [—7, 7]. 

5. f(x) =m — 2x on the interval [0,7]. 

6. Prove the Fourier transform of f(2) = e~@!*! equals ee where a is a positive 


constant. 


7. Show that cosine and sine transforms of the function f(x) = 1/./z are equal to 
the original function 1/,/z. 


Solve the IVPs for ordinary differential equations using the Laplace transform. 
ve’ +a=Asint, 2(0) =0, 2’(0) =0. 

xv” + 16x = 3cos2t, 2x(0) =0, x’(0) =0. 

a Ae (0) = 0,2 (y= 0. 

2! +25¢4=e—*, 2(0)=1, 2’(0) =0. 

c'+a'=te', x(0)=0, 2'(0) =0. 

xl +2a' +22 = te, x(0) =0, 2’(0) =0. 

xz’ —9r=e* cost, x(0)=0, x’(0) =0. 

xz’ —g=2e'—#t? 2x(0)=0, 2'(0) =0. 


SR I OER oe ore eS ad 


B 


Bessel and Legendre Functions 


In this chapter we discuss the Bessel and Legendre equations and their solutions: Bessel 
and Legendre functions. These famous functions are widely used in the sciences, in partic- 
ular Bessel functions serve as a set of basis functions for BVP with circular or cylindrical 
symmetry, the Legendre functions serve as a set of basis functions for BVP in spherical 
coordinates. 


B.1 Bessel Equation 


In many problems one often encounters a differential equation 
ry! (r) + ry'(r) + (Ar? — p*) y(r) = 0, (B.1) 


where p is given fixed value and A is an additional parameter. Equation (B.1) is called 
the Bessel equation of order p. In application of the Bessel equation we will, in addition 
to Equation (B.1), encounter boundary conditions. For example the function y(r), defined 
on a closed interval [0, J], could be restricted to a specified behavior at the points r = 0 
and r = l. For instance at r = | the value of the solution, y(l), could be prescribed, or 
its derivative y’(1), or their linear combination ay’(1) + By(l). Generally, Equation (B.1) 
has nontrivial solutions which correspond to a given set of boundary conditions only for 
certain values of the parameter A, which are called eigenvalues. The goal then becomes to 
find eigenvalues for these boundary conditions and the corresponding solutions, y(r), which 
are called eigenfunctions. 

The Bessel equation (B.1) is often presented in the form which we use in Chapters 7-9: 


/ 2 

ni ¥ Pp 
ode = B.2 
_ r (a ) rn ee) 


where we meet the Bessel functions as the eigenfunctions of the Laplace operator in polar 
coordinates. 
To start solving Equation (B.1) make the change of variables « = VAr to yield 


ay" (x) + ey’ (2) + Ce - p’) y(x) = 0, (B.3) 
or 


/ 2 
y+£s(i-B)y- (B.4) 
xv xv 


Let us first consider integer values of the parameter p. Try to find the solution in the form 
of power series in x and let ag be the first non-zero coefficient of the series, then 


y =age™ + aya™* 4 age™ FA 4+... ta,e™ 4+... (B.5) 


where m > 0, a9 # 0 and, by construction, m is an integer. 


309 


310 Partial Differential Equations: Analytical Methods and Applications 


Substituting the series (B.5) into Equation (B.4) and equating coefficients of powers of 
x to zero we obtain (the details can be found in books [7, 8]): 


eC ee cap 


pl Np +1)! 2!(p +2)! a k(p+k)) 007 


Y = ao2?p! 


The series in the square brackets is absolutely convergent for all values of x which is 
easy to confirm using the D’Alembert criterion: jim |a@x+41/ax| = 0. Due to the presence of 
k—>00 


factorials in the denominator this series converges very fast; its sum is called Bessel function 
of order p and it is denoted as J,(x): 


_@? @”, or (gr 
1)" aig iota eee OO 
that is so | . ‘ 
—1 w\ Ptr 
oe d, Kl (p+ by! (5) (B.7) 


Thus we have obtained the solution of Equation (B.4) in the case that the function y(x) 
is finite at « = 0. (The constant coefficient a92?p! in the series for y(x) can be dropped 
because the Bessel equation is homogeneous.) Note that this solution was obtained for 
integer, nonnegative values of p only. 

Now let us generalize the above case for arbitrary real p. To do this it is necessary to 
replace the integer-valued function p! by the Gamma function T'(p + 1), which is defined 
for arbitrary real values of p. The definition and main properties of the Gamma function 
are listed in Appendix B (section B.5). Using the Gamma function, the Bessel function of 
order p, where p is real, can be defined by a series which is built analogously to the series 
in Equation (B.6): 


ie ao Z ao = aol (p+ 1) 
2 (2 + 2p) 27(1+>p) 2°T (p+ 2)’ 
a az ao _ af (p+ 1) 
23 (p+2) 2124(p+1)(p+2) — 2124T (p+ 3)’ 
(—1)*aoPF (p + 1) 
2k 


~ PET (p +k +1)!’ 


= ei nypt2n 
Jo(=) =) REDIF pIT) G) 


k=0 
D\P— (=1)" x\ 2k 
= B. 
(5) Lo reeyr erry (2) ; (BS) 
which converges for any p. In particular, replacing p by —p we obtain 
E\ P= (ai" x \ 2k 
2 =(- : B.9 
4-9 (2) (5) rey e=pFD (2) (B9) 


Since Bessel equation (B.4) contains p”, functions J,(z) and J_»(2) are solutions of the 
equation for the same p. If p is non-integer, these solutions are linearly independent, since 


Bessel and Legendre Functions 311 


TABLE B.1 
Positive roots of Jo(x), Ji(x), Jo(x). 


Se ee HA [2 Ls Ha bs 
Function 


Jo(x) 2.4048 5.5201 8.6537 11.7915 = 14.9309 
Ji (x) 3.8317 7.0156 =10.1735  =—-13.8237 ~—-16.4706 
J2(x) 5.136 8.417 11.620 14.796 17.960 


the first terms in Equations (B.8) and (B.9) contain different powers of 2; x? and x~?, 
respectively, then the general solution of Equation (B.4) can be written in the form 


y = C,J,(@) + Cod_, (a). (B.10) 


Point « = 0 must be excluded from the domain of definition of the function (B.9), since 
a? for p > 0 diverges at this point. 

The functions J,(2) are bounded as x — 0. In fact the functions J,(x) are continuous 
for all « since they are the sum of a converging power series. For non-integer values of p 
this follows from the properties of the Gamma function and the series (B.8). 


Reading Exercise: 1) Show that J_»(x) = (—1)"Jn(x) forn =1, 2,3...; 
1 


2) Show that lim ea) = 
xz—0 x 2 
For integer values of p J,(a) and J_,(x) that are not linearly independent, the general 
solution can be formed from the linear combination of the functions J,(a) and N(x) as 


The functions N,(x) are singular at x = 0, thus if the physical formulation of the problem 
requires regularity of the solution at zero, the coefficient C2 in the solution in Equation 
(B.10) must be zero. 

We conclude this section presenting several first Bessel functions J,(a) of integer order. 
The first few terms of the expansion in Equation (B.6) near zero for the first three functions 
are: 


x x zr x x? 
Jl) =1- s+ argng oc AO = 9 - rg t+ ors 
x? x 7 
I(t) = 3 ~ garg tgecgg To B®) He (B.12) 


Note that the J,(x) are even if n is integer and odd if n is non-integer functions of 

(although in general, problems with physical boundary values have « > 0, and we do not 
need to consider the behavior of the function for 7 < 0). For future reference we present 
the useful fact that at « = 0 we have Jo(0) = 1 and J,(0) = 0 for n > 1. Figure B.1 
shows graphs of functions Jo(x), Ji(x) and Jo(x). Table B.1 lists a few first roots of Bessel 
functions of orders 0, 1 and 2. 
A convenient notation for roots of equation J, (xz) = 0 is pr), where n stands for the 
order of the Bessel function and k stands for the root number. Often we will write equation 
Jn (a) = 0 in the form J;, (4) = 0. In cases when the value of n is clear we will omit the 
upper index in ju, (like in Table B.1). 


312 Partial Differential Equations: Analytical Methods and Applications 


Io(x) 


FIGURE B.1 
Graphs of functions Jo(x), Ji(a) and Jo(z). 


B.2 Properties of Bessel Functions 
The properties of functions J,(x) listed below follow from the expansion in Equation (B.6). 


1. All Bessel functions are defined and continuous on the real axis and have deriva- 
tives of all orders. This is because any Bessel function can be expanded in a power 
series which converges for all z, and the sum of the power series is a continuous 
function which has derivatives of all orders. 


2. For integer p = n Bessel functions of even orders are even functions (since their 
expansion contains only even powers of the argument). Bessel functions of odd 
orders are odd functions. 


3. Each Bessel function has an infinite number of real roots. Roots located on the 
positive semi-axis can be marked by integer numbers in the increasing order. 
Zeros of J,(x) = 0 fall between the zeros of Jp41(x) = 0. 


4. Behavior of Bessel functions in the vicinity of zero is given by the first terms of 
the series in Equation (B.6); for large x the asymptotic formula may be used 


Jp(x) & | 2 cos (« a *) : (B.13) 


With increasing x the accuracy of this formula quickly increases. When J,(x) is 
replaced by the right hand side of Equation (B.13), the error is very small for 
large x and has the same order as x~°/?, 


From Equation (B.1) it follows, in particular, that the function J,(x) has roots 
that are close (for large x) to the roots of the equation 


thus the difference between two adjacent roots of the function J,(x) tends to 
a when roots tend to infinity. A graph of J,(x) has the shape of a curve which 
depicts decaying oscillation; the “wavelength” is almost constant (close to 7), and 
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the amplitude decays inversely proportional to the square root of z. In fact we 
have lim J, (x) = 0. 
«LOO 


5. Recurrence formulas 


2p 
Jp+1(&) = = el) = dpi (2), (B.14a) 
Pp 

Jpsala) = Ppa) — (2), (B.14b) 
F(x) = 2 I,(2) Tp an), (B.14c) 

6. Integration formulas 
[oS eae =-a ? J,(x), (B.15a) 
[er dp-ale)ae = 2 Jo(2); (B.15b) 
| zJo(z)dz = xJi(x), (B.15c) 

0 

| 2? Jo(z)dz = 2x7 Jo(x) + x(x? — 4).A(a). (B.15d) 

0 

7. Differentiation formulas 
d 

ag lt Fel) =-2 ?Jnii(a), p=0,1,2,... (B.16a) 

xv 

d 
Gg lt (2) = 2? Jp-i(x), p=1,2,3,... (B.16b) 
J 
In particular, Jj(z) =—Ji(x), Ji (x) = Jo(x) — ae 


These identities are easily established by operating on the series which defines the func- 
tion. 

In many physical problems with spherical symmetry one encounters Bessel functions of 
half-integer orders where p = (2n + 1) /2 for n = 0,1,2,... For instance, solving Equation 
(B.4) with p = 1/2 and p = —1/2 by using the series expansion 


y (x) = al? sS apz” (ap £0), (B.17) 
k=0 
we obtain 9 \ M2 kt 
Ji /2(2) (=) | Screen (B.18) 
and 
2 1/2 co : 2k 
Japla)= (2) CO ar (B.19) 


By comparing expansions in Equations (B.18) and (B.19) to the McLaren series expansions 
in sinz and cosa, we obtain 


2 1/2 
Jij2 = (=) sin x. (B.20) 
TX 
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Tylx) 


FIGURE B.2 
Graphs of functions J,/2(7), J3/2(x) and J5/2(2). 


9 \ V2 
Jap=(4) COS Z. (B.21) 


Note that J, /2(x) is bounded for all x and function J_j,/2(#) diverges at x = 0. Recall 
that Equation (B.8) gives an expansion of J,(x) which is valid for any value of p. Figure 
B.2 shows graphs of functions Jj/2(x), J3/2(x) and Js/2(x); Figure B.3 shows graphs for 
J_1/2(&), J-3/2(x) and J_5/2(2). 


FIGURE B.3 
Graphs of rica J_3/2(2) and J_5/2(2). 


Reading Exercise: 


Using the recurrence Equations (B.14) and the expression for J,/2 (x), obtain the functions 
J3/2(x), J-3/2(x), Js5/2(#) and J_5/2(x). For instance, the answer for J3/2(«) is 


2 ie sin x 
JI3/2 = ( ) ( cos c) : (B.22) 
Tx x 
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TABLE B.2 
Positive roots of the functions No(a), Ni(a) and No(x). 
Roots py Ha Hs [a bs 
No(2) 0.8936 3.9577 7.0861 10.2223 13.3611 
Ni (a) 2.1971 5.4297 8.5960 11.7492 14.8974 
N2(x) 3.3842 6.7938 10.0235 13.2199 16.3789 


Let us now briefly consider Bessel functions of the second kind, or Neumann functions N, (2). 
Table B.2 lists a few roots of Neumann functions with p = 1, 2,3. Neumann functions for 
non-integer p can be obtained as 


ie Jp(x) cos pr — J—p(2) 


B.23 
sin pt ( ) 
It is easy to check, that N,(x) satisfies the Bessel equation (B.4). Figure B.4 shows graphs 


of Neumann functions with p = 1, 2,3. In case of integer order n, this function is defined as 
N,(«) = lim N,(2). 
pn 


N(x 
0.5 pe N,(x) 


FIGURE B.4 
Graphs of No(«), Ni(a) and No(x). 


For integer n 
7 N_n(x) = (-1)” Nn(2). (B.24) 


Other useful properties are that as x — 0 the functions N,,(a) diverge logarithmically; as 
x — oo, N,(x) > 0, oscillating with decaying amplitude. At large x we have the asymptotic 


form 
2 nt 7 
Nyx) © 4/ in ( B.25 
(x) 7 on x ; 1 ( ) 


B.3 Boundary Value Problems and Fourier-Bessel Series 


In applications it is often necessary to solve Bessel equations (B.1) accompanied by boundary 
condition(s). For instance function y(a) defined on the interval [0, 1] is finite at x = 0 and 
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at x =1 obeys a homogeneous boundary condition ay’ (1) + By(l) = 0 (notice, that starting 
from here we will use letter z instead of r considering equation (B.1)). When a = 0 this 
mixed boundary condition becomes the Dirichlet type, when (6 = 0 it is the Neumann type. 
The Bessel equation and boundary condition(s) form the Sturm-Liouville problem, thus it 
has the nontrivial solutions only for nonnegative discrete eigenvalues X,: 


O< ry < Ag <2. SAR <.e. (B.26) 


The corresponding eigenfunctions are: 
Jy (Viz) oe (Vez) ite (Vrxx) oa (B.27) 


(if function y(z) has not to be finite at « = 0, we can also consider the set of eigenfunctions 
Np (WAxx)). The boundary condition at x = 1 gives 


avr Ji, (VAL) + Bp (VAL) =0. 
Setting Vl = pw we obtain a transcendental equation for ju: 


apd (q4) + Bly (a) = 0, (B.28) 


which has an infinite number of roots which we label as pe ). From there the eigenvalues 


are Ax = (tx / 1)’; we see that we need only positive roots, use ., because negative roots do 
not give new values of Ax. 


For example, for the Dirichlet problem ue? ) are the positive roots of the Bessel function 


Jp(a). 
Thus, for fixed p we have the set of eigenfunctions (index p in ue ) is dropped) 


Jp (a), Jp (Ba), She Jp (Fe), “ae (B.29) 


As follows from the Sturm-Liouville theory, these functions form a complete set and are 
pair-wise orthogonal (with weight x) on the interval [0, J]: 


[ Jp (2) Ip (G2) adx=0, i#j. (B.30) 


A Fourier series expansion (or generalized Fourier series) of an arbitrary function f(x) 
using the set of functions (B.29) is called Fourier-Bessel series and is given by the expression 


f(x) = > ChIp (2) ; (B.31) 
k=0 


The orthogonality property allows us to find the coefficients of this series. We multiply 
Equation (B.31) by J, (4x) and integrate term by term with weight x. This gives an 
expression for the coefficient as 


cy = 22 (B.32) 
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(p) 
The squared norm ||Rpx||” = fi Lf (‘i c) dx is: 


1) For the Dirichlet boundary condition a = 0 and { = 1, in which case eigenvalues are 
obtained from the equation 


Jp (HL) =0 
and we have : 
I 2 
Rou? = = [54 (uP) (B.33) 


2) For the Neumann boundary condition a = 1 and 6 = 0, in which case eigenvalues are 
obtained from the equation 

1) 
and we have 


[pel = apy (HP) 2) 03 (HP). (B.34) 
m 


3) For the mized boundary condition a = 1 and 8 = h, in which case eigenvalues are 
obtained from the equation 


pJi,(1) + hlJp() = 0 


and we have 


[2 17h? _ py 
|| Roxll? = > |1+ >| 2 (uP). (B.35) 
2 (p) 
(”) 


In Chapters 7-9 we use solutions of different BVP in the form 
(n) (n) 
Vo = JD Ga cos ny, V2) = Jy (a) sin ny. 


Clearly, Ve? ||2 =n ||Ram||’, where o, =2 forn=Oand o, =1 forn £0. 
The completeness of the set of functions J, (4x) on the interval (0,1) means that for 
any square integrable on (0, J] function f(x) the following is true: 


[ 2Ptwae= > | (4)|)"a (asa) 


This is Parseval’s equality for the Fourier-Bessel series. It has the same significance of 
completeness as in the case of the trigonometric Fourier series with sines and cosines as the 
basis functions where the weight function equals one instead of z as in the Bessel series. 

Regarding the convergence of the series (B.31), we note that the sequence of the partial 
sums of the series, S,,(a”), converges on the interval (0,/) on average (i.e. in the mean) to 
f(x) (with weight +), which may be written as 


1 
[ ie) Si(eyP 2ae + 0, if m— 00. 


This property is true for any function f(a) from the class of piecewise-continuous func- 
tions because the orthogonal set of functions (B.29) is complete on the interval [0, J]. For 
such functions, f(x), the series (B.31) converges absolutely and uniformly. We present the 
following theorem without the proof which states a somewhat stronger result about the 
convergence of the series in Equation (B.31) than convergence in the mean: 
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Theorem 


If the function f(a) is piecewise-continuous on the interval (0,1), then the Fourier- 
Bessel series converges to f(x) at the points where the function f(a) is continuous, 
and to 


5 flo +0) + Fao —0)], 


if xo is a point of finite discontinuity of the function f(x). 


Below we consider several examples of the expansion of functions into the Fourier-Bessel 
series using the functions J,(z). 


Example B.1 Let us expand the function f(x) = A, A = const, in a series using the Bessel 


functions X;,(x) = Jo (u2x/2) on the interval [0,1], where po) are the positive roots of 


the equation Jo(u) = 0. 


2 
Solution. First, we calculate the norm, ||.Xx||? = | 40 (u2/1) | using the relation Jj(x) = 
—J\(x) to obtain 


P(r) |*=§ Lay) 52). 


Using the substitution z = pO x/ 1 and second of relations (B.14b) we may calculate the 
integral 


(0) 


1 (0) 2 My 2 2 
i ; i o | 
| Jo (4+) xrdz = —, | Jo (2) dz = —— [zi (2)]g* = wv (ui?) : 
0 (ui?) 0 (ui?) m 


k 


For the coefficients c, of the expansion (B.31) we have 


7 SoA Jo (u2/1) xdx 7 2A 2 0) 7 2A 
= rE C20 [ _ és [a (u)] po T\H_ = uJ, (i) 


Thus, the expansion is 


a 1 i” 
1@)=249. a5, Gpy tr) 


k=0 My 


Figure B.5 shows the function f(z) = 1 and the partial sum of its Fourier-Bessel series 
when / = 1. From this figure it is seen that the series converges very slowly (see Figure 
B.5d) and even when 50 terms are kept in the expansion (Figure B.5c) the difference from 
f(x) = 1 can easily be seen. This is because at the endpoints of the interval the value of 


the function f(x) = 1 and the functions Jo (ux) are different. The obtained expansion 
does not converge well near the endpoints. 


Example B.2 Let us modify the boundary condition in the previous problem. We expand 
the function f(z) = A, A = const, given on the interval [0,/], in a Fourier series in Bessel 


functions X;,(2) = Jo (apa l), where po are now the positive roots of the equation 


Jo(u) = 0. 
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“(@ 


0 0.2 0.4 0.6 08 1 


(c) (d) 


FIGURE B.5 

The function f(a) = 1 and the partial sum of its Fourier-Bessel series. The graph of f(z) 
is shown in grey, the graph of the series by the black line. a) 11 terms are kept in the series 
(N = 10); b) N = 20; c) N = 50; d) values of the coefficients c; of the series. 


Solution. For Neumann boundary condition, Jo (1) = 0, for k = 0 we have 


[2 
wy =0, Xo(z) = Jo(0) = 1, [|Xoll” = Jo(0)|? = 5, 


The first coefficient of the expansion (B.31) is 


A 2A f! 
c= ——_, | Jo(O)adx = = | udu = A. 
I| Fo(O) ||" Jo e Jo 


The next coefficients c, can be evaluated by using the substitution z = WO x/ 1 and using 
the integration formula 


l (0) 2 2 
i 0 | 
| Jo a xsdx = ———z [zJr(2)|5" = wit (ui?) F 
0 (ui) Hye 
k 


Applying the relation Jj(”) = —J\(x) and then recalling that Jj (ui?) = 0 we find 


=a, (uy?) = Wher -kS0. 
m 


Thus, we obtain simple expansion, f (x) = coJo (u(x/1) = A. In fact, this means that 


the given function is actually one of the functions from the set of eigenfunctions used for 
eigenfunction expansion. 
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B.4 Spherical Bessel Functions 


In this section we briefly consider spherical Bessel functions which are related to the solu- 
tions of certain boundary value problems in spherical coordinates. 
Consider the following equation: 


d?R(x)  2dR(x) i(i+1) 
- 1 R(x) = 0. B.37 
dau? x dx x? i ( ) 
Parameter | takes discrete non-negative integer values: | = 0,1,2,... Equation (B.37) is 


called the spherical Bessel equation. It differs from the cylindrical Bessel equation, Equa- 
tion (B.4) by the coefficient 2 in the second term. Equation (B.37) can be transformed to a 
Bessel cylindrical equation by the substitution R(x) = y(x)/,/z. 


Reading Exercise: Check that equation for y(«) is 


“LE 7 ao | f “ ee | ue) =o. (B.38) 


If we introduce s = 1 + 1/2 in Equation (B.38) we recognize this equation as the Bessel 
equation which has the general solution 


y(x) = Ci Js(x) + CoN; (2), (B.39) 


where J,(a) and N,(x) are (cylindrical) Bessel and Neumann functions. Because 
s =1+1/2 these functions are of half-integer order. Inverting the transformation we have 
that the solution, R(x), to Equation (B.37) is 


Ji41/2(2) Ni41/2(2) 
Va vo 
If we consider a regular at x = 0 solution, the coefficient C2 = 0. 


The spherical Bessel function j,(x) is defined to be a solution finite at x = 0 thus it is a 
multiple of Jj41/2(x)/\/x. The coefficient of proportionality is usually chosen to be \/7/2 


so that 
. Tv 
H(t) = 4 5 Ji+1/2(2). (B.41) 


For 1 = 0, Jij2(x) = \/4 sina, thus 


R(x) =C, Le (B.40) 


jo(@) = (B.42) 


Analogously we may define the spherical Neumann functions as 


n(x) = | ENaanle) (B.43) 


from where (using Equation (B.22)) 


no(a) = yf Eo aple) = 2. (B.44) 
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Expressions for the first few terms of the functions j;(a) and n(x) are 


i 3 1 3 
f(z) = - +... jo(x) = ( z ) sing COREE sk, (B.45) 
x x vf x 
i 3 il 3 
m(2) =- = =e +...,  N2(x) = (= ~) cost — 5 sina +... (B.46) 


The spherical Bessel functions with | = 0,1, 2 are sketched in Figures B.6 and B.7. 


FIGURE B.6 
Graphs of functions jo(x), ji(a) and jo(x). 


0.4 no x) 


. \ mx) 
0.2 


FIGURE B.7 
Graphs of functions no(a), ni(@) and n2(x). 


The following recurrence relations are valid (here the symbol f is written to stand for j 


or n): 
fia (a) + frga(a) = (21+ Da" fila), (B.47) 


Ufi-i1(a) = ( + 1) fi4i(x) = (21 + 1) fl) (B.48) 
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Differentiation formulas: 


[aq (a)] <2" pa@), £ fee) =-2 ere). (B49) 


Asymptotic values: 
: 1 T 1, T 
Hi(z) ~ — cos je-F0+9)] : mi(z) ~~ sin je- 50+] as © 0O (B.50) 


(the last expression has good precision for x >> I(I + 1)). 


B.5 The Gamma Function 


In this section we develop the essential properties of the Gamma function. One of the most 
important applications of the Gamma function is that it allows us to find factorials of 
positive numbers which are not integers. The gamma function is defined by the integral 


re) = | ea tdi- ak SO, (B.51) 
0) 


Here z is an arbitrary, real, non-negative number. In the case that x is an integer and 
x > 2, the integral in Equation (B.51) can be evaluated by parts and we have, after the 
substitution t®—! = u, e~'dt = dv: 


(a) = t?-te*|* + (a - yf te 'dt = (a — yf pe at (B.52) 
0 0 


The obtained integral is equal to [(a — 1), i.e. we may write 
T(a2) = (@# — 1) (a@—- 1). (B.53) 
Substituting into Equation (B.53) we have 
I(a2 — 1) = (a — 2) (a — 2), 
I'(a — 2) = (a — 3)I'(# — 3), 
etc., and thus we obtain the general expression 
T(x) = (a — 1)(a — 2)...T(1), (B.54) 


where ms 
T(1) = | e 'dt =1. (B.55) 
0 


Substituting Equation (B.55) into Equation (B.54) we have 
I(x) =(a-1)! for «=2,3,.... (B.56) 


We derived Equation (B.56) for integer values x > 2, but it is possible to generalize it 
to define factorials of any numbers. First, we verify that Equation (B.56) is valid for x = 1. 
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Let x = 1 in Equation (B.56) in which case we have ['(1) = 0! = 1 which does agree with 
Equation (B.55). Thus, for integer values of the argument, n = 1,2,3,... 

T(1) =1, (2) =1,...,T(n) = (n—- 1)! (B.57) 


Now consider non-integer values of z. For x = 1/2, taking into account definition (B.51) 
and with the substitution t = z7, we obtain 


T(1/2) =|} t-Ve-tde = 2 | e* dz = Vn. (B.58) 
0 0 
Now using Equation (B.53), we find 
T(3/2) = (1/2)T (1/2) = 7/2. (B.59) 
Reading Exercise: Show that for any integer n > 1, 
1 1-3-5-...(2n—1) 1 
T = I ; B.60 
(nta) = ge) Bo 


We can also generalize definition (B.51) to negative values of x using Equation (B.52). 
First replace x by « + 1 which gives 


T 1 
T'(a) = cna) (B.61) 
We may use this equation to find, for example, ['(—1/2) in the following way: 
1\ (1/2) 
Tr = = —2//T. B.62 
(-5) = Ne =-2v8 (B.62) 


It is clear from this that using Equations (B.51) and (B.62) we can find a value of I(x) for 
all values of « except 0 and negative integers. 

The function I(x) diverges at = 0 as is seen from Equation (B.51). Then, from 
Equation (B.61) we see that [(—1) is not defined because it involves I'(0). Thus, (a) does 
not exist for negative integer values of x. From Equation (B.61) it is obvious (taking into 
account that ['(1) = 1) that at all these values of x the function I'(x) has simple poles. A 
graph of I(x) is plotted in Figure B.8. Table B.3 contains the values of Gamma function 
for interval [1, 2]. 

Equation (B.61) allows us to find the value of I'(x) for any non-negative integer x using 
the value of I'(x) on the interval 1 < a < 2. For example, ['(3.4) = 3.4-T(2.4) = 3.4-2.4- 
T(1.4). Based on this fact, a table of values for T(x) only need include the interval [1,2] as 
values of x. The minimum value of I(x) is reached at 7 = 1.46116321... 

Equation (B.57), which is now valid for all non-negative integer values of z, can be 
written as 

T(a+1)=ca! (B.63) 
On the other hand, from Equation (B.51) we have 


re+i= f t™e~ dt. (B.64) 
0 


The integrand t%e~? has a sharp peak at ¢t = x that allows us to obtain a famous approx- 
imation formula, known as Stirling’s approximation, for x! which works very well for large 
x 

a! ~ (Qra)'/2a%e7*, (B.65) 
This formula agrees very well with the precise value of x! even for values of x which are not 
very large. For instance, for x = 10 the relative error of Equation (B.65) is less than 0.8%. 
Most of the applications of Equation (B.65) belong to statistical physics where it is often 
necessary to evaluate factorials of very large numbers. 
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FIGURE B.8 
Graph of the Gamma function, I(x). 
TABLE B.3 
Values of T(x) for x € [1, 2]. 
x T(a) x T(a) x T(a) 
1 1 1.35 0.8911514420 iA 0.9086387329 
1.05 0.9735042656 1.4 0.8872638175 1.75 0.9190625268 
1.1 0.9513507699 1.45 0.8856613803 1.8 0.9313837710 
1.15 0.9330409311 1.5 0.8862269255 1.85 0.9456111764 
1.2 0.9181687424 1.55 0.8888683478 1.9 0.9617658319 
1.25 0.9064024771 1.6 0.8935153493 1.95 0.9798806513 
1.3 0.8974706963 1.65 0.9001168163 2 1 


B.6 Legendre Equation and Legendre Polynomials 


In applications one often encounters an eigenvalue problem containing a second order linear 
homogeneous differential equation 


(1-27) y" —2ay +r4y=0, -1<a<l, (B.66) 


where A is a real parameter. Equation (B.66) can be rewritten in Sturm-Liouville form given 
by 

d dy 

— |(1—27) =| +daAy=0, -1<2¢<1 

dx ( ) Z| id 7 

and is called the Legendre equation. Such an equation frequently arises after a separation of 
variables procedure in spherical coordinates (in those problems the variable x is x = cos 0, 
where @ is a meridian angle) in many problems of mathematical physics. Prominent examples 
include heat conduction in a spherical domain, vibrations of spherical solids and shells as 
well as boundary value problems for the electric potential in spherical coordinates (see 


(7, 8]). 


(B.67) 
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Because this problem is a particular example of a Sturm-Liouville problem we can expect 
that the eigenvalues are nonnegative real discrete X,,, and the eigenfunctions corresponding 
to different eigenvalues are orthogonal on the interval [—1, 1] with the weight r(x) = 1: 


1 
y Yn(L)Ym(x)dz =0, nAm. (B.68) 
-1 
Let us solve Equation (B.67) on the interval x € [—1, 1] assuming that the function y(x) 
is finite at the points x = —1 and x = 1. Let us search for a solution in the form of a power 
series in 2: a 
y(x) = S- ane (B.69) 
n=0 


Substitution of Equation (B.69) into Equation (B.67) results in the following equality: 


> n(n —1)anz"~? — 3 n(n — 1)anx” — 3 2nayx” +r s Anx” = 0. 
n=2 n=2 n=2 n=2 


Changing the index of summations in the first term from n to n+ 2 to yield 


Co 


So(n + 2)(n + Lanyon” 


n=0 


allows us to group all the terms with n > 2 leaving the terms with n = 0 and n = 1 which 
we write separately and we have 


(6a3 — 2a, + \a1) x + 2az + Aap 


+52 [(n +2) (n+ 1) anya — (n? +2 A) an] 2” = 0. 


By setting coefficients of each power of x to zero we obtain an infinite system of equations 
for the coefficients ay: 


n=0 2a2 + rAao = 0, (B.70) 
n=1 6a3 = 2a, + AQ, = 0, (B.71) 
n>2 (n + 2) (n+ 1) any — (n? +n— 2) an = 0. (B.72) 


Equation (B.72) is the recurrence formula for coefficients. 
From Equation (B.70) we have 


ag = — Sag, (B.73) 


Using Equations (B.73) and (B.72) we obtain 


Ga) SENG) 
ioe ee ac 
20%: AN C—d C=) 
aie oie 6! 


etc. Each coefficient a2, with even index is multiplied by a9 and depends on n and the 
parameter X. 
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Similarly let us proceed with the odd terms, a2,41. From Equation (B.71) we have 


2—) 2— 
ae is ea) 


a4. 


Then from the recurrence formula (B.72) we obtain 


12-A (2 — ) (12 — A) 
Te 5! 
ee balay a (2 — X) (12 — A) (30 — A) 
6-7 7! 
etc. Each coefficient, a2x41, with odd index is multiplied by a; and depends on n and X. 
Substituting the obtained coefficients in Equation (B.69) we have 


a5 = ai, 


ai, 


— n Xr 2 A(6 — A) 4 
ular) = Dans = ao [1 5% mt 


zee eae at +... 


(B.74) 


+a [04 io al 


In Equation (B.74) there are two sums, one of which contains coefficients with even indexes 
and another with odd indexes. As a result, we obtain two linearly independent solutions of 
Equation (B.67); one contains even powers of x, the other odd: 


- x (6 — d) 
(1) = 2n _ 2 4 
y?) (a) = d Agnt"” = ag c 5 nf 7 | ; (B.75) 
= m 2-2 2—A)(12—-A 
y?) (x) = S die! Say E | 3I x 4 ( it ) 5 ‘| : (B.76) 
n=0 


Now from the recurrence relation (B.72) for the coefficients, 


24+n—- 
anne n—) 


n+2)(n+1)” oo 


we can state an important fact. The series in Equation (B.69) converges on an open interval 


n+2 
—1 < x < 1, as can be seen from a ratio test, lim |?" —) = x”, but diverges at 
, n—-00 and 8 
the points « = +1. Therefore, this series cannot be used as an acceptable solution of the 


differential equation on the entire interval —1 < x < 1 unless it terminates as a polynomial 
with a finite number of terms. This can occur if the numerator in Equation (B.77) is zero 
for some index value, Nmax, such that 


A= Nmax (Mnax + 1) : 


This gives adn,,.42 = 0 and consequently dy, +4 = 0, Gn,,,,46 = 0, ... thus y(x) will 
contain a finite number of terms and thus turn out to be a polynomial of degree nyax. In 
order not to overcomplicate the notation, from here on we will denote nmax as n. We may 
conclude from this discussion that A can take only nonnegative integer values: 


A=n(n+1). (B.78) 


Let us consider several particular cases. If n = 0 (which means that the highest degree 
of the polynomial is 0), a9 4 0 and ag = 0, a4 = 0, etc. The value of for this case is 
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dA = 0, and we have y“) (x) = ag. If n = 1, a, # 0 and ag = as = ... = 0 then \ = 2 
and y?)(x) = a,x. If n = 2, the highest degree of the polynomial is 2; we have az # 0, 
a4 ag ie 0, A 6 and from the recurrence relation we obtain a2 = —3ag. This 
results in y (x) = ag (1 — 3a”). If n = 3, ag 40 and a5 = a7 =... = 0, \ = 12 and from 
the recurrence relation we obtain a3 = —5/3a, and as the result, y°) (x) = ay (1 — 52/3). 
Constants ag and a, remain arbitrary unless we impose some additional requirement. A 
convenient requirement is that the solutions (the polynomials) obtained in this way should 
have the value 1 when x = 1. 

The polynomials obtained above are denoted as P,,(a) and called the Legendre polyno- 
mials. The first few, which we derived above, are 


1 1 
Po(x)=1, RB(e)=2, P(c)= 5 (327-1), Ps(z)= 5 (52° — 32). (B.79) 
Let us list two more (which the reader may derive as a Reading Exercise using the above 
relationships): 


1 1 
P,; (x) = 5 (3524 — 3027 +3), Ps (x)= ; (632° — 702% + 152) . (B.80) 


Reading Exercise: Obtain P,,(a) for n = 6,7. 

Reading Exercise: Show by direct substitution that P(x) and P3(x) satisfy Equation (B.67). 
As we see, P,,(a) are even functions for even values of n, and odd functions for odd n. 
The functions y“ (x) and y)(a), bounded on the closed interval —1 < x < 1, are 


yl) (x) = Pon (2x), y®) (x) = Pon41(2). (B.81) 
Rodrigues’ formula allows us to calculate the Legendre polynomials: 


1 d” n 
Duley = eae (a* — 1) (B.82) 


(here a zero-order derivative means the function itself). 
Reading Exercise: Using Rodrigues’ formula show that 


P,(—x) = (-1)"P,(z), (B.83) 


P,(—1) = (-1)”. (B.84) 
Let us state few more useful properties of Legendre polynomials: 


21 <3%,04On—1 


Pa(1)=1, Ponti(0)=0, Pan(0) = (-1)" > 


(B.85) 


The Legendre polynomial P,,(2) has n real and simple (i.e. not repeated) roots, all lying 
in the interval —1 < a < 1. Zeroes of the polynomials P,,(x) and P,41(x) alternate as x 
increases. In Figure B.9 the first four polynomials, P,,(x), are shown and their properties, 
as listed in Equations (B.82) through (B.84), are reflected in these graphs. 

The following recurrence formula relates three polynomials 


(n + 1) Pagi(@) - (2n as 1) aP,,(x) + NEPA) =0. (B.86) 


This formula gives a simple (and the most practical) way to obtain the Legendre polyno- 
mials of any order, one by one, starting with P(x) = 1 and P,(x) =z. 
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FIGURE B.9 
First four polynomials, P,,(x). 


The following recurrence relations for Legendre polynomials are often useful: 


P,-1(&) — @P,(x) + nPa() = 0, (B.87) 
P' (x) — @&P)_4(z) —nPp_1(x) = 0. (B.88) 


To summarize, the solution of the Sturm-Liouville problem for Equation (B.67) with 
boundary conditions stating that the solution is bounded on the closed interval —1 < x < 1 
is a set of Legendre polynomials, P,,(x), which are the eigenfunctions of the Sturm-Liouville 
operator. The eigenvalues are A = n(n +1), n = 0,1,2,... As a solution of the Sturm- 
Liouville problem, the Legendre polynomials, P,,(a2), form a complete orthogonal set of 
functions on the closed interval [—1, 1], a property we will find very useful in the applications 
considered below. 

If the points « = +1 are excluded from a domain the solution in the form of an infinite 
series is also acceptable. In this case logarithmically diverges at « = +1 functions Q,(x) 
are also the solutions of Legendre equation (for details see books [7, 8]). 


B.7  Fourier-Legendre Series in Legendre Polynomials 


The Legendre polynomials are orthogonal on the interval [—1, 1]: 


[. P,(x)Pm(x)dx =0, mn. (B.89) 


The norm squared of Legendre polynomials are (see [7, 8]) 


2 
Qn+1° 


Pal? = / Palade = (B.90) 
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Equations (B.89) and (B.92) can be combined and written as 


1 0, mn, 
i Py (2) Pm (a)dx = 9 (B.91) 
-1 ——, M=n. 
2n+1 


The Legendre polynomials form a complete set of functions on the interval [—1, 1], thus 
{P,(x)}, n = 0,1,2,... provide a basis for an eigenfunction expansion for functions f (2), 
bounded on the interval [—1, 1]: 


fe) => e.Fae). (B.92) 
n=0 
Due to the orthogonality of the functions P,,(x) with different indexes, the coefficients cp, 
are 
1 : In+1 f* 
a / OOK ees / PP de: (B.93) 
I|Prll" /—a 2 Ja 


As we know from general theory discussed previously in Chapter 4, the sequence of the 
partial sums of this series, Sy (x), converges on the interval (—1,1) on average (i.e. in the 
mean) to f(#), which may be written as 


1 
x [f(z) — Sn (ax)|°dz +0 as Noo. (B.94) 
-1 
The function f(x) should be square integrable, that is we require that the integral 
hie f?(x)dz exists. 

For an important class of piecewise-continuous functions the series in Equation (B.92) 
converges absolutely and uniformly. The following theorem states a stronger result about 
the convergence of the series (B.92) than convergence in the mean. 


Theorem 


If the function f(x) is piecewise-continuous on the interval (—1,1), then the Fourier- 
Legendre series converges to f(x) at the points where the function f(x) ts continuous 
and 


5 [leo +0) + (0 - 0) (B.95) 


if xp is a point of finite discontinuity of the function f(x). 


Because the Legendre polynomials form a complete set, for any square integrable function, 
f(x), we have 


7 2 
2 22 2 
= Pre =o B. 
[5 (a)da 2| |" my on 21 (B.96) 


This is Parserval’s equality (the completeness equation) for the Fourier-Legendre series. 
Clearly, for a partial sum on the right we have Bessel’s inequality 


1 N 2 
/ f?(x)dx > S- ne ion (B.97) 
—1 n=0 


Below we consider several examples of the expansion of functions into the Fourier- 
Legendre series. In some cases the coefficients can be found analytically; otherwise we may 
calculate them numerically using Maple, Mathematica, or software from [7, 8]. 
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Example B.3 Expand function f(a) = A, A = const, in a Fourier-Legendre series in P,,(x) 
on the interval -l1 <a <1. 


Solution. The series is 
A= coPo(x) +a Pi(a)+..., 


where coefficients c,, are 


ay = ONDA 
ey AP, ( P.. dx. 
ee want, Fe 


From this formula it is clear that the only nonzero coefficient is cg = A. 


Example B.4 Expand the function f(x) = x in a Fourier-Legendre series in P,,(x) on the 
interval -l1 <a <1. 


Solution. The series is 
x= coPo(z)+aPi(z)+..., 


1 / In+1 [ 
n= &P,(x)dx = “P,,(ax)dx. 
[@n J 2 J, 


Clearly the only nonzero coefficient is 


om i 
a=5f ePi(ede=5 fata 


As in the previous example this result is apparent because one of the polynomials, P;(a) in 
this example, coincides with the given function, f(a) = 2. 


where c,, are 


Example B.5 Expand the function f(z) given by 


0, -l<2<0, 
r= | 


1, O<a<l 
in a Fourier-Legendre series. 


Solution. The expansion f(x) = )>7°9 ¢nPn(x) has coefficients 


1 ‘a tif 
= —{ f(x)Pr(x)dx = | P,,(a)da. 
ear 2 Jo 
The first several are 


i ft 1 ag 3 ay gael 
=5/ dz = 5, a=5 adi = 7) a=3/ 5 (30° — 1) da = 0. 


Continuing, we find for the given function f(x), 


The series converges slowly because of discontinuity of a given function f(a) at point « = 0 
(see Figure B.10). 


Bessel and Legendre Functions 331 


N 
SSSSSSENST 
SSS 


A FP 
ia 
: 


I 
nN 
RSSSSSSSSSS 


FIGURE B.10 

The function f(a) and the partial sum of its Fourier-Legendre series. The graph of f(2) is 
shown by the dashed line, and the graph of the series is shown by the solid line. (N+1) 
terms are kept in the series. (a) (N = 5). (b) N = 15. (c) N = 50. (d) Values of the 
coefficients c, of the series. 


B.8 Associated Legendre Functions 


In this section we consider a generalization of Equation (B.66): 
we 
(1 — 2?) y” — 2ay! + (- ea) v=o. -l<2<l, (B.98) 
—2£ 


where m is a specified number. Like Equation (B.67), Equation (B.98) has nontrivial solu- 
tions bounded at « = +1 only for the values of X = n(n + 1). In mathematical physics 
problems the values of m are integer, also the values of m and n are related by inequal- 
ity |m| < n. Equation (B.98) is called the associated Legendre equation of order m. In 
Sturm-Liouville form this equation can be written as 


d a, dy m? 
ae = al a = -l<e<l. ; 
aa t ey Ala (r “ay 0, l<a<l (B.99) 


To solve Equation (B.99) we can use a solution of Equation (B.67). First, we will discuss 
positive values of m. Let us introduce a new function, z(x), to replace y(a) in Equation 
(B.99) using the definition 


y(a) = (1-27)? 2(a). (B.100) 
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Substituting Equation (B.100) into Equation (B.99) we obtain 


(1 — 2?) 2” —2(m + 1)az’ + [A— m(m+1)] z= 0. (B.101) 


If m = 0, Equation (B.101) reduces to Equation (7.1), thus its solutions are Legendre 
polynomials P,, (x). 
Let us solve Equation (B.101) expanding z(a) in a power series: 


ere (B.102) 
k=0 
With this we have 

i S- kaya*®! = S- ka,x*—!, 
k=1 k=0 

2 = So k(k— Lage’? = So (k + 2)(k + Larpor”, 
k=2 k=0 

vz! = S- k(k— 1)a,a* = S- k(k— 1)aza* 

k=2 k=0 


Sk + 2(k+ Dawes t[A— (kK + m)(k +m + 1) ax} a® =0. 


> 
Il 
3° 


Functions «* are linearly independent, thus the coefficients of each power of «* must be 


zero which leads to a recurrence relation for coefficients ax: 


\—(k+m)(k+m+4+1) 


(a2ee) (B.103) 


ak42 = 


Reading Exercise: Using this recurrence relation check that the series in Equation (B.102) 
converges for —1 < x < 1 and diverges at the ends of the intervals, x = +1. 


Below we will discuss only solutions which are regular on the closed interval, -1 < x < 1. 
This means that the series (B.102) should terminate as a polynomial of some maximum 
degree. Denoting this degree as q we obtain a, # 0 and ag42 = 0 so that if X= (¢+m)(q+ 
m+1),q=0,1,..., then ag42 = ag44 =... = 0. Introducing n = q+ m, because g and m 
are nonnegative integers, we have n = 0,1,2,... and n > m. Thus, we see that \ = n(n+1) 
as in the case of Legendre polynomials. Clearly if n = 0 the value of m = 0, thus \ = 0 and 
the function z(x) = ap and y(ax) = Po(x). 

From the above discussion we obtain that z(x) is an even or odd polynomial of degree 
(n —m): 
ao, 
a,z. 


2(£) = Qi t ™ + One ot OF + { (B.104) 

Let us present several examples for m = 1. If n = 1, then q = 0, thus z(#) = ao. If n = 2 
then g = 1, thus z(x) = a,2. Ifn = 3, gq = 2 and z(x) = a9 + ag2?, and from the recurrence 
formula we have az = —5apo. 
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Reading Exercises: 


1. Find z(x) form =1 and n=4. 
Find z(x) for m = 2 and n= 4. 
For all above examples check that (keeping the lowest coefficients arbitrary) 
2(x) = £ P, (x). 


Given that \ = n(n+1) we can obtain a solution of Equation (B.101) using the solution of 
the Legendre equation, Equation (B.67). Let us differentiate Equation (B.101) with respect 
to the variable z: 


(1-27) (2) —2[(m+1) 4 1a(z) + [n(n +1) —(m41)(m4+2)]2z =0. — (B.105) 


It is seen that if in this equation we replace z’ by z and (m+1) by m, the obtained equation 
becomes Equation (B.101). In other words, if P,() is a solution of Equation (B.101) for 
m = 0, then P’ (x) is a solution of Equation (B.105) for m = 1. Repeating this we obtain 
that P’’(x) is a solution for m = 2, P’” (x) is a solution for m = 3, etc. For arbitrary integer 
m, where 0 < m <n, a solution of Equation (B.101) is the function 4 P,,(2), thus 


2(x2) = pee ae 0<m<n. (B.106) 


With Equations (B.105) and (B.100) we have a solution of Equation (B.99) given by 


y(x) = (1-2)? Pal), O0<m<n. (B.107) 


The functions defined in Equation (B.106) are called the associated Legendre functions and 

denoted as P’"(x): 

m qm 

Peg) = (la)? Gam Pn(@). (B.108) 
x 

Notice that 4 Pr, (x) is a polynomial of degree n — m, thus 

Py (-a) = (-)" "Py (2), (B.109) 


which is referred to as the parity property. From Equation (B.107) it is directly seen that 
P"" (x) = 0 for |m| > n because in this case m-th order derivatives of polynomial P,,(x) of 
degree n are equal to zero. The graphs of several P’”(x) are plotted in Figure B.11. 

Thus, from the above discussion, we see that Equation (B.98) has eigenvalues 


mim+1), (m+1)(m+4+2), (m+ 2)(m +3), (B.110) 
with corresponding eigenfunctions, bounded on {—1, 1], are 
Pr(t), Priyi(t), Pmipo(t), --. (B.111) 


Equation (B.98) (or (B.99)) does not change when the sign of m changes. Therefore, a 
solution of Equation (B.51) for positive m is also a solution for negative values — |m|. Thus, 


we can define P’"(x) as equal to pin (x) for -n<m<n. 


Prll (2) = Pll(a), (B.112) 
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FIGURE B.11 
Graphs of P?(x), P?(x), P?(x) and P?(z). 


The first several associated Legendre functions P}(x) for m = 1 are 


Associated Legendre function P’”(a) has (n — m) simple (not repeating) real roots on the 
interval -l<a<l. 
The following recurrence formula is often useful: 


Qa +l)eP) (2) —(n— mt PL @)— (+ mP2Z(e) =0. (B.113) 


B.9 Fourier-Legendre Series in Associated Legendre Functions 


Functions P’"(x) for fixed value of |m| (the upper index of the associated Legendre func- 
tions) and all possible values of the lower index, 


Pe), Presi UB) Pg) sae (B.114) 


form an orthogonal (with respect to the weight function r(x) = 1) and complete set of 
functions on the interval [—1, 1]. In other words, for each value of m there is an orthogonal 
and complete set of Equations (B.112). This follows from the fact that these functions are 
also the solutions of a Sturm-Liouville problem. Thus the set of Equations (B.112) for any 


Bessel and Legendre Functions 335 


given m is a basis for an eigenfunction expansion for functions bounded on [—1, 1] and we 
may write 


=) oa). (B.115) 


The formula for the coefficients c, (k = 0,1,2,...) follows from the orthogonality of the 
functions in Equation (B.112): 


or fs Prk (ede = PEE 5 f(a)P™,,(x)dx.  (B.116) 


a ean 2(2m+k)! 


Peal? 


As previously, the sequence of the partial sums Sy(x) of series (B.113) converges on the 
interval (—1,1) in the mean to the square integrable function f(s), i.e. 


| [f (a) — Sn (a)]° dx > 0 as N-—- oo. 


-—1 


For piecewise-continuous functions the same theorem as in the previous section is valid. 


Example B.6 Expand the function 


f(x) l+a, -l1l<2<0, 
Me Vag: ea eg 


in terms of associated Legendre functions P’”(x) of order m = 2. 
Solution. The series is 
f(x) = co P3 (x) + cy P2 (x) + cP? (x) + c3P2(z)..., 


where coefficients cz are 


2k+5 kl! : 
Ck = 9 (eral [a + x)Peyo(x)dx +| (1—2)Pp,2(x)dz| . 
Because f(x) is an even function of 2, c, = c3 =c5 =... = 0. 


The first two coefficients with even index are 
57° i 25 
——— 1+ 1-2? 1—- 1-2? = 
Co al/ x)3 ( ode fi a) 3 ( 1?) de 96° 


0 1 : ; 1 
a= al f a+oz (= 2) (10-1) ar | (1-2) 2 (1-22) (ta —1)dr eae 


The graph of f(a) and the partial sum of respective Fourier-Legendre series is shown on 
Figure B.12. 


B.10 Airy Functions 


The Airy functions are the particular solution of the equation (Airy equation): 


y’ —ary=0. 
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Cc 


FIGURE B.12 

The function f(x) and the partial sum of its Fourier-Legendre series in terms of associated 
Legendre functions P?(x). a) The graph of f(a) is shown by the dashed line, the graph of 
the partial sum with N = 10 terms of series by the solid line; b) values of the coefficients 
cr of the series. 


This simple equation has a turning point where the character of the solution changes from 
oscillatory to exponential. 

There are Airy functions of the first kind, Ai(a), and the second kind, Bi(x); when 
x — —oo both oscillate (with equal decaying amplitude, the phase shift between them is 
1/2, see Figure B.13). For x > +00, function Ai(x)exponentially decays and function Bi(z) 
exponentially increases. 

For real x functions Ai(x) and Bi(x)can be presented by the integrals 


ae as e 
Ai(x) = -{ cos (5 + ot) dt, 
T Jo 3 
iy ae a a 
Bi(x) = A. lew ( 3 it) sin (5 ot) dt. 


This can be easily proven - differentiating these integrals we obtain the Airy equation in 
both cases. 


Ai(x)— _ Bi(x) 


FIGURE B.13 
Functions Ai(x) (black) and Bi(a) (gray). 
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Relation to Bessel functions of different kinds 


For x > 0 the Airy functions are related to modified Bessel functions: 
1/1 2 
Ai(a) = —\/=ak ra 
i(x) = a” 1/3 € , 


; /1 2 2 
Bi(x) = a 1 (Fe*") +1173 (Ge"")| ; 


2,/ 


where [41/3 and Ky/3 are solutions of the equation «y" + xy! — (a? + 1/9) y=0. 


For x < 0 the Airy functions are related to Bessel functions: 


1 2 2 

Ai(—2x) = -J/x S173 = 73/2 + J_1/3 “73/2 5 
3 3 3 
/1 2 2 

Bi(-<2) _ 37 [Jars (Fe) Ji/3 (Fe) | 5 


where J+1/3 are solutions of the equation x?y” + xy! — (a? + 1/9) y =0. 


Problems 


Bessel Equation 
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1. Find the eigenfunctions of the Sturm-Liouville problems for the Bessel equation 
on [0,2] assuming that function y(«) is finite at « = 0 — this a boundary condition 
at x = 0. Equations below are the same as Equation (B.1) where z is used for r. 
(a) x? y" + xy’ + (Az* — 1)y =0, y(1) = 0; 

(b) ay’ + ay! + (Ax? — 4)y = 0, y(1) = 0; 
(c) wy" + ay! + Ax*y = 0, y'(2) = 0; 
(d) ay” + ay’ + (Ax? — 9)y = 0, y(3) + 2y'(3) = 0. 

2. Expand the function f (2), given on the interval [0, 1], in a Fourier series in Bessel 
functions of the first kind, X;,(x) = Jo (ux), where pe? are positive roots of the 
equation Jo (tu) = 0 (in Problems 2 through 8 coefficients of expansion you can 
find with Maple, Mathematica, or with the software from books [7, 8]), if: 

(a) f(v) =sin7az; 
(b) f(z) = 27; 
(c) f(x) =sin* 72; 
(d) f(x) =1-2°; 
(e) f(x) = cos 5" 
3. Expand the function f(x), given on the interval [0, 1], in a Fourier series in 


Bessel functions X;,(x) = Ji (u%2), where pi are positive roots of the equation 
Ji (L) = 0, if: 


(a) f(@) = 2; 

(b) f(x) =sinza; 
(c) f(x) = sin? ra; 
(a) f(x) = 2(1 —2); 
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(e) f(x) =a(1— 2”). 
4. Expand the function f(x), given on the interval [0, 1], in a Fourier series in Bessel 


(0) 


functions X;(x) = Jo (ux), where ju,’ are positive roots of the equation Jj (41) = 


O, if: 


5. Expand the function 


2 


f(x)=A (1 — =): A = const, 


given on the interval [0,/], in Fourier series in Bessel functions X;(#) = 


Jo(u 2/1), where po are positive roots of the equation Jo (wu) = 0. 


6. Expand the function 
f(x) = Az, A-=const, 


given on the interval [0,/], in a Fourier series in Bessel functions X;,(z) 
Ji(u 2/1), where ul) are positive roots of the equation J{ (wu) = 0. 


7. Expand the function 
f(z) = Az?, A=const, 
given on the interval [0,/], in Fourier series in Bessel functions of the first kind 
Xz(a) = Jo(u 2/1), where po are positive roots of the equation Jj (4) = 0. 
8. Expand the function 


ta) x?, O0<2<1, 
C= 
x, 1l<a<2, 
given on the interval [0,2], in Fourier series in Bessel functions of the first kind 


X; (x) = Jo (uf 2) 5 i) (1 = 2), where pO) are positive roots of the equation 
pJh(q1) + hl Ja(u) = 0. 


Fourier-Legendre functions 


For each of Problems 1 through 8 expand the function f(x) in the Fourier-Legendre functions 
P(x) on [-1,1]. Do expansion for a) m = 0 — in this case the functions P’"(x) are the 
Legendre polynomials P,,(x); b) for m = 1; c) for m = 2. 

Write the formulas for coefficients of the series expansion and the expression for the 
Fourier-Legendre series. If the integrals in the coefficients are not easy to evaluate, try to 
evaluate them numerically. 

Using Maple or Mathematica, or software from books [7,8], obtain the pictures of several 
orthonomal functions P?”, (x), plot the graphs of the given function f(x) and of the partial 
sums S'y(a) and build the histograms of coefficients c, of the series. 


1. f(x) =2¢-1. 
2. f(x)=1-27. 
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3. f(«) -1l, -l<2z<0, 
J xv) = 
if 0<a<l. 


0, -l<2<0Q, 
4. f(x)= 

x, O0<a<l. 
5. f(x) = cos > for 12 <1. 
6. f(x) 0, -l<2<0, 
. f(x= 

Vl-4a, O0<a<l. 
7. f(v) =sinza. 
8. f(x) =e. 


C 


Sturm-Liouville Problem and Auxiliary Functions 
for One and Two Dimensions 


C.1 Eigenvalues and Eigenfunctions of 1D Sturm-Liouville 
Problem for Different Types of Boundary Conditions 


The one-dimensional Sturm-Liouville boundary value problem for eigenvalues and eigen- 
functions is formulated as: 


Find values of parameter X for which there exist nontrivial (not identically equal to zero) 
solutions of the boundary value problem: 


XP AX = 0,0 <a <i, 
P,[X] = a, X'+ 6, X|,_5 =0, Jar] +|61| £0, 
Po[X] = agX' + BoX|,-, =0, ae] +|52| 4 0. 


The eigenfunctions of this Sturm-Liouville problem are 


1 F 
Xn (x) = Jahn + BE [er Vn cos J rn& = By sin Vrn2| . 


These eigenfunctions are orthogonal. Their square norms are 


L 
ot 2 _— 1, , (Boar = Bie2)(Ana1a2 — 182) 
nl =| Aedes f na? + B2)Ona8 + BF) | ; 


The eigenvalues are 


where fy is the nth root of the equation 


(a1 82 — a2h1)lu 
La a2 + 1? By Bo° 


tan pb = 


Below we consider all possible cases (combinations) of boundary conditions. 


1. Boundary conditions (a, = az = 0, 6, = Bo = 1): 
X(0)=0 — Dirichlet condition, 
X(l) =0 — Dirichlet condition. 
Eigenvalues: A, = [+] : aU SL, De es O08 


Eigenfunctions: X,,(a) = sin Sit, ([xale= % 
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2. Boundary conditions (a; = 0, 6; = 1, ag = 0, bo = 1): 
X(0)=0 — Dirichlet condition, 


X'(l) =0 — Neumann condition. 


2n+1)]? 
Eigenvalues: A, = oe | » nm=0,1,2,....,c. 
2 1 l 
Eigenfunctions: X;,(x) = sin mens), (lAall= 5 
3. Boundary conditions (a; = 0, 6; = 1, ag =1, Bz = he): 
X(0) =0 — Dirichlet condition, 
X'(1) + hgX (1) =0 — mixed condition. 
2 
Higenvalues: An, = [=| , where 4, is n-th root of the equation tan u = a 
2 
= 0,7, 2) 20u5.00s 
Eigenfunctions: X,(z) =sinWAnz,  ||Xn||? = 1+ ha 
4. Boundary conditions (a; = 1, 6; = 0, ag =0, 82 = 1): 
X'(0) =0 — Neumann condition, 
X(l)=0  — Dirichlet condition. 
2n+1)]? 
Eigenvalues: A, = | , n=0,1,2,....,00. 
2 1 l 
Eigenfunctions: X,,(x) = cos mene), (alia o 
5. Boundary conditions (a; = ag = 1, 3; = 82 = 0): 
X'(0) =0 — Neumann condition, 
X'(l) =0 — Neumann condition. 
2 
Eigenvalues: A, = [+] § = i052 aiekso: 
Tm ; n= 0 
Figenfunctions: X,(x) =cos—z, ||Xn||? = 
l L2o a> 0 
6. Boundary conditions (a; = 1, 6; = 0, ag =1, B82 = he): 
X'(0) =0 — Neumann condition, 
X'(1) + hgX (1) =0 — mixed condition. 
; Ln 2 : ‘ hyl 
Eigenvalues: A, = [=] , where ft, is n-th root of the equation tany = Te, 


=O, 15 2 pik o2f.008 


1 h 
Eigenfunctions: X;,(z) =cosVAnz, || Xn||? = 5 (: 1s 2a) : 
n+ hy 


7. Boundary conditions (a; = 1, 6; = hi, ag =1, 82 = 0): 
X'(0) —hiX(0) =0 — mixed condition, 


X'(l) =0 — Neumann condition. 
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Al 
m >, 


2 
Eigenvalues: A, = eal , where ft, is n-th root of the equation tany = 


n=0,1,2,....,00. 


VXn 608 Ant + hr sin VAna], 


Eigenfunctions: X,,(“) = 


Tare 


1 hy 
X,|/? == (1 
war H(e 
8. Boundary conditions (a; = 1, 6; = hi, ag =1, Bo = he): 


X'(0) — hy X(0) =0 — mixed condition, 
X'(1) +hgX(l) =0 — mixed condition. 


2 
Eigenvalues: A, = |=] , where pp is n-th root of the equation 


(hy + ho) 
t St = 05152 eon 
an LL p2 hyhal2’ n 0, oa) » CO 


Eigenfunctions: X,,(”) = 


Tees [Ve c08 Ine + hi sin Vn] 


x (hy + ha)(An + hihe) 
nll = (: rae) 


C.2 Auxiliary Functions 


1. Auxiliary Functions w(z,t) for 1D Hyperbolic and Parabolic Equations 
In the case of nonhomogeneous boundary conditions 


0 
P, {uj = peoeae + Bu 


3 =gi(t), |ai]+|A1| 49, 
wi 


x=0 


0 
Py[u] = (ig + Bou 


dz = g2(t), |a2| + |G2| 40 (C.1) 


xr=l 


the solution to the BVP can be expressed as the sum of two functions 
u(x,t) = v(2,t) + w(t), (C2) 


where w(z,t) is an auxiliary function satisfying the boundary conditions and v(z,t) is a 
solution of the boundary value problem with zero boundary conditions. 
We seek an auxiliary function w(,t) in a form 


w(a,t) = gi(t)X (a) + go(t)X (x), (C.3) 


where X(x) and X(x) are polynomials of 1° or 2"¢ order. The coefficients of these polyno- 
mials are adjusted to satisfy the boundary conditions. 


Functions X (2) and X(a) should be chosen in such a way that 
P, [X(0)] =1, P.[X()] =0, 
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P, [X(0)] =0, Py [xo] =1. 


If 6, £0 or Bg £0 then functions X (a2) and X (x) are polynomials of the lst order 


X(z) = + 612, X(z) = 72 + bon. 


(C.4) 


Coefficients 1, 61,72,02 of these polynomials are defined uniquely and depend on the types 


of boundary conditions: 


= a2 + Bal a — Be 
= 61 Bol + Braz — Bea’ > Bi Bol + Braz — Bea4’ 
2 = = 62 = Pa ; 
Bi Bol + Braz — Bea’ Bi Bel + Brag — Bea 


If 6; = Bg = 0 then functions X (a) and X (x) are polynomials of the 2nd order 


X(z)="- >; (t) = 5: 


Below we present auxiliary functions for different types of boundary conditions. 


u(0,t) = gilt), 
1. Boundary conditions: =a) 
u(l,t) = go(t). 
x x 
Auxiliary function: w(x, t) = [1 - =| -gi(t) + — + go(t). 
ins u(0,t) = gilt), 
2. Boundary conditions: 
Ux (1, t) = go(t). 


Auxiliary function: w(x,t) = gi(t) + rgo(t). 


u(0,t) = g(t), 
(t,t) + —_ t) = g2(t). 


5 e] nll) + 5 ool. 


3. Boundary conditions: cr 


Auxiliary function: w(z, t) iow 

2(0,t) = it), 

u(l,t) = ga(t). 

Auxiliary function: w(x, t) = (a@ — I)gi(t) + ge(t). 
uz(0,t) = gi(t), 

Ua (I, t) = ga(t). 


4. Boundary conditions: fe 


5. Boundary conditions: 
on 
2l 
uz (0, t) = gi(t), 

Uz(l, t) a hou(l, t) = ga(t). 


1+ hol 1 
Saath: 
ho gi(t) + Fs ga(t) 


Auxiliary function: w(x, t) = E _ F g(t) + aI - go(t). 


6. Boundary conditions: 


Auxiliary function: w(x, t) = E - 


(C5) 


(C.6) 
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Uz (0,t) — hiu(0,t) = gilt), 
u(l,t) = go(t). 

- 1+h 
Auxiliary function: w(x, t) = 7 - -gi(t) 4 re 
Ux(0,t) — hiu(0,t) = gilt), 


Ug (l,t) = go(t). 


7. Boundary conditions: 


8. Boundary conditions 


1 1 
Auxiliary function: w(z,t) = in -gi(t) 4 E - go(t). 


0,t) — hy u(0,t) = gi (t), 
9. Boundary conditions ¥2(0,8) 14(0,2) = al) 


Auxil function: t) = ——_——__. —__———__ . ga (t). 
uxiliary function: w(, t) ra eee a gi Sa rar Ta a g2(t) 
2. Auxiliary Functions w(z,y) for Poisson Equation in Rectangular Domain 


Consider the boundary value problem for Poisson equation with nonhomogeneous bound- 
ary conditions 


Ou Ou 
P,[u] = an, + hu ee ny), Palu) = ara + Bou aie = 92(y), 
Ou Ou 
P3{u| = 037 + B3u = g3(r), Pyfu] = oz + Bau = g(a). (C.7) 
y y=0 y yal, 
The solution to the BVP can be expressed as the sum of two functions 
u(x, y) = (x,y) + w(z,y), (C.8) 


where w(z,y) is an auxiliary function satisfying the boundary conditions and v(z,y) is a 
solution of the boundary value problem with zero boundary conditions. 
We seek an auxiliary function w(z, y,t) in a form 


w(x, y,t) = gi(y)X + g2(y)X + g3(a)¥ + ga(a)¥ 
PACK Y 4B XY FOXY + Dixy, (C.9) 


where X(z), X(z) and Y(y), Y(y) are polynomials of 1°* or 2”¢ order. The coefficients of 
these polynomials are adjusted to satisfy the boundary conditions. 


We will choose the functions 4X, x} in such a way that the function X(zx) satisfies 


homogeneous boundary condition at « = I, and the function X(x) satisfies homogeneous 
boundary condition at « = 0, 


P,[X(le)] =0, Pi [X(0)] 20) 


Also, it is convenient to normalize the functions X(x) and X(x) so that 


P,[X(0)| =1, Pe [X(e)| =e 
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The final choice of functions {X, Xx depends on the type of boundary conditions for the 
function u(z, y). 


Suppose 3; and 82 are not both zero. In this case we can search for X (x) and X (x) as 
polynomials of the first order: 


X(z)=714+612 and X(z) = 72 + bon. (C.10) 
This choice yields the system of equations 


Pi [x] =a, X_,t+ Bitlice = Bin +a,6, = 1, 
P, [X] Say X,+ foX |=) = Boy + (a2 + Balz) d1 = 0, 


and 


Py [x] =aiXz +X ai Biy2 + 0162 = 0, 


Py |X| = a2X_ +foX = Boy2 + (a2 + Bale) d2 = 1. 
L=ly 


From the above conditions we may find a unique solution for coefficients 71, 61, y2, 62: 


az + Bole — Be 


= > 6 — ’ 
si Bi Bale + Bia2 — Boay : Bi Bale + Bia2 — Boar 
—-A1 By 
es Cee Cll 
x Bi Bale + Bia2 — Boar ° Bi Bale + Bia2 — Boar ( ) 
If 8, = 82 = 0 then functions X (x) and X (x) are polynomials of the 2nd order 
= a2 — qe 
X(@e)=2-5, Faas (C12) 


If 63 £0 or G4 4 0 then the functions Y(y) and Y(y) are polynomials of the 1*’ order and 
we may write 


Y(y) =73+d3y, Y(y) =74 + day. (C.13) 


The coefficients 3, 63, 74, 64 of these polynomials are defined uniquely and depend on the 
types of boundary conditions: 


pe a4 t Baly a —By 
9 BsBaly + B304— Braz’ * ~~ Bs Baly + 8304 — Baas’ 
=—A3 B3 
= £ t= C.14 
Te BaBaly = Baca — Blog’ ° BsBily + Bsou = Bios eu 


If 63 = 84 =0, then Y(y) and Y(y) can be taken as polynomials of the second order: 


2 2 


Y(y)=y- ae Y(y) = 1, (C.15) 


Coefficients A, B, C, and D of the auxiliary function w(2, y) are defined from the bound- 
ary conditions: 
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At the edge: = 0: Pi[w]2-0 = gi(y) + (Pilgs(0)] + A) Y + ; 
At the edge: 2 = ly: Po[w]2=1, = 92(y) + (Pelgs(le)] + C)Y + (Pelga(le)] + D) 
At the edge: y = 0: P3[w]y=o = g3(x) + (P3[gi(0)] + A) X + Xen = 
At the edge: y = ly: Palwlya1, = g(x) + (Palgi(ly)] + B) X + (Pa[g2(ly)] + D) X. 


= 
9 


3. Auxiliary Functions, w(xz,y,t), for 2D Hyperbolic or Parabolic Equations in 
Rectangular Domain 

Consider the boundary value problem for hyperbolic or parabolic equation with nonho- 
mogeneous boundary conditions 


Ou — Ou 
P,{u) = On. + Biu aes =gily,t), Palu] = O25 + Bou bok © ga(y,t), 
Ou Ou 
P3[u] = a3 + 63u = g3(a,t), Pau] = wa + Byu = ga(a,t). (C.16) 
¥ y=0 y y=ly 


The solution to the boundary value problem can be expressed as the sum of two functions 
u(x, y,t) = v(x, y,t) + w(a,y,t), (C.17) 


where w(a,y,t) is an auxiliary function satisfying the boundary conditions (C.17) and 
v(a,y,¢t) is a solution of the boundary value problem with zero boundary conditions. 
We seek an auxiliary function w(z, y,t) in a form 


w(x, y,t) = gi(y,t)X + go(y,t)X + g3(a,t)¥ + ga(a,t)¥ 
+ A(t)XY + B(t)XY + C(t)XY + D(t)XY, (C.18) 


where X(z), X (x) and Y(y), Y(y) are polynomials of 1%* or 2" order. The coefficients of 
these polynomials are adjusted to satisfy the boundary conditions. Formulas (C.10)—(C.12) 
are used to construct functions X(x), X(x), and formulas (C.13)-(C.15) — to construct 


functions Y(y), Y(y). 

Using these results we can find the coefficients A(t), B(t), C(t) and D(¢) in the auxiliary 
function w(x, y, t). 
At the boundary x = 0 we have 


P,[w]e—0 = 91(y,t) + (Pailgs(0,t)] + A) ¥ + (Pilga(0,t)] + B) Y. 
At the boundary x = 1, we have 


Po[w]e=t, = g2(y;t) + (Polga (Ie, t)] + C)Y + (Polga(le,t)] + D)Y. 


WN 


At the boundary y = 0 we have 
Ps[w]y—o = gs(2, t) + (Pslgu(0,t)] + A) X + (Pslga(0,t)] + 0) X. 
At the boundary y = ly we have 
Palwly=t, = ga(v,t) + (Palgi (ly, t)] +.B) X + (Palga(ly,t)] + D)X. 
To simplify the above we may choose 


A(t) = —Ps[gi(y,t)|y-0, Bt) = —Palgi(y,t)|y=i,; 
C(t) = —P3[92(y,t)]y=0, Dt) = —Palge(y, y=, - 


D 


The Sturm-Liouville Problem for Circular and 
Rectangular Domains 


D.1 The Sturm-Liouville Problem for a Circle 


Let us consider the following Sturm-Liouville problem for a circle: 


V7utrAy=0, O<r<l,0<y<2zr, (D.1) 


12H 5 suing 


u(r, y) = ulr, y + 27), |o| + |B] #0. 
In polar coordinates, (r,y), the Laplacian has the form 


2 lod Ou 1 0?u 
es, COR "72 Oy?” 


=0, (D.2) 


r=l 


Separating the variables 
u(r, p) = R(r)®(y) (D.3) 

we obtain from Equation (D.1): 
ré (722) +Ar?R = ®” (y) 
R(r) O(y) 


For periodic in y function ®(y) we have the following Sturm-Liouville problem: 


=v. (D.4) 


Oo” +vb=0, 0<y< 2z, 
O(y) = (y+ 2z). 


Its solutions are 


_ _ f cosny, eS 7 
& = an(¢) = { Gene vV=',=n, n=0,1,2,... (D.5) 
For each v = n? we have equation for R(r): 
Oa oR 1 oe 
re (rs) + (Ar? —n?)R=0, O0<r<l. (D.6) 


Function R(r)should satisfy the boundary condition 


= 0, |o| + |5| 4 0, 
I 


r= 
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which follows from Equation (D.2); also this function should be bounded r = 0: 
|R(0)| < oo. 


Therefore, we have the following Sturm-Liouville for R(r): 


PR"(r) +rR(r) + (Ar? =n?) R(r)=0, Or <1. 0) 
ok +BR| =0, |a|+|6| 49, (D.8) 

r=l 
| R(0)| < 00. (D.9) 


Equation (D.7) by a substitution 2 = rv becomes the Bessel equation of n-th order: 


xy"! + ay! + Ge —n)y — (0. 


It has two particular solutions Jp(VAr) and N,(VAr), but because the second one is 
unbounded at r — 0 it has to be dropped for the internal problem, thus the eigenfunc- 
tion of the BVP (D.7)-(D.9) is 


Riley ST, (var) ; (D.10) 
From the homogeneous boundary condition given in Equation (D.8) we have 
avX Ji, (VAL) + Bn (VAL) = 0. 
Setting VAl = p we obtain a transcendental equation defining ps 


opp (i) + Bl In (ue) = 0, (D.11) 
which has an infinite number of roots which we label as 


Byes tA yD ha 


The corresponding values of \ are thus 


us \” 
Anm = = ’ n,m =0,1,2,... (D.12) 


From here we see that we need only positive roots, sn ) because negative roots do not give 


new values of Anm.- 
The eigenfunctions are 


(n) 
Ram(r) = In, Gas : (D.13) 


The index m = 0 corresponds to the first root of Equation (D.11). (It should be noted that 
very often the roots are labeled with the starting value m = 1 in the literature.). 


Eigenfunctions Rnm(r) belonging to different eigenvalues An, for some fixed value of n 
are orthogonal with weight r: 


i rRam,(") Ram. (r)dr = 0, (D.14) 
0 
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or 


[ors (uin)r/1) Jn, (uindr/2) dr=0 for m, #mz. (D.15) 


Combining the results for the functions ®,,(y¢) and Rrm(r) we see that for each eigenvalue 
Anm there are two linearly independent eigenfunctions: 


(n) (n) 
V(r, ~) = In (a) cosnp and V,2)(r,~) = Jn (i) sin ny. (D.16) 


Since , 7 , 
dy = 2r, i, cos? np dy = 7, i sin? nd dd = x(n > 0) 
0 0 0 
the norms of the eigenfunctions vi (r,~) and v2) (r, y) are 


2 2 2 
Vo) = 27 eam OI?, VP =||VAQI =a Leem(I? for n>0. (0.17) 


(n) 
The squared norm ||Rnm||* = i ee (4A) dr is: 


1) For the Dirichlet boundary condition a = 0 and 8 = 1, in which case eigenvalues 
are obtained from the equation 


In(u) = 0 
and we have 


|Ramll? = 5 [at (us?) ]”. (0.18) 


2) For the Neumann boundary condition a = 1 and £ = 0, in which case eigenvalues 
are obtained from the equation 


Jn (He) = 0 
and we have 
[aml = ey (ue)? 0] a2). ag 


3) For the mized boundary condition a = 1 and 8 = h, in which case eigenvalues 
are obtained from the equation 


pd, (4) + Al In (i) = 0 


and we have 


Rall? = ay (us)? + PR - 1] (uo), (D.20) 
2 ( pm 
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D.2. The Sturm-Liouville Problem for the Rectangle 
Let us consider the following Sturm-Liouville problem for the rectangle: 
Vex(@,y) + Vyy(2,y) +AV(z,y) =0, O<ar<a0<y<b, (D.21) 


Pi|[V] = a1Ve + PiV|p-9 =9, Pa[V] = a2Ve + BoV,_,, = 9, 
P3(V] = a3Vy + B3V|y—0 = (); P[V] = aaVy + BaV | ya, = 0. (D.22) 


To solve Equation (D.21) for V(a,y) we make the assumption that the variables are inde- 
pendent and attempt to separate them using the substitution 


V(x, y) = X(x)Y(y). 
From here we obtain two separate one dimensional BVP: 


X"(2) + Ap X(x) = 0, 


ayX'(0) + 61X(0) =0, aX" (Ix) + B2X (Ix) = 0 (D.23) 
and 
Y"(x) + Ay¥(y) = 0, 
a3Y"(0) + B3Y(0) =0, aaY’ (ly) + BY (ly) = 0, (D.24) 
where 
Ne + Ay = >. 


The boundary conditions for X(x) and Y(y) follow from the corresponding conditions for 
the function V(x, y). For example, from the condition 


a1V2(0,y¥) + B1V (0,4) = a1 X"(0)¥ (y) + BX (0)Y (y) 
= [aX"(0) + 6X (0)] Y(y) =0 
it follows (since Y(y) 4 0) that 
a X'(0) + BX (0) =0. 


Solutions to Equations (D.23) and (D.24) (given in Appendix C) depend on the boundary 
conditions and have the generic forms 


X(x) = Ci cos J rp + Cgsin /Az2, 
and 
Y(y) = D1 cos v/ Ayy + Dz sin V/ Ayy. 


Boundary conditions for problem (D.23) lead to the system for defining coefficients C1 
and Cz 


C18, + CoarWXz = 0, 
C, [-a2VAz sin VAgls + Bg cos VAgle | (D.25) 
+C> [aov Az COS V Agly + Bo sin V Axle =0. 
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This system of linear homogeneous algebraic equations has a nontrivial solution only when 
its determinant equals zero 


(ara2Az + 6182) tan V Art — V/z (2182 — Bia2) = 0. 


It is easy to determine (for instance by using graphical methods) that this equation has an 
infinite number of roots {Agn }?°, which conforms to the general Sturm-Liouville theory. For 
each root Aen, we obtain a nonzero solution of Equations (D.25) 


arVXen oA 


Cy = CS —,, (= ; 
. V run? + B? ° VJ runod + BF 


where C' ¥ 0 is an arbitrary constant. 
Similarly boundary conditions for problem (D.24) lead to the system for defining coef- 
ficients D, and Ds: 


D183 + Dz03,/ry = 0, 
Dy [—aay/Xy sin V/Ayly + Ba cos V/Ayly] (D.26) 
+Do [a4 /Ay 08 V/Ayly + Basin V/Ayly| = 0 


This system of linear homogeneous algebraic equations has a nontrivial solution only when 
its determinant equals zero: 


(a304Ay + 6384) tan /Ayy — V/Ay (2384 — 8304) = 0. 


This equation has an infinite number of roots {Aym}{°. For each root Aym we obtain a 
nonzero solution of Equations (D.26): 


D, =p —23v4um_ sp, =p Bs 
sm 5 OR” OT” amNY) RTT ITS 
ym*3 3 ym*3 3 


where D ¥ 0 is an arbitrary constant. 


Collecting the above results we have eigenfunctions for the Sturm-Liouville problem 
defined by Equations (D.23) and (D.24) given by 


Xn(z) = Jeon FH [en VA an COS \/ Aanla = By sin V Aanla iF 
Ym(y) = FTE [a 3 Aym €08 V/Aymly — 63 sin VXymly| (D.27) 


(square roots should be taken with positive signs). 
The eigenvalues of the problem are 


2 2 
Non = |o22| and Aym = |S , (D.28) 
L, ly 


where [zn is the n-th root of the equation 


(a1 82 — 0281) lets 
, D.29 
Ha, a2 + 126 Bo ( ) 


tan Me = 
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and [ym is the m-th root of the equation 


(a384 — a4(3) Ly by 


tan fy = , 
4 pRagag + 126384 


(D.30) 


The norms of the eigenfunctions are given by 


i 
ed ae = _ (A182 — 0281)(Avno1a2 — B12) 
IXalP = f° Xdede= 5 [be ead a | 


1 
2 [x2 ae! _ (0384 — a4 83)(Aymasas — 8384) 
I| Yn | - | Yin(y)dy = 5 i, + a? + B2)Ognat + BP) | (D.31) 


in which case functions X,,(x) and Y;n(y) are bounded by the values +1. 


If Arn and X,,(x) are eigenvalues and eigenfunctions of Equation (D.23), and Ay, and 
Ymn(y) are eigenvalues and eigenfunctions of Equation (D.24), then 


Anm = An + Aym (D.32) 
and 
Vam (x,y) = Xn(x)¥m(y) (D.33) 
are the eigenvalues and eigenvectors, respectively, of the problem in Equation (D.21). 
The functions Vim(xz,y) are orthogonal and their norms are 
[[Viorall” = [| Xroll? [¥rall? - (D.34) 
Any twice differentiable function F(x, y) obeying the same boundary conditions as the 


functions Vm, can be resolved in absolutely and uniformly converging to F(x, y) series in 
these functions. 


E 


The Heat Conduction and Poisson Equations for 
Rectangular Domains — Examples 


E.1 The Laplace and Poisson Equations for a Rectangular Domain 
with Nonhomogeneous Boundary Conditions — Examples 


Consider the general boundary value problem for Poisson equation given by 


Ou Ou 
2 
Vou= Dae. Oy? =-f(z,y), (E.1) 
with nonhomogeneous boundary conditions 
Ou Ou 
Py[u] = an + hu =gly), Pelul = a25- + fou = 92(y), 
w x=0 Ox ral, 
Ou Ou 
P3[u] = ase + B3u| = g3(x), Palul = asa + Bau = ga(z). (E.2) 
y y=0 y yoly 


To deal with nonhomogeneous boundary conditions we introduce an auxiliary function, 
w(a,y), and seek a solution of the problem in the form 


u(x, y) = v(@, y) + w(@, 9), 


where v(x, y) is anew unknown function, and the function w(z, y) is chosen so that it satisfies 
the given non-homogeneous boundary conditions (E.2). Then function vu(z, y) satisfies the 
homogeneous boundary conditions — the solution to this problem was discussed in Section 
7.13. 

We shall seek an auxiliary function, w(z,y), in the form 


w(x, y) = gi(y)X + go(y)X + g3(a)¥ + ga(a)¥ 
ANY + BXY 4+ CXY +DXY, (E.3) 


where X(x), X(x), Y(y) and Y(y) are polynomials of 1%* or 2”¢ order. The coefficients 
of these polynomials will be adjusted in such a way that function w(2,y) satisfies the 
boundary conditions given in Equations (E.2). Notice, that function w(x, y) depends only 
on the boundary conditions (E.2), i.e. is the same for Poisson and Laplace equations. 


Consistent Boundary Conditions 


Let the boundary functions satisfy consistency conditions (i.e. the boundary functions take 
the same values at the corners of the domain), in which case we have 


P,[93(@)|e=0 = Ps{gi(y)ly=0, Pilga(x)|2=0 = Palgi(y)ly=1,; 
Po[93()\e=1, = P3lg2(y)Jy=o, Pelga(x)Ja=1. = Palge(y)|y=i,- (E.4) 
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In this case functions X(z), X (zx) are constructed via formulas (C.10)—(C.12), and functions 


Y(y), Y(y) — via formulas (C.13)-(C.15) (see Appendix C part 2). 
It is easy to verify that the auxiliary function, w(a,y), satisfies the given boundary condi- 
tions: 


Pilwlcso = gi(y), Pe[wle=i, = g2(y), 
P3[w|y=0 = 93(2), Palwly=i, = 94(2). 


Inconsistent Boundary Conditions 


Suppose the boundary functions do not satisfy consistency conditions. We shall search for 
an auxiliary function as the sum of two functions: 


w(x, y) = wi(a, y) + wa(a,y). (E.5) 


Function w;(z, y) is an auxiliary function satisfying the consistent boundary conditions 


P,[wile=o = 91(y), Polwile=i, = 92(y), 
P3[wily=0 = —AX (x) — CX(z), 
Palwily=1, = —BX(x) — DX(z), (E.6) 
where 
A=—P3[m(y)ly-0, B= —Palgi(y)|y=1,; 
C=—P3{92(y)|y=0, D = —Palg2(y)ly=1,- (E.7) 
Such a function was constructed above. In this case it has the form 
wr(x,y) = 91(y)X + ga(y)X. (E.8) 


The function w2(x, y) is a particular solution of the Laplace problem with the following 
boundary conditions 


Pi [welas0 =0, Po[we]z=i, = 9, 
P3[w|y—o = g3(x) + AX(x) + CX(a), 
Pi[wa]y—1, = ga(x) + BX(x) + DX(z). (E.9) 


This problem was considered in detail in Section 7.12. The solution of this problem has a 
form 


w(x, y) = S- [AnYinly) ae BrY2n(y)] Kale), (E.10) 


where Az», and X,,(x) are eigenvalues and eigenfunctions of the Sturm-Liouville problem 
X"+XAX=0 (0<2< lz), 
Pi[X]\ po = PalXIlent, =0- (F.11) 
The coefficients A, and B,, are defined by the formulas 


An = : iE [ [9s() + BX(x) + DX(x)| Xn(x)dz, 


la ee 
Bn = B [ [y3(«) +AX(xr) + CX(e)| Xp(x)dx. (E.12) 
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Thus, we see that eigenvalues and eigenfunctions of this boundary value problem depend 
on the types of boundary conditions (see Appendix C part 1 for a detailed account). 
Having the eigenvalues, Aun, we obtain a similar equation for Y(y) given by 


Y”"—dgnY =0 (0<y<ly). (E.13) 
We shall choose fundamental system {Yi, Y2} of solutions in such a way that 

Ps[¥i(0)] =0, Ps [¥illy)] =1, 

Pz [¥2(0)])=1, Pa [Yo(l,)] =0. (E.14) 


Two particular solutions of the previous Equation (E.13) are exp(£VAny) but for future 
analysis it is more convenient to choose two linearly independent functions Y;(y) and Y2(y) 
in the form 


¥i(y) = asinh VAny + bcosh V/ Any, 


Yo(y) = csinh V/An (ly — y) + dcosh V/Xn (ly — y). (E.15) 


The values of coefficients a, 6, c, and d depend on the types of boundary conditions 
P3[{u]y—o and P,[ujy—1,. It can be verified that the auxiliary function 


w(x, y) = wi(@, y) + w(x, y) 


n=1 


satisfies the given boundary conditions when n — oo. 


Below we present auxiliary functions for different types of boundary condition. 


P3{[ul 


uly-o =93(@) (Dirichlet condition), 
1. Boundary conditions 2 ae 
4[u] = uly, = ga(x) (Dirichlet condition). 


Fundamental system: 


sinh V/ Arn sinh VAgn(ly — y 
1G] 2 a 
sinh VAgrnly sinh VArnly 
If Ax0 = 0, Xo(x) = 1 then 
y 
Vin(y) =~, Yan(y) =1- F. 
y y 


P3[u] = ul, = 93(2) (Dirichlet condition), 


2. Boundar ditions 0 
Oran oe Rea Py{u] = = = ga(x) (Neumann condition). 


Fundamental system: 


sinh V/ Arn sinh VAxn(ly — y 
Ving) = Ae ¥p,(y) = SERN Aca — 9) 
sinh V/Agnly sinh VAgnly 
If x0 = 0, Xo(x) = 1 then 
y 


Yiny) =~ Yan(y)=1- #. 
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(Dirichlet condition), 


3. Boundary conditions 


= g4(x) (mixed condition). 


Fundamental system: 


= sinh V/AgnY 
~~ Aasinh /enly + VAon cosh VAgnly | 


Gh = ha sinh VAgn (ly — y) + VAcn Cosh VAgn (ly — y) 
ce hasinh VNenly + VXen cosh VNenly 


Yin (y) 


If Ax = 0, Xo(x) = 1 then 


y ha 
Yin = 2 pk, Yn 1 — ———_-y. 
in(y) Lenal, an(y) aye 
Ou ee 
ne ful] = — =93(x) (Neumann condition), 
4. Boundary conditions Oy | y=0 


Psu] = uly—,, =94(@) — (Dirichletcondition). 


Fundamental system: 


cosh V/\rn¥ sinh Vg (ly — y) 
Yin(y) = —_—-— Yan(y) = 
cosh VArnly VAzn cosh VArnly 
If Ax = 0, Xo(x) = 1 then 
Yin(y) =1,  Yan(y) =y-ly 
Ou me 
P3[u] = ay =g3(%) (Neumann condition), 
Boundary conditions . 5? 
Pyfu] = — = ga(z) (Neumann condition). 
Oy yal, 
Fundamental system: 
cosh VArnY cosh V/Arn (ly — y) 
Yin(y) a 2 ; Yon (y) = —~. : 
Von Sinh VArnly Von sinh VAgnly 


If Ax = 0, Xo(x) = 1 then 


1 1 
Yinty) = 5-9") Yon(y) = ¥- apy’. 
y y 
0 
P3[u] = a g3(x) (Neumann condition), 
Boundary conditions uo 
0 
Pyfu] = ai + hau =ga(x) (mixed condition). 
yaly 
Fundamental system: 
cosh VArnY 


Yin(y) 


al Niaz Stil 4 Naty bys 4 PE COSA Aaliy. 
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ha sinh V Aan (ly — y) + VAun cosh V Aan (ly — y) 

VAzxn [Nee sinh VAgnly + ha cosh VXanly| , 
If Ax = 0, Xo(x) = 1 then 


Yon(y) = 


Vege. wai aya 
in) =F Yan) = y i 
u 
P3\u) = — — h3u = 93(x mixed condition), 
7. Boundary conditions a 0 : sO gs(z) ( ) 
Palu] = uly_p, = 94(2) (Dirichlet condition). 


Fundamental system: 


hg sinh VAgny + VAen cosh VArny 


Y; n — , 
in(Y) =F inh Wale POs oan eat, 
sinh /en(ly — 
Yon(y) = fy) 


hg sinh VAgnly + VAon cosh VAgnly , 
If Ax0 = 0, Xo(x) = 1 then 


1+ hsy Y— ly 
Y n an ’ n = : 
WOT epg) Oh = Gol, 
P3[u] = ee —h3u =93(z) (mixed condition), 
8. Boundary conditions a yee 
Pyfu] = = = ga(zx) (Neumann condition). 
yal, 


Fundamental system: 


hg sinh VAanY ar 4/ New cosh VrxnY 


Y; n = \ ’ 
A ey eae PY) wen ATES TTY 
cosh VAzxn (ly — 
Yon(u) = ae 


V Aon sinh VAgnly + hg cosh VArnly , 
If Ax0 = 0, Xo(x) = 1 then 


1+ hsy YY ly 
Y n — ’ n = : 
wT Oe = Try 
0 
P3[u] = 5 —h3u = 93(x) (mixed condition), 
9. Boundary conditions _ au y=? 7 
Pylu] = Dy + hau = g4(x) (mixed condition). 
yaly 


Fundamental system: 


hg sinh VAxnY + Van cosh VAnY 


Y, n = ? 
in(y) (Aen + Agha) sinh WAenly + Xen (h3 + ha) cosh WAanly 
Yan(y) ha sinh V Arn (ly — y) + VAzn Cosh VAgn (ly — y) 
2n =. 


(Aon + Agha) sinh WNenly + VAgn (hg + ha) cosh Wrenly 
If Ax0 = 0, Xo(x) = 1 then 


_ 1+ hgy 
hg tha + hghaly’ 


ha(y—ly) —1 


Yj bs 
u(y) hat tae hana, 


2(y) 
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Examples 


Example E.1 Find the stationary distribution of temperature within a very long (infinite) 
parallelepiped of rectangular cross section (0 < x < 7,0 < y < 7) if the faces y = 0 and 
y = 7 follow the temperature distributions 


u(z,0)=cosx and u(x,7) =cos3x 


respectively and the constant heat flows are supplied to the faces = 0 and « = 7 from 


outside: 3 A 
= (0) y) =siny and oO" (n, y) = sin 5y. 
Ox Ox 


Generation (or absorption) of heat by internal sources is absent. 


Solution. The problem is expressed as Laplace equation 


Pu Pu 0 
Ox? Oy? 
under the conditions 
Ou ; or 
P,[ulz—0 = 3g y) =siny (a; = 1, 8, =0— Neumann condition), 
xv 
a) 
Py{uj,—7 = aa y) = sin 5y (a2 = 1, Bg = 0 — Neumann condition), 
xv 
P3[uly=o = u(x, 0) = cosa (a3 = 0, 83 = 1 — Dirichlet condition), 
Pylulyar = u(x, 7) = cos 3a (a4 = 0, 84 = 1— Dirichlet condition). 


The solution to this problem can be expressed as the sum of two functions 


u(x, y) = w(2,y) + o(@, 9), 


where v(z,y) is a new unknown function and w(z, y) is an auxiliary function satisfying the 
boundary conditions. 
The boundary functions satisfy the consistent conditions, that is, (see formulas (E.4)) 


O(cos x : : 
P,[cos z]z—0 = cost) =0 = P3[siny]y=0 = sin y|,,—9 =0, 
at xz=0 
0 3 
P, [cos 32] 2=0 = A(cos 3x) =0 =  P,Jsin Y\y=n = sin y|y— 7 =0, 
Ox xz=0 
a) 
Po[cos z]z=n = Hees) =0 = Pylsindyly-o = sin5dy|,9 =0, 
v ie 
O(cos 3 
P2[cos 32]2=7 = Oc08 30) =0 = Pfsin5ylyor = sin5y|,_, = 0. 


Let construct the auxiliary function (E.3) satisfying the given boundary condition. In 
our problem /) = 62 = 0, so (see formulas (C.12)) 


X(x)=2-—, X(2z)=—. 
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Coefficients (C.16) of the auxiliary function (E.3) are zero: 


So, the auxiliary function (E.3) has the form: 


w(2,y) = siny: X +sin5-X +cosa-Y +cos32- 


ze zo y 
nd 1 } 31 1 _> “) 
sin y (: =) sin 5y a7 + cos x ( = 


Function v(x, y) is the solution to the Poisson problem with zero boundary conditions 


Ou ux 
Or2 TF Oy? = Fey), 


where 
~ Ow Ow 1 
f(2,9) = Ox? ° Oy? — Qn 


+2cosx-(y— 7) — 18y- cos 3a]. 


Eigenvalues and eigenfunctions are (see Appendix C part 1) 


jue = Aetna eee, eH: 


¥ 


+ cos 3x”. 
TT 


[sin y : (2? — Ina — 2) + sin 5y - (2 = 25x") 


m=1,2,..., 


Vam(2, y) = Xp(Zz) : ¥in(y) =cosnzx:sinmy, 


2 . 
2 2 2 1? /2, if n=0, 
Iam? = IXalP = Mol? = {7ah8 Ge nso 


The solution u(x, y) is defined by the series 


Co Co 
v(z,y) = S- > Chm Cos nx: sinmy, 


n=0m=1 


where Crm = 22%, fam = Tare i i fla, y) + cosna + sinmy dady. 


Anm 
Thus, 
2 
a= 7 ~ . (5 | 1) > Cnt = = = aur ety 
ce = = : (5 =) » Ons = os =( ae 5)’ 
Cim = = = sae +1)’ a ae a +9)’ 


Chm = 0 in other cases. 


The final solution is (see Figure E.1): 


2 x 


2 
u(x, y) = w(2z,y) + v(a2,y) = siny- (s- _ + sin 5y- = + cosa: (i- *) + cos 32 - 
TT TT 


20 


co [oe 
+ S- [Cri siny + Cys sin 5y] - cosna + by [Cim Cos X + C3m cos 32] - sin my. 


n=0 n=1 
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(a) 


FIGURE E.1 
Surface plot (a) and lines of equal temperature (b) for Example E.1. 


Example E.2 A heat-conducting thin uniform rectangular membrane (0 < a < I;, 0 < 
y < l,) is thermally insulated over its lateral faces. The bounds x = 0 and y = 0 are 
thermally insulated, the other bounds, x = 1, and y = l,, are held at fixed temperature 
u = uo. One constant internal source of heat acts at the point (xo, yo) of the membrane. 
The value of this source is Q = const. Find the steady-state temperature distribution in 
the membrane. 


Solution. The problem may be explored in the solution of the Poisson equation 
Ou du 
ia? Oye —Q - 6(x — x0)5(y — yo) 
under the conditions 


Ou 
Pilule-o = 5 (0,4) = 0 


(a, = 1, 8, = 0— Neumann condition), 
Py[ujeai, = U(le,y) = Uo (ag =0, 62 = 1 — Dirichlet condition), 
( 
( 


a 
P3[u]y—o = 5 (09) =0 


Pyluly=i, = u(x, ly) = uo 


a3 = 1, 63 = 0— Neumann condition), 

a4 = 0, 64 = 1 — Dirichlet condition). 

The solution to this problem can be expressed as the sum of two functions 
u(x, y) = v(x, y) + w(x, y), 


where v(x, y) is a new unknown function and w(2, y) is an auxiliary function satisfying the 
boundary conditions. 
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The boundary functions satisfy the consistent conditions, that is, (see formulas (E.4)) 


O(g3 = 0 Og. = 0 
P,[g3]2-0 = Og =9) =0 = P3lgily=o = n= 0) = 0, 
o, 2=0 y y=0 
O(ga = uo) 
Pi[gale=0 = ae aa =0 = Palgily=1, = MNly=1, =0, 
0 =U 
P2[gs3le=1, = 93lp—1, = 9 = P3\g2ly=0 = Mp2 = v0) =0, 
y y=0 
P2(g4)a=1, = 94\2-1, = uo = P4lge y= G2ly—1, = Uo- 
Let us construct the gay function (E.3) satisfying the given boundary condition. 
In our problem y = —lz, 6 = 1, y2 = 1, d2 =O and 73 = —ly, 63 = 1, ya = 1, 4 = 0 
(see formulas (C.10), (C. 11) and (C.13), (C.14)), so 
X(z)=a-lz, X(z)=1, Yy)=y-l, Y(y)=1. 
Coefficients (C.16) of the auxiliary function (E.3) are zeros: 


A=—P3|gi]y-0 =0, B=—-FPalgily—, = 9, 
C = —P3[g2]y=0 = 0, D=—Palga]y=i, = Uo- 


So, the auxiliary function (E.3) has the form: 


w(x, y) = Uo + ug Y + uUoX Y = 3Ug- 


This function w(z,y) in this example is a harmonic function, that is V2w(x, y) = 0. 
Function v(z, y) is the solution to the Poisson problem with zero boundary conditions 


Ov Pv 3 


where f(«,y) = f(a,y) + $4 + $4 = —Q - 6(a— 20)5(y — yo). 


Eigenvalues and eigenfunctions are (see Appendix C part 1) 
n—1)?  (2m-—1)? 
Al? 42 
m(2n — 1)x ae (2m — Dy 
2, 21, 


aly 


2 
dm = Aan + Aym = 2? (4 7 n,m =1,2,... 


Vam(2@,Y) = Xn(x)- Ym(y) = cos 


2 2 2 
I[Vimall” = |Xnll” > [[¥mll” = 


The solution v(x, y) is defined by the series 


=. 2n—1 2m —1 
x,y) = S- Cees noes ae = ry 


n=1m=1 


where Cym = ie with 


—]l 2m—1 
fam = —./ [ra f(x,y) - cos ie Ll cos ans VE oa, 
Ta y 


ee (2n — 1)r209 a (2m — 1) Tyo 
= 21, aly 
Trin 16Qlaly (2n — 1)729 = (2m — 1)7yo 


Crm = = 
Xnm 72 [Qn—122+(2m—1P22] ly 2, 
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(a) (b) 


FIGURE E.2 
Surface plot (a) and lines of equal temperature (b) for Example E.2. 


The final solution is: 


(2n — 1)rax es (2m — I)ry 
le 2ly 


u(x,y) = w(x, y) + o(2,y) = 3uo + S> S$) Cam cos 


n=1lm=1 


This solution was obtained for the case 7 = 2, yo = 3, up = 10, Q = 100 (see 
Figure E.2). 


Example E.3 Find the electrostatic potential in a change-free rectangular domain (0 < 
x<l.,0<y<l,), if one part of the bound (x = 0 and y = 0) is held at fixed potential 
u = u; and the other part (« = 1, and y =1,) at fixed potential u = ue. 


Solution. The problem is the Laplace equation 


au ou _ 
Ox? Oy?’ 
under the conditions 
P,[ulz=0 = u(0,y) = ur (ay =0, 6, = 1 — Dirichlet condition), 
P2[uJeai, = We, y) = U2 (ag =0, B2 = 1 — Dirichlet condition), 
P3[uly=o = u(z,0) =u, (a3 =0, 83 = 1 — Dirichlet condition), 
Py[uly=1, = u(z,ly) =u2 (a4 =0, 64 = 1 — Dirichlet condition). 


The solution to this problem can be expressed as the sum of two functions 


u(x, y) = v(@,y) + w(@, 9), 


where v(a, y) is a new unknown function and w(z, y) is an auxiliary function satisfying the 
boundary conditions. 
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The boundary functions do not satisfy the consistent conditions at points (0,l,) and 
(1,0): 


Pi [g3|e=0 = 93(0) = ui P3[qJy=0 = 91(0) = w1, 

P,[ga]e=0 = ga(0) = ug Palgily=i, = gi (ly) = u1, 
Po[93)e=1. = 93(le) = U1 P3[92]y=0 = 92(0) = ue, 
P2[9a)a=1, = g4(le) = U2 Ps[g2]y=t, = 92(ly) = ua. 


Thus, we seek function w(x, y) as a sum of two functions 


w(x, y) = wila, y) + we(x,y), 


where w1(z,y) is the auxiliary function satisfying the consistent boundary conditions (see 
(E.6)) 


and has the form (E.8) _ 
wi(x,y) = gily)X + galy)X. 


Like in the previous situations, we find functions X(x) and X(z) 
x 


ie 


X(2)=1-=, X(e)= 


Lee 
and coefficients A, B, C, D (see (E.7)) 
A=—Pilm(y)lya0=—-u, B=—Paln(y)ly=1, = U1, 
(Wly=0 =—t2, D=—Paslg2(y)|y=1, = —Ue- 
Thus, the auxiliary function w,(z, y), which satisfies the consistent boundary conditions 
Pi[wile-0 = U1, P2[wije=1, = U2, 


’ 


av 
P3[wily=o = U1 + (ua — 1) -, Palwily=i, = uy + (uz — U1) 
ly 


s-|8 


wi(2, y) =uy+ (ue = ur) 


S|8 


Function wi(2, y) is harmonic, i.e. V2wi(x,y) = 0. 
The function w2(x, y) is a particular solution of the Laplace problem with the following 
boundary conditions (see (E.9)): 


P,[weleao =0, Po[we]z=i, =, 
P3[wolyo = 93(2) + AX (a) + OX (a) = = (uw — wa), 


Pylwo]y=t, = g4(@) + BX (x) + DX (2) = (uo — uw) (1 = *) 


The solution of this problem has the form (E.10): 


w(x, y) = S- {AnYin(y) + BnYan(y)} - Xn(z), 
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where Agn, Xn(2) — eigenvalues and eigenfunctions of the respective Sturm-Liouville prob- 
lem: 


2 
ly 
ren = [F | , Xq() =sin——, |Xal? = 5. n=1,2,... 


and functions Y1,(y) and Y2,(y) for the given boundary functions are 


sinhy A, sinh VA, (1, — 
Yin(y) = jimh a 5S Yon(y) = ese iD 
sinh Anly sinhy Anly 


Coefficients A, and B, are determined with formulas (E.12): 


1 es Se 


27° 2 
= ~{ (ug — U1) (1 sin de = (uz — U1), 
x JO x x ni 


1 fm = 
By = 1B / [os(x) + AX + CX] X,(0)de 
nll* Jo 
Q fe ae 
=; — (uty = ug) sin der = ( 1) (ug — U1). 
«a JO x x nT 
So, 
= : fone _ OTe 
we(a,y) = 2 (ug — U4 pe a smvsiuh/Ich, {sinh Any + (-1)" sinh V An (ly — y)} ‘sin > 


Function w2(z,y) is a particular solution of the Laplace problem V?wa(x,y) = 0. 
Function v(x, y) is the solution to the Poisson problem with zero boundary conditions, 


where 2 9 92 2 
WwW W UW: W 
1 ae 2 2 


so, in this example 


The solution to the problem is: 


u(x, y) = wi(x,y) + w(x, y) = U1 + (us — mi) 


+2 (te — uw pe, — ee ene + (—1)" sinh af Mel - y)} - sin TL 


This solution was obtained for the case u; = 10, ug = 20 (see Figure E.3). 


ee 
EK.2 The Heat Conduction Equations with Nonhomogeneous 
Boundary Conditions — Examples 
Consider the general boundary value problem for heat equation given by 
du 4 [Ou ie Pu 
~ | Bg? Oy? 


yut f(x,y, t), (E.17) 


The Heat Conduction and Poisson Equations for Rectangular Domains — Examples 367 


FIGURE E.3 
Surface plot (a) and lines of equal potential (b) for Example E.3. 


with nonhomogeneous initial and boundary conditions 


(0s; O) | ans = p(x,y), 


0 
=nly,t), Pa[ul = 02 + Bou 


— g2ly, t), 


g=1,, 


=g(v,t).  (E.18) 


0 
= 93(z,t), Pslu] = os + Bau 
y 


yal, 


To deal with nonhomogeneous boundary conditions we introduce an auxiliary function, 
w(a,y,t), and seek a solution of the problem in the form 


u(x, y,t) = v(z, y, t) + w(2,y,t), 


where v(z,y,t) is a new unknown function, and the function w(z,y,t) is chosen so that 
it satisfies the given nonhomogeneous boundary conditions (E.18). Then function v(z, y,t) 
satisfies the homogeneous boundary conditions — the solution to this problem was discussed 
in Section 9.1.2. 

We shall seek an auxiliary function, w(z,y), in the form 


w(x, y,t) = g1(y,t)X + go(y,t)X + g(x, t)¥ + g(a, t)¥ 
+ A(t)XY + B(t)XY + C(t)XY + D(t)XY, (B.19) 


where X(a), X(x), Y(y) and Y(y) are polynomials of 1%* or 24 order. The coefficients 
of these polynomials will be adjusted in such a way that function w(z,y,t) satisfies the 
boundary conditions given in Equations (E.18). 
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Consistent Boundary Conditions 


Let the boundary functions satisfy consistency conditions (i.e. the boundary functions take 
the same values at the corners of the domain), in which case we have 


P,[93 (2, t)la-0 = P3[9i(y,#)|y=0, Prlga(z,t)le-0 = Palgi(y, t)]y=i,, 
P2|g3(z,t)]e=1, = Ps[g2(y,t)ly=0, Pelga(x, t)Je=1, = Palge(y, t)ly=1, - (E.20) 


In this case functions X (2), X (a) are constructed via formulas (C.10)—(C.12), and functions 


Y(y), Y(y) — via formulas (C.13)-(C.15) (see Appendix C part 2). 
It is easy to verify that the auxiliary function, w(x, y,t), satisfies the given boundary con- 
ditions: 

P,[w)z=0 = M(y,t), Polwla=i, = 92(y,t), 


P3[w)y=0 = 93(z,t), Palw]y=1, = ga(z,t). 


Inconsistent Boundary Conditions 


Suppose the boundary functions do not satisfy consistency conditions. Then we shall search 
for an auxiliary function as the sum of two functions: 


w(a, y,t) = w(x, y, t) + we(a, y, t). (E.21) 


Function w1(2, y,¢) is an auxiliary function satisfying the consistent boundary conditions 


Pylwi]y—1, = —B(t)X(x) — D(t)X (a), (B.22) 


where 


C(t) = —P3[92(y,t)]y=0, D(t) = —Palge(y, t)]y=i,- (E.23) 


Such a function was constructed above (for the case of consistent boundary conditions). In 
this case it has the form 


w(x, y,t) = gi (y,t)X + goly,t)X. (E.24) 
Reading Exercise. Verify Equation (E.24). 
The function w2(z, y,t) is a particular solution of the Laplace problem 


0? wo 0? wo 
Ox? Oy? 


=0 


with the following boundary conditions 


Pi[weje-0 =0, P2[we]e=i, = 0, 
P3[wa]y-0 = 93(x, t) + A(L)X (x) + C(t)X (2), 
Py[waly=t, = ga(a,t) + B(t)X (x) + D(t)X(a). (B.25) 


y 
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This problem was considered in detail in Section 7.12. The solution of this problem has a 
form 


wa(x,y,t) = > [An(t)Yin(y) + Bn(t)¥2n(y)] Xn(2), (E.26) 


where Ax, and X,(x) are eigenvalues and eigenfunctions of the Sturm-Liouville problem 


X"4+r°AX =0 (0<ar<l,) 
Pi |X] |< = Pal 4] | = 0. (E.27) 


cle 


The coefficients A,(t) and B,,(t) are defined by the formulas 


1 le _ = 
Ant) = Tyee f [sale-8) + BOX) + DOX()] Xn (whee. 
1 te = = 
Bal) = 7p | [as(e,t) + A(t)X(a) + C()X(2)| X,,(a)dz. (E.28) 


Thus, we see that eigenvalues and eigenfunctions of this boundary value problem depend 
on the types of boundary conditions (see Appendix C, part 1 for a detailed account). 
Having the eigenvalues, Aun, we obtain a similar equation for Y(y) given by 


Y" —XmnY =0 (0<y<ly). (E.29) 


We shall choose fundamental system {Yi, Y2} of solutions in such a way that 


P3 [Y1(0)] 


0, Ps [¥i(ly)] = 
P,[Y2(0)] = 1, 


1, 
Ps [Ya(l,)] = 0. (E.30) 


Two particular solutions of the previous Equation (F.13) are exp(+VAny) but for future 
analysis it is more convenient to choose two linearly independent functions Y;(y) and Y2(y) 
in the form 


Yi(y) = asinh VAny + bcosh V/Any; 
Yo(y) = csinh VAn(ly — y) + dcosh VW An(ly — y). (E.31) 


Reading Exercise. Prove that the two functions in Equation (E.31) are the solutions to 
Equation (E.29). 


The values of coefficients a, 6, c, and d depend on the types of boundary conditions 
P3[u]y—o and P,[u],=1,- It can be verified that the auxiliary function 


w(a, y,t) = wi1(x,y, t) T we(x, y, t) 


Co 


= wi(x,y,t) + >> [An(t)¥in(y) + Bn (t)¥on(y)] Xn(a) (E.32) 


n=1 


satisfies the given boundary conditions when n — oo. 


Fundamental systems of functions Y;(y) and Y2(y) for different types of boundary con- 
ditions are presented at the first part of this Appendix. 
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Example E.4 A heat-conducting thin uniform rectangular plate (0 < # <1,,0<y < ly) 
is thermally insulated over its lateral faces. The edge at y = 0 of the plate is kept at 
the constant temperature u = u 1, the edge y = l, at constant temperature u = uz, the 
remaining boundary is thermally insulated. The initial temperature distribution within the 
plate is 


u(x, y,0) = up = const. 


Find the temperature u(x, y,t) of the plate at any later time, if generation (or absorption) 
of heat by internal sources is absent. 


Solution. The problem may be resolved by solving the equation 


Qu _ 2 [Ou | Pu 
at” «| aa?" Oy? |’ 


under the conditions 
u(x, y, 0) = p(x, y) = Uo, 
0 
S¥(0,yst) = Se(lesyst) =0, u(n,0,t) =u, u(2,ly,t) = us, 


The solution to this problem can be expressed as the sum of two functions, as explained 
above, 
u(x,y,t) = w(x, y,t) + v(x, y, t). 


The boundary value functions satisfy the conforming conditions, that is, 


O93 Oga 
De ap lade ON Sala 
w= Sid 
O93 O94 
o= = =6, == =0. 
92ly-0 = Fy _ G2ly—ty = Be de 


An auxiliary function satisfying the given boundary condition is giving by formula (F.3) 
with 


X(e)=2-—, X(e)=— Fy) =1-7, Y= 7 


A(t) = B(t) = C(t) = D(t) = 0 (because boundary functions are zero), 


in which case we have 


w(a,y,t) = uy + (ug — ur) 


e |e 


Given this expression for w(x, y,t) we see that the separation of the function u(z, y, t) into 
functions w(x, y,t) and u(x, y,t) is a separation into a stationary solution corresponding to 
the boundary conditions and the solution describing the relaxation of the temperature to 
the stationary state. 

The relaxation process to a steady state described by the function v(x, y, ¢) is the solution 
to the boundary value problem with zero boundary conditions where the stationary solution 


is described by 
x Ow Ow dw 
f(a,y,t) = At o( + >) =0, 
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(a) 


FIGURE E.4 
Eigenfunctions (a) Vo1(2,y) and (b) Vos(a, y) for the free surface in Example E.4. 


Eigenvalues and eigenfunctions of this problem can be easily obtained: 


2 2 
ee ere oe ee a ae a , n= 0,1, 25.5. m=1,2,3,... 
BB 
Vena y) = Xn(2)Y¥m(y) = cos =< sin aaa 
x y 
2 2 2 leta| 2s n=0 
Iam? = IXal? Wl? = (Fea BS 


The three-dimensional picture shown in Figure E.4 depicts the two eigenfunctions, Voi (2, y) 
and Vos(x, y), chosen as examples. 
Applying Equation (9.30), we obtain 


1 ke hy 
Chm = —, | i c uy — (u2 — U1) A cos —~ sin “74 dady. 
llUnmll” Jo Jo ly ly ly 


From this formula we have 


> y ry 
Com = ~ | us Uy — (uz — U1) al sin L, dxdy 
= = { (uy — i) [= (-1)"] + (ue = a) (19, 


for n > 0, Cum = 0. And as we obtained, the temperature distribution does not depend 
on z at all. This result could be anticipated from the very beginning, since the initial and 
boundary conditions do not depend on z. In other words, the solution is actually one- 
dimensional for this problem. Hence, the distribution of temperature inside the rectangular 
plate for some instant of time is described by the series 


Co 
u(x, y,t) =u + (u2 — wi) + > Come rom t sin aia 
y m=1 y 


Figure E.5 shows two snapshots of the solution at the times t = 0 and t = 10. This solution 
was obtained in the case when a? = 0.25, l, = 4, ly = 6, uo = 10, wi = 20, ua = 50. 

It is interesting to compare the first and second pictures in Figure F.2. The first one is 
very rough, the second is smooth. The explanation of the roughness is that at t = 0 the 
initial and boundary conditions do not match (the solution is non-physical). But at any 
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(a) (b) 


FIGURE E.5 
Surface graph of temperature at (a) ¢ = 0 and (b) t = 10 for Example E.4. 


nonzero time the temperature distribution very quickly becomes smooth, as it should be 
for real, physical situations. Here we see that this method of solution works quite well in 
approximating a real, physical situation. 


Example E.5 A heat-conducting thin uniform rectangular plate (0 < # <1,,0<y< ly) 
is thermally insulated over its lateral faces. The edge at y = 0 is thermally insulated, the 
edge at y = 1, is kept at constant zero temperature, the edge at x = 0 is kept at constant 
temperature u = u, and the edge at x = l, is kept at the temperature 


The initial temperature distribution within the plate is u(x, y,0) = uo = const. Find the 
temperature u(x,y,t) of the plate at any later time, if generation (or absorption) of heat 
by internal sources is absent. 


Solution. The problem is described by the equation 


du _ 2 [Gu , Pu 
at «| da? " dy? 


under the conditions 
3my _, Ou 


u(0,y,t) =u1, ull, y,t) = cos Te e", = (@,0,t) =0,  u(a,1,,¢) = 0, 
y 


The boundary functions do not satisfy the conforming conditions at point (0,1,), that 
is, 
M\y=t, = U1 x 94\e—0 = 0. 
So, in this case we shall search for an auxiliary function as the sum of two functions 


w(a, y,t) = wi(z,y, t) + we(z, y,t), 


where w,(2, y, t) is an auxiliary function satisfying the conforming boundary value functions 


37 
P,[wija=o = gi(y,t) =w1, P2[wile=i, = g2(y,t) = cos GL 
7] 
fo) x 
Ps[wi]y—o = Fy (9) =g3(a,t)=0, Pilwily-t, = wile, ly) =u (1 = =) 


The Heat Conduction and Poisson Equations for Rectangular Domains — Examples 


373 


FIGURE E.6 


Surface graph of the particular solution w2(z,y,t) to Example E.5. 


and we(a,y,t) is a particular solution of the Laplace equation 


Ow Ow 
2 i 2 2 
V we(a, y, t) — | Ox? Oy? | 


with the following boundary conditions 
P,[w2]2=0 = we(0, y, £) _ 0, 


P2[w2)2=1, = wa(le, Y, t) = 0, 
Ou 


x 
(z,0,t)=0, Pslwalyai, = wa(z,ly,f) =u ( ) 


The auxiliary function, wi(z, y,t), is 


3 
wi(x,y,t) =u (1 - =) + cos —Ze-t= . 


uy + COS Sry 6 

—— e U : 
o> ae 2 : 
The particular solution, wo(x,y,t), of the problem has the form 


P3[we)y=0 = 


Oy 


x 


co 


we(z, Y, t) 


n=1 


S> {An(t)¥in(y) + Bn(t)¥an(y)} Xn (x), 


where Avr, and X,,(x) are eigenvalues and eigenfunctions of the respective Sturm-Liouville 
problem: 


The functions Yi,,(y) and Y2,,(y) for the given boundary conditions are (see formulas (C.12)) 
cosh V An, sinh fA, (ly, — 
Yin(y) = 4 Yon (y) = Wy 9) 
cosh V Anly V Xn Cosh VAnly 


Coefficients A,,(t) and B,,(t) are given by 


Q fle 2 
An = ~{ uy (7 1) i. eS 
a JO x 


Thus, 


2 > 1 cosh WXn 
ima Uy cos y a nTx 

noe cosh VAnly ly, 
as graphed in Figure E.6. 
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(a) (b) 


FIGURE E.7 
Surface graph of the plate temperature at (a) ¢t = 0 and (b) t = 2 for Example E.5. 


The function v(z, y, t) is the solution to the boundary value problem with zero boundary 
conditions where 


x 3Ty 3m \? 
f(x,y,t) = 0 ee 
f(x,y, t) uae (=). 
1 2 1 h V/A 
x (cos 2 Y.% +3 U1 3 cos ny 


li Qy neoshVXnly da | 


P(@,y) = Uo — U1 


n=1 
Therefore, the eigenvalues and eigenfunctions of problem are 


2 2 
9] n (2m — 1) 
Anm = Aen + Aym = 7 + » nm=1,2,3,... 
_ nex (2m — 1)ry bel 
Vam(,y) = Xn(Z)¥m(y) = sin ] cos a ill Verll? = |Xnll? . [Ymnll? = ‘Te 
x y 


(As before, these eigenvalues and eigenfunctions can be found in Appendix C part 1 or 
easily derived by the reader.) 
Applying the Equations (9.30) and (9.35), we obtain 


_ NTL (2m — 1)ry 
Crm = inl, ah [3 (x, y) sin L. cos 2, daxdy, 


Frm) +f - f( x,y, t) sin a cos VirS LO rai 
~ dnly ly ly Qly 


Thus, we have 


t 
p= [ Frm OO de 
0 


and 
u(x, y, t) = [wi (2, y, t) + wo(x, y, t)] + v(z, y, t) 


See (cos Bry +t u) Quy = 1 cosh V/A ny nme 
la, 7 T 


21 n cosh VAnly 
Se _y at]. naa (2m—1)ry 
+ > x [Tam (t) + Cnpae or sin iL cos 2, 
n=1m=1 


Figure E.7 shows two snapshots of the solution at the times t = 0 and t = 2. This solution 
was obtained for the case when a? = 1, I, = 4, ly = 6, uo = —1 and u; = 1. 


Index 


A 


Airy functions, 335-337 
Analytical function, 141 
Analytic formula for functions, 292 
Angular frequency, 283 
Antinodes, 208 
Arbitrary constant, 4 
Arbitrary differentiable functions, 6, 9 
Arbitrary function, 4 
Arbitrary length, Fourier expansions on 
intervals of, 289-290 
Associated Legendre Functions, 
331-3834 
Fourier-Legendre series in, 334-335 
Auxiliary functions, 118 
for 1D hyperbolic and parabolic 
equations, 343-345 
for 2D hyperbolic or parabolic 
equations in rectangular domain, 
347 
for Poisson equation in rectangular 
domain, 345-347 
Axisymmetric case for three-dimensional 
Laplace equation, 164-165 
Axisymmetric oscillations of membrane, 
209-213 


B 


Bessel equation, 309-312 
Bessel functions, 207, 309, 315 
of order, 310 
properties, 312-315 
spherical Bessel functions, 320-322 
Bessel’s inequality, 329 
Bilinear formulation of KdV equation, 
271-272 
Boundary conditions, 2, 45-48, 101-103, 
TAQ, 1227, 229 
eigenvalues and eigenfunctions of 1D 
Sturm-Liouville problem, 341-343 
Ill-posed problem, 142-143 


maximum principle and consequences, 
144-146 
in two-dimensional hyperbolic 
equations, 189-191 
well-posed boundary value problems, 
143-144 
Boundary value problems (BVP), 38, 99, 
101, 315-319 
diffusion equation, 100 
heat conduction, 99-100 
for Laplace equation in rectangular 
domain, 167-169 
Breathers, 280 
Bright solitons, 279-280 
Burgers equation, 261; see also Nonlinear 
Schrédinger equation (NSE) 
kink solution, 261—262 
symmetries, 262-263 
BVP, see Boundary value problems 


Cc 


Canonical forms, 22 
elliptic equations, 24—26 
hyperbolic equations, 23-24 
parabolic equations, 26-27 
Cartesian coordinates, 139 
Cauchy problem, 52, 142 
D’Alembert’s formula, 57-58 
general solution of, 264—267 
Green’s function, 58-59 
in infnite region, 88-91 
interaction of kinks, 265-267 
for nonhomogeneous wave equation, 
57-60 
well-posedness of, 59-60 
Characteristic curves, 12-19 
Circle, Sturm-Liouville problem for, 
349-351 
Circular domain; see also Finite rectangular 
domain 
heat conduction within, 237 


377 


378 


Circular domain (Continued) 
homogeneous heat equation, Fourier 
method for, 238-241 
nonhomogeneous heat equation, 
Fourier method for, 241-247 
Cnoidal waves, 268-270 
Completeness 
equation, 297 
property, 33, 62 
Consistency conditions, 83-84 
Consistent boundary conditions, 355-356, 
368 
Continuity equation, 99 
Convergence of Fourier series, 286-288 
Cosine functions, Fourier series in, 
290-292 
Cosine series, 292-293 
Cylindrical coordinates, 178 


D 


D’Alembert method, 52-58, 88 
characteristic triangle, 53, 57 
propagation of initial displacement, 

54 
propagation of initial pulse, 55 

Dark solitons, 280-281 

Defocusing NSE, 278 

Delay theorem, 305 

Differential equation, 29, 45—46 

Diffusion equation, 100, 140, 142 

Dirac delta function, 300 

Directional derivative, 12 

Dirichlet boundary condition, 30, 47, 190, 

sli, 351 

Dirichlet boundary value problem, 164 

Dirichlet condition, 228, 237 

Dirichlet homogeneous boundary 

conditions, 234 

Dirichlet problem, 143, 151, 167 

Dirichlet theorem, 288 

Dirichlet type, 240 

Dispersion of waves, 88, 91 
cauchy problem in infnite region, 

88-91 
propagation of wave train, 91-93 

Dissipative processes, 2 

Double Fourier series for function, 296 

Driven edge boundary condition, 190 

Duhamel’s principle, 114-118 

Dynamic equations, 177 


Index 


E 


Eigenfunctions, 30, 231, 309, 350-351 
of 1D Sturm-Liouville problem, 
341-343 
Eigenvalues, 31, 231, 309 
of 1D Sturm-Liouville problem, 
341-343 
problem, 30 
Elastic boundary, 47 
Elastic end boundary condition, 50 
Electrical oscillations in circuit, 50-51 
Electric energies, 86 
Electro-motive force (emf), 51 
Elliptic differential equations, 139-140 
Elliptic equations, 22, 24—26, 60, 139, 141 
application of Bessel functions for 
solution of Poisson equations in 
circle, 156-160 
ball, three-dimensional Laplace 
equation for, 164-166 
boundary conditions, 142-146 
BVP for Laplace equation in a 
rectangular domain, 167-169 
cylinder, three-dimensional Laplace 
equation for, 160-164 
elliptic differential equations, 139-140 
Green’s function for Poisson equations, 
171-176 
harmonic functions, 141 
Helmholtz equation, 177-179 
Laplace equation in polar coordinates, 
146-147 
Poisson equation, 151-153, 169-171 
Poisson integral, 154-156 
related physical problems, 139-140 
Schrodinger equation, 180-181 
spherical coordinates, 140 
emf, see Electro-motive force 
Envelope function, 277 
Equations of motion, 187-191 
Error function, 250 
Euler’s formula, 295 


F 


f-fold degeneracy, 31 
Fick’s law, 100 
Finite rectangular domain; see also Circular 
domain 
heat conduction within, 227-236 


Index 


homogeneous heat equation, Fourier 
method for, 230-232 
nonhomogeneous heat equation, 
Fourier method for, 233-236 
types of boundary conditions, 228-229 
First-order equations 
linear, 7-12 
quasilinear, 12-19 
First-order partial differential equations, 
23 
First harmonic function, 66 
Fixed edge boundary condition, 190 
Fixed end boundary conditions, 46 
Focusing NSE, 278-279 
Force, 189 
Forced axisymmetric oscillations, 216-218 
Forced oscillations, 71 
of uniform rod, 50 
Fourier-Bessel Series, 40, 315-319 
Fourier-Legendre series 
in associated Legendre functions, 
334-335 
in Legendre polynomials, 328-331 
Fourier coefficients, 286 
Fourier cosine transform, 301 
Fourier expansion 
of function, 286 
on intervals of arbitrary length, 
289-290 
method, 29 
Fourier formulas, 284-286 
Fourier method, 146, 229 
graphical solution of eigenvalue 
equation, 70, 109 
for homogeneous equations, 60-71, 
103-111 
for nonhomogeneous equations, 71-76, 
118-126 
in oscillations of rectangular 
membrane, 192-205 
small transverse oscillations of circular 
membrane, 206-209, 214-216 
in two-dimensional parabolic equations, 
230-236, 238-247 
Fourier series, 286, 293 
convergence of, 286-288 
in cosine or sine functions, 290-292 
for functions of several variables, 
295-296 
generalized Fourier series, 296-298 
for non-periodic functions, 288-289 


379 


Fourier transforms, 90, 299-303; see also 
Laplace transforms 
of even or odd functions, 301 
Free edge boundary conditions, 190 
Free end boundary conditions, 46 
Free heat exchange, 105, 230-232 
Frequency spectrum, 68 
Friction forces, 189 
Fundamental harmonic function, 66 


G 


Galilean symmetry, 262-263 
Gamma function, 310-311, 322-324 
Gaussian beam, 180 
Generalized Fourier series, 33, 296-298 
Generalized solution, 107 
General solution, 7-10 
Gibbs phenomenon, 298-299 
Green’s formula, 188 
Green’s function, 58-59, 114-118, 249 
homogeneous boundary conditions, 
171-175 
nonhomogeneous boundary conditions, 
1%5-176 
for Poisson equations, 171 
Green’s theorem, 57 
Gross-Pitaevskii equation, 277 
Group velocity, 92-93 


H 


Harmonic analysis, 283-284 
Harmonic functions, 141, 154 
Harmonic polynomials, 141 
Heat 
exchange, 227 
terminology, 101 
Heat conduction, 99-100 
within circular domain, 237-247 
equations with nonhomogeneous 
boundary conditions, 366-374 
within finite rectangular domain, 
227-236 
in infinite medium, 248-249 
Heat equation, 1, 21, 145, 264 
in infinite region, 131-133 
Heaviside function, 301 
Helmholtz equation, 177-179 
Hermitian operator, 31 
Hirota’s method, 272-274 


380 


Homogeneous boundary conditions, 29, 61, 
TL, 108, V2 
in finite rectangular domain, 233-236 
in oscillations of rectangular 
membrane, 192-203 
in small transverse oscillations of 
circular membrane, 206-209, 
214-216 
Homogeneous equations, 30, 112 
Homogeneous heat equation, 229 
Fourier method for, 230-232, 238-241 
homogeneous heat-conduction 
equation, 248 
Hook’s law, 50 
Hopf-Cole transformation, 264 
Hyperbolic equations, 21, 23-24, 142 


I 


Ill-posed problem, 142-143 

Incomplete elliptic integral, 269 

Inconsistent boundary conditions, 355-366, 
368-374 

Infinite medium, heat conduction in, 
248-249 

Infinite trigonometric series, 283 

Initial-boundary value problem, 2 

Initial conditions, 10-12, 45-48, 101-103, 
aot 

in two-dimensional hyperbolic 

equations, 189-191 

Initial value problems (IVPs), 10, 48, 
306-307 

Integral surface, 12 

Integrating factor, 5 

Interior Dirichlet problem, 148 

Interior Neumann’s problem, 144 

Inverse Laplace transform, 303 

Inverse scattering transform, 276 

IVPs, see Initial value problems 


J 


Jacobi amplitude, 269 
Jacobian of transformation, 15, 22 
Jacobi elliptic cosine, 270 


Kk 


KdV equation, see Korteweg-de Vries 
equation 


Index 


Kinetic energy, 84-87 
Kink 
interaction, 265-267 
solution, 261—262 
trajectories of kink centers, 267 
Korteweg-de Vries equation (KdV 
equation), 267; see also Poisson 
equation 
bilinear formulation, 271-272 
cnoidal waves, 268-270 
Hirota’s method, 272-274 
multisoliton solutions, 274-277 
solitons, 270-271 
symmetry properties, 267-268 


L 
Laplace equation, 3, 26, 100, 139-144, 152, 
V3 
and exterior BVP for circular domain, 
151 
and interior BVP for circular domain, 
147-150 


in polar coordinates, 146-147 
for rectangular domain with 
nonhomogeneous boundary 
conditions, 355-366 
Laplace integral, 303 
Laplace transforms (LT), 76-79, 110-111, 
303 
applications for ODE, 306-307 
of functions, 304 
properties, 304-306 
Legendre equation, 165-166, 324-328 
Legendre function, 309 
associated Legendre Functions, 331-334 
Legendre polynomials, 324-328 
Fourier-Legendre series in, 328-331 
Linear equation, 3, 8, 14, 128 
Linear Euclidian space, 33 
Linear heat flow equation, 99 
Linear mass density, 44 
Linear operator, 30 
Linear periodic waves, 270 
Longitudinal free oscillations of uniform 
rod, 49 
Longitudinal vibrations, 48 
electrical oscillations in circuit, 
50-51 
rod oscillations, 48-50 
LT, see Laplace transforms 


Index 


M 


Magnetic energies, 86 

Maximum principle, 129-131 

and consequences, 144—146 
Measurement error, 2 
Membranes, 187 

Minimum principle, 130 

Mixed boundary condition, 30, 47, 
olf, 351 

Mixed condition, 102, 228, 237 
Mixed problem, 143 

Mnemonic rule, 24 

Modulated wave, 92 
Monochromatic traveling wave, 91 
Multisoliton solutions, 274-277 


N 


Navier-Stokes equation, 127 
Neumann boundary condition, 30, 47, 
190-191, 317, 351 
Neumann conditions, 101-102, 171, 
228, 237 

Neumann functions, 315 

Neumann problem, 143, 148, 151 
Neumann type, 247 

Newton’s law, 103, 108 

of cooling, 144 

Newton’s second law, 1 

for motion, 188 
Non-axisymmetric case for 
three-dimensional Laplace 
equation, 165-166 
Non-free heat exchange, 229, 233 


288-289 


118-126, 175-176 

in circular domain, 246—247 

equations, 78-83 

heat conduction equations with, 
366-374 

Laplace and Poisson equations 
for rectangular domain with, 
355-366 

in oscillations of rectangular 
membrane, 203-205 

in small transverse oscillations of 
circular membrane, 218-220 


Non-periodic functions, Fourier series for, 


Non-viscous Burgers equation, 3, 18, 261 
Nonhomogeneous boundary conditions, 


381 


Nonhomogeneous equations, 111-114, 
152, 233 
Nonhomogeneous heat equation, 229 
Fourier method for, 233-236, 
241-245 
with nonhomogeneous boundary 
conditions, 246-247 
Nonhomogeneous linear equation, 71, 111 
Nonhomogeneous wave equation, 44, 57-60 
Nonlinear equations, 261 
Burgers equation, 261-263 
general solution of Cauchy problem, 
264-267 
KdV equation, 267-277 
NSE, 277-281 
Nonlinear medium, 277 
Nonlinear Schré6dinger equation (NSE), 277; 
see also Burgers equation 
solitary waves, 278-281 
symmetry properties, 277-278 
Nonlinear spatially periodic waves, 270 
Nonnegative real discrete eigenvalues, 325 
NSE, see Nonlinear Schrodinger equation 


O 


ODE, see Ordinary differential equation 
One-dimension (1D), 38, 144 
auxiliary functions for 1D hyperbolic 
and parabolic equations, 343-345 
eigenvalues and eigenfunctions of 1D 
Sturm-Liouville problem, 341-343 
heat conduction equation, 101 
problem, 127 
wave equations, 51 
One-dimensional hyperbolic equations, 61 
boundary and initial conditions, 45-48 
consistency conditions and generalized 
solutions, 83-88 
dispersion of waves, 88-93 
finite intervals, 60-71 
fourier method for nonhomogeneous 
equations, 71—76 
longitudinal vibrations of rod and 
electrical oscillations, 48-51 
LT method, 76—79 
nonhomogeneous boundary conditions 
equations, 78-83 
traveling waves, 52-57 
tsunami effect, 93-94 
wave equation, 43-45 


382 


One-dimensional parabolic equations, 
101-103 
fourier method for homogeneous 
equations, 103-111 
fourier method for nonhomogeneous 
equations, 118-126 
Green’s function and Duhamel’s 
principle, 114-118 
heat conduction and diffusion, 
99-100 
heat equation in infinite region, 
131-133 
and initial and boundary conditions, 
101-103 
large time behavior of solutions, 
126-129 
maximum principle, 129-131 
nonhomogeneous boundary conditions, 
118-126 
nonhomogeneous equations, 111-114 
One-parametric family, 13 
Ordinary differential equation (ODE), 1, 8, 
18 
applications of Laplace transform for, 
306-307 
problems, 29 
Orthogonal equation, 31 
Orthogonal functions, 296-297 
Orthonormal eigenfunctions, 35 
Oscillations of rectangular membrane, 
191 
Fourier method for homogeneous 
equations, 192-199 
Fourier method for nonhomogeneous 
equations, 199-205 


P 


Parabolic equations, 21, 26-27, 100, 
142 

Parity property, 333 

Parsevale’s equality, 297, 317, 329 

Partial differential equation (PDE), 1, 
4, 46 

equations, 29 

PDE, see Partial differential equation 

Periodic functions, 283-284 

Periodic processes, 283-284 

Physical laws, 29-30 

Piecewise continuous function, 288 

Point of discontinuity, 288 


Index 


Poisson equation, 3, 21, 139-140, 142-148, 
151-153, 156, 171-173; see also 
Korteweg-de Vries equation (KdV 
equation) 

auxiliary functions for 2D hyperbolic or 
parabolic equations in, 347 

auxiliary functions in rectangular 
domain, 345-347 

with homogeneous boundary 
conditions, 169-171 

for rectangular domain with 
nonhomogeneous boundary 
conditions, 355-366 

Poisson integral, 154 

Poisson kernel, 154 

Polar coordinates equation, 152 

Potential energy, 85, 87 


Q 


Quadratic equation, 1 
Quasilinear equation, 4 


R 


Rectangle, Sturm-Liouville problem for, 
352-354 
Rectangular domain 
auxiliary functions for Poisson equation 
in, 345-347 
Laplace and Poisson equations with 
nonhomogeneous boundary 
conditions, 355-366 
Recurrence relations, 321 
Reflection symmetry, 263 
Riemann’s lemma, 287-288 
Rod oscillations, 48-50 
Rodrigues’ formula, 327 


Ss 


Scalar product, 40 
functions, 33 
Scaling 
symmetry, 263 
transformation, 263 
Schrodinger equation, 180-181 
Second-order equations 
canonical forms, 22—27 
classification of, 21-22 
Second boundary value problems, 148 
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Second harmonic function, 66 
Second order linear PDEs, 29 
Self-adjoint operator, 31 
Semi-infinite medium, heat conduction in, 
250-254 
Shift theorem, 78, 305 
Shock wave, 19 
Sine function, 283 
Fourier series in, 290-292 
Small transverse oscillations of circular 
membrane, 205 
axisymmetric oscillations of membrane, 
209-213 
boundary conditions, 205-206 
equations, Fourier method for, 
218-220 
forced axisymmetric oscillations, 
216-218 
homogeneous equations, Fourier 
method for, 206-209 
nonhomogeneous equations, Fourier 
method for, 214-216 
Solitary waves, 270-271, 278-281 
Solitons, 270-271 
Spectral density, 300 
Spherical Bessel functions, 320-322 
Spherical coordinates, 164 
Spherical Neumann functions, 320 
Standing waves, 66 
Static distributions of temperature, 3 
Stretched edge boundary condition, 190 
Sturm-Liouville boundary problem, 
104-105 
Sturm-Liouville problem, 29, 61-63, 157, 
170, 356 
for circle, 349-351 
examples, 34-40 
for rectangle, 352-354 
theorem, 32-34 
Superposition principle, 25 
Symmetry 
of Burger’s equation, 262-263 
properties of KdV equation, 
267-268 
properties of NSE, 277-278 
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Telegraph equations, 51 
Thermal conductivity, 99 
Thermal diffusivity, 99 
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Third boundary value problems, 148 
Third harmonic function, 66 
Three-dimensional Green’s function, 249 
Three-dimensional Helmholtz equation, 180 
Three-dimensional Laplace equation 
axisymmetric case, 164-165 
for ball, 164 
for cylinder, 160-164 
graph of function, 161 
non-axisymmetric case, 165-166 
surface plot, 161 
Three-dimensional space, 12-13 
Three-soliton solution, 276 
Time-independent Schrédinger equation, 
181 
Transcendental equation, 316 
Translational symmetries, 263 
Traveling wave form, 261—262 
Trigonometric Fourier expansion, 38, 284 
Trigonometric series, complex form of, 
294—295 
Tsunami effect, 93-94 
Two-dimension (2D) 
hyperbolic or parabolic equations in 
rectangular domain, auxiliary 
functions for, 347 
Laplace equation, 141 
Two-dimensional hyperbolic equations 
derivation of equations of motion, 
187-191 
oscillations of rectangular membrane, 
191-205 
small transverse oscillations of circular 
membrane, 205-220 
Two-dimensional parabolic equations 
circular domain, heat conduction 
within, 237-247 
finite rectangular domain, heat 
conduction within, 227-236 
infinite medium, heat conduction in, 
248-249 
semi-infinite medium, heat conduction 
in, 250-254 
Two-fold degeneracy, 37 
Two-soliton solution, 276 
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Uncertainty relation, 92 
Uniform convergence, 286 
Uniform mass density, 189 
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Wave 
equation, 3, 21, 24, 43-45, 180 
number, 89 


numbers, 299 
propagation of wave train, 91—93 
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propagation on inclined bottom, 
93-94 
speed, 45 
Weierstrass criterion, 288 
Well-posed boundary value problems, 
143-144 


